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ANALYSIS OF INEXACT TRUST-REGION SQPALGORITHMS

MATTHIAS HEINKENSCHLOSS* AND LUIS N. VICENTE

Abstract. In this papemwe studytheglobalconvegencebehaior of aclassof composite—stepust—rgion SQPmethods
thatallow inexact probleminformation. The inexact probleminformation canresultfrom iteratve linear systemssolves
within the trust—rgion SQPmethodor from approximation®f first—orderderivatives. Accuragy requirementsn our trust—
region SQPmethodsareadjusteasedn feasibility andoptimality of theiterates.In the absencef inexactnes®ur global
corvergencetheoryis equalto thatof Dennis,El-Alem, Maciel (SIAM J.Optim.,7 (1997),pp. 177-207) If all iteratesare
feasiblej.e.,if all iteratessatisfythe equalityconstraintsthenour resultsarerelatedto the known convergenceanalysegor
trust-rgion methodswith inexactgradientinformationfor unconstraine@ptimization.

Keywords. Nonlinearprogrammingtrust—rgion methods,nexact linear systemssolvers, Krylov subspacenethods,
optimalcontrol

AMS subjectclassification.49M37,90C06,90C30

1. Intr oduction. In this paperwe studya classof optimizationalgorithmsfor the solutionof
minimizationproblemswith nonlinearequalityconstraintshatallow theuseof inexactinformation.
Theproblemswe areinterestedn areof theform

min  f(y,u),

(1.1)
st. C(y,u) =0,

wherey e R, ue R ™, f: R" — R,C : R — RR™, m < n,andf andC areassumed
to beatleasttwice continuouslydifferentiablefunctions. This problemformulationis motivatedby
applicationgnvolving discretizedbptimal control problems parameterdentificationproblemsand
inverseproblems,anddesignoptimization. In theseapplicationsgy representshe discretizedstate
variablesandu representthediscretizedcontrols parametersyr designvariablesrespectiely, and
thenonlinearconstraintC'(y, «) = 0 is thediscretizedstateequation.

Sequentiajuadratigorogramming SQP)algorithmscomputeanapproximatesolutionof (1.1)
by solving a sequenc®f quadraticprogrammingproblems(QPs)in which the quadraticobjective
functionis amodelof the Lagrangiarfunction

(1.2) (y,u,A) = f(y,u) + ATC(y,u)
correspondingo (1.1), andin whichthelinearconstraintsarerelatedto

(13) Cy(yk; uk)sy + C’U.(yka uk)su + C(yk;“k) =0.

The matricesC,, (y,u) andC,(y, u) denotethe partial Jacobiansvith respecto y andu, respec-
tively; the Jacobiarof C' is J(y,u) = (Cy(y,u) | Cu(y,u)). In theapplicationgnentionedabove,
(1.3) representshe linearizedstateequations We assumehat Cy, (yx, ur) € IR™*™ is invertible.
Many implementation®f SQPmethods,in particularthe composite—stefrust—rgion SQPalgo-
rithmsconsideredn this paper requirethe solutionof linearequationf thetype

(1.4) Cy(yr,ur)z=d or  Cylyk,ur)"z =d.
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In optimal control, parameterdentification,or optimal designproblemsthe equationq1.4) arere-
latedto thelinearizedstateequationandtheadjointequationstespectrely. For problemsyoverned
by partialdifferentialequationgheseequationsareoftennot solved exactly usingsparsematrix de-
compositionsput they aresolvediteratively. In this caseexactsolutionsof (1.4) arenot available
andonehasto decidehow accuratelytheseequationshave to be solved. Ideally onewantsto al-
low for coarsebut fastsolutionsof thesesystemavhenthe SQPiterates(yy,, uy) arefar away from
a solutionandtightenthe accurag requirement@asnecessaryln the context of Newton methods
for nonlinearequationsandunconstrainedptimization,the controlof inexactnesss relatively well
understoodSeee.g.,[2, 7,12 13, 19]. Generalizationsf theinexactNewton methodconceptdo
thelocal corvergenceanalysisof inexact SQPmethodscanbe found,e.g.,in [8, 9, 14, 18, 2(Q]. In
thispaperwe will give aglobalconvergenceanalysisof a classof inexacttrust—region SQPmethods
for (1.1). More specifically we considercomposite—stefrust—region SQPalgorithms,which are
reviewedin [5, § 15.4]and[10, § 4]. In the absencef inexactnesour global corvergencetheory
is thatof [10]. If all iteratesarefeasible,i.e., if all iteratessatisfyC (v, ur) = 0, thenour results
arerelatedto the corvergenceanalysesn [3, 5] for trust—region methodswith inexactfunctionand
gradientinformationfor unconstraine@ptimization.

The main motivation of this paperis the control of inexactnessarising from iterative system
solves(1.4) in trust—rgyion SQP methods. However, our assumption®n the inexactnessare not
basedon this particularsourceof inexactness.Thereforeour resultsare applicablemore broadly
e.g.,if finite differenceapproximationof derivativesare used. Our resultscan also extendedto
affine—scalingnterio—pointtrust—region SQPmethods.More detailson suchan extensionwill be
givenin section6.

This paperis organizedas follows. In section2 we will considerthe reducedproblem
min f(y(u),u) obtainedfrom (1.1) by eliminating the variablesy. We will briefly discussthe
convergenceanalysedn [3] and[5, §§ 8.4,10.6]for trust—regjion methodswith inexact function
or gradientinformationfor thereducedproblem.This will revealsomeusefulprobleminformation
andit will latermotivateour assumption®n the inexactnesdor problem(1.1). Section3 contains
a brief review of the composite—steprust—region SQPalgorithmsand of their global corvergence
analysiggivenin [10]. Ourinexacttrust—regjion SQPalgorithmsandtheir globalcorvergenceanaly-
siswill bedescribedn sectiond. Assumption®ntheinexactnessn sectiord arestatedn ageneral
way. In section5 we will discusshow they couldbesatisfiedn animplementation.

We usethe following notation. We oftensetz = (y,u) andusez, andz, to representhe
subvectorsof z € IR™ correspondindo the y andu componentsrespectiely. The SQPiterates
areindexedby k andthe symbolof a functionwith subscriptk is usedto representhe valueof that
functionat z; and,possibly A\;. Forinstance,f, = f(zx) = f(yk,ur). Thevectorandmatrix
normsusedarethe /> norms.Thel x [ identity matrixis denotedoy I;.

2. Trust—RegionMethods for the Black—Box Formulation with Inexactness.Supposehat
for all w € IR™ ™ theconstraintequationC'(y, «) = 0 hasauniquesolutiony andthatCy (y, ) is
invertiblefor all (y,u) with C(y,u) = 0. In this casetheimplicit functiontheoremguaranteethe
existenceof atwice continuouslydifferentiablefunctionu — y(u) definedthroughthe solutionof
C(y,u) = 0. Insteadof (1.1) we canconsidetthereducedoroblem

-~

(2.1) min f(u) = f(y(u),w).

This problemis alsocalledthe black—boxformulationof the optimizationproblem(1.1) becausé¢he
solutionof C(y, u) = 0 is treatedasa black—boxin the optimizationalgorithmsfor (2.1).
It canbe shown that

(2.2) V() = Wy, u)"VF (g, ) y=yw) = WY, 0) V(Y 1, X)|y=y )
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and
v2 D = W y TV@ 5 ;)\ W ) ’
flw) = W 0" Ve e W)
where
. -1
(23) W(y,U) — ( Cy(ya‘l[?bimcu(y7u) ) ,

andX(u) solvesCy(y(u),u)A = =V, f(y(u), ). For detailsseee.g.,[11, 16].
A trust-rggion methodfor the solutionof (2.1) constructsa quadrationodel

T?Lk( ) fk +gk3u+25 Hksu

of the function f aroundthe currentiterateu. Heregy, is an approximationof Vf(uk) and ﬁk
replacesv? f (uy,). Thenonecomputesanapproximatesolution(s,, )y of

mln m
o, e (8u)-

The decisionaboutthe acceptancef uy, + (s, ), asthe next iterateandabouthow to updatethe
trust—reion radiusis basedn theratio

— ~

aredy, _ flur) = Flur + (su)i)
pred, Mk (0) — Mx((su)k)

of actualdecreasandpredicteddecrease.

Now, supposehatthe nonlinearequationsC(y, ux) = 0 cannot be solved exactly for y, =
y(ug), but thatanapproximatiory(uy) of yr = y(ug) is computed)y applyinganiterative method
to C(y,ux) = 0. In this casethefuncnonevaluatlonsf(uk) andf(u;C + (s4)k) in thecomputation
of theactualdecreasevill notbeknown exactly. Moreover, inexactnessn y(uy,) will alsoaffectthe
gradientcomputatior(see(2.2)). In addition,this gradientcomputatioralsorequireshe solutionof
alinear systemof theform C,, (v, ur)T 2 = d. Supposehatsuchsystemsaresolvediteratively, a
procedurghatwill introduceanothersourceof inexactnessn the gradient.How doesoneneedto
controltheinexactnessn functionvaluesandgradients?

Theinfluenceof inexactgradientinformationis analyzedn [3] andin [5, § 8.4]. Letn, € (0,1)
betheconstansothatthetrust—regjionradiusis reducecnly if a/raik/p/re\dk < n2. In[3] itisshovn
thatif therelative gradienterrorsatisfies

(2.4) Gk — VFw)I/IIV flug)ll < ¢ <1 -1,

thenglobal convergenceof the trust—region algorithmto stationarypointscanbe guaranteedin [5,
§ 8.4]thequotient

G — V7 F(we) |1/ 113

is usedto measurdghe errorin the gradientandthe accurag requirements adjustedappropriately
Theinexactnesgriteriain [3] and[5, § 8.4] guarante¢hatasuccessfulrust—rgionstepcanbecom-
putedif the trust—rejion radiusis sufiiciently small, providedthe currentiterateis not a stationary
point. In bothanalyses|3] and[5, § 8.4], theaccurag requirements$or thegradientapproximation
areratherweak.
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Theinfluenceof inexactfunctionevaluationds analyzedn [5, § 10.6]. It is sufficientthatboth
errors

|f(@(ur),ur) — f(y(ur), ur)]

and
|f(@(ur + (su)k)s wr + (8u)k) — f(y(ur + (su)k), ur + (8u)8)]

arelessthann();;e\dk, whereny < in; andm; € (0,7:) is the constantso that trust-region steps
with a/r&ik /p/rai,c < my arerejectedIn particular theseaccurag requirementguarante¢hatif the
ratio of actualandpredicteddecreasemdicatesacceptancef the step,i.e., if ar/&tlk /p/re\dk >,
Wherea/r&ik is computedwvith theinexactfunctionvaluesthenonestill obtainsasufiicientdecrease
Flug) = Flug + (su)i) > (m — 2770)p/r&1k in theexactfunctionvalues.Notealsothattheaccurag
requirementor f(y(ux),ur) dependon the trust-region step (s, )x, which is not known when
f (@ (ug),ur) is computecthe first time. Therefore,f (g(ug), ux) mMight have to be recomputedf

——

pred, becomesoosmallto meettherequiredaccuray requirementFor moredetailsseg5, § 10.6].

3. Trust—-Region SQP Methods. Givena local minimizerz, = (y.,u.) for problem(1.1),
thereexists a Lagrangemultiplier A, suchthatthe gradientV/4(zx., A.) of the Lagrangiarfunction
(1.2)is zero.If Cy(z«) is assumedo benonsingularthentheLagrangemultiplier A, is determined
by Vyl(z«, As) = Vy f(z4) + Cy(z+)T A = 0, andthefirst-ordemecessarpptimality conditions
canbewrittenas

Vul(zs, Azs))
Val(zs, A(z+))

W(2.)TVf(z.) = 0,

(3.1) Clas) = 0,

whereW (z.) is givenby (2.3).

Given approximationse, = (yg,ux) and\; for the solution (y., u«) andthe corresponding
Lagrangamultiplier A, of (1.1), SQPalgorithmscomputean (approximateyolutionof thequadratic
programming QP) problem

min g (s) dgé(xk, k) + Vol(zp, M) s + %STHks,

(3.2)
s.it. Cy(zg)sy + Cu(xk)sy + Clag) =0,

where Hy, is a symmetric approximationto the HessianV2_¢(z, \r) of the Lagrangianat
(yk,ur, A\) or the Hessianitself, andthengeneratea new iterate (yg+1, ux+1) from this QP so-
lution and,possibly the correspondind.agrangemultiplier Ax1. To ensureglobal corvergencea
trust—reggion conditionof theform ||s||. < Ay is imposed.However, thelinear constraintsn (3.2)
andthis trust-region constraintcan be incompatible. To dealwith the possibility of incompatible
constraintscomposite—steprust—region algorithmsmary of which arereviewedin [5, § 15.4],[10,

§ 4], split the steps asa sumof two stepss" and st. In the context of the problem(1.1), this
decompositiortakestheform

s s" st
Su 0 Su

(see[11]). Again, we assumehat Cy(zy) is invertible. First, composite—stefrust—reion algo-
rithms computea so—calledquasi—normastepsy,, where(sy ) is anapproximatesolutionof
min |Gy (zk)sy + C(zk)||2,

(3.3) ;
st [|sfl < Ay
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and(s})r = 0, andthenthey computea so—calledangentiakteps}, asanapproximatesolutionof

min g (sh + s*)

(3.4) st Cy(zk)sy + CulTr)su =0,

l[sulla < Ag.
Ftrom the constraintsin (3.4) we seethat s, = —Cy(2;)~' Cy(x1)s.. Thereforewe canwrite
" = Whsu,

Qi (sh + 8%) = Uk, \p) + Vo lEsh + %SZTHksg
+ (W (Hysh + Valy) " su+ LsTWT H,Wisa
T
(3.5) =qr(sh) + (Wi Var(sh)) su+ 3se Wi HiWisy,

andposethe problem(3.4) entirelyin s,,:

min e (su) % qi(s2) + (WTVar(sh)) " sy + L(50)TWT Hy Wi (s,)

(3.6)
st [lsulls < A

Notethatthedistinctionbetweery; (s}, + s*) andgx(s.) is only importantin theinexactcase.We
havethatgy (s.) = gr (s} + Wisy). Thus,if st = Wys,, thengy(s,) = qr (s} + s*). However, if
inexactinformationis used,s* # Wys, in general. ReducedSQPalgorithmsdo not approximate
the HessianV2_ ¢(zy, A) but the reducedHessianW,;I'V2_¢(z,, A )Wy In this caseW,I H, W,
in (3.6) is replacedby the reducedHessianapproximationlf?hc andthe term Hysj, in Vgi(s},) is
approximatedThedetailsof thelatterapproximatiorarenotimportantin ourglobalanalysisandwe
referto, e.g.,[1] for moredetails.In (3.4)we canalsoreplacethetrust-regionconstraing|s,||a < Ak
by ||s}, + s*|l2 < Ag. Thetwo choiceswhich leadto the decoupledandthe coupledapproaches,
arediscussedn [11]. We will addresghe coupledapproachwhich usesthetrust-rggion constraint
||sk + stl|2 < Ag, in section5.2

The subproblemg3.3) for the quasi—-normahknd (3.6) for the tangentialstepare not solved
exactly. Rathercoarsesolutionsare sufficient to guarantedasicglobal cornvergence. The quasi—
normalcomponents;, is requiredto satisfy

(3.7) lIsgll < &1]|Crll
and
(3.8) ICklI> = ICy (@) () + Crll> > 2l|Ci || min{ks||Ckll, Ax},

whereky, k2, and k3 are positve constantandependentf k. The property(3.7) is actually a
consequencef (3.8), seesection5.1, but it is includedto be consistentwith [10], wheremore
generalquasi—hormastepsareallowed. Condition(3.8) is a practicalconsequencef the fraction
of Cauchydecreaseonditionfor thetrust-region problem(3.3). Thetwo conditions(3.7), (3.8)can
be satisfiedoy anumberof algorithms(see[10, 11] andsection5).

Thetangentiakomponen(s, ) hasto satisfya fractionof Cauchydecreaseonditionassoci-
atedwith thetrust—region subproblen(3.6). In otherwords, (s, ), hasto provide asmuchdecrease
in the quadraticgy, (s,,) asthedecreasachievedin thedirection—Vgy (0) = —W;I Vg, (s}) inside
thetrustregion. It canbe provedthatsucha conditionimplies

(3.9) 3(0) — @i ((su)k) > Ka||W,E Vi (s} min {/‘65||W16TV(11¢(32)||; /‘éeAk};
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wherek,, k5, andkg arepositive constantsndependendf k. Algorithmsthatgeneratestepssatis-
fying (3.9) arediscussedhn [10, 11] andwill becommentednin section5.

To decideaboutacceptancef the steps;, = s}, + s, we follow [10] andusethe augmented
Lagrangiarmeritfunction

L(z,A; p) = f(z) + ATC(2) + pC(2) T C(2).

The decisionaboutacceptancef the stepandupdateof thetrust—rgjionradiusAy is basedon the
ratio of actualdecreasared(sg; pr.), givenby

(3.10) ared(sg; pr) = L(xk, Ak; pr) — L(Tk + Sk, Abt1; Pk)s

andpredicteddecreasered(sy; pr), givenby

pred(sg; pr) = L(zg, Ag;pr)
— (ar(sk) + AN (Jisk + Cr) + pillJesk + Cil[?)

whereg;, is definedin (3.2) andwhereA ), = A1 — Ax. Sincethetangentiaktepliesin thenull
spaceof Ji,, we have J s}, = Cy (xk)(sty)k + Cu(zr)(s4)r = 0, andit canbe easilyseerthat

(3.11) pred(sg; pr) = pred(sy, (su)k; Pk)s

wherepred(s},, (su)k; pr) is definedoy

pred(sy, (su)k; pk) = @k(0) — Gr((5u)k)
(3.12) + qk(0) — gr(s}) — (AX)T(Cy (k) (s))k + Ch)
+ o (ICkI* = ICy (k) (s5)k + Cill?) -

Recallthat g ((su)r) = qr(sh + Wi(su)r) (see(3.6)). In the caseof exact computationsghe
distinctionbetweers;, ands;, in thedefinitionof the predicteddecreasés not necessaryHowever,
this subtletyis importantfor the inexactcomputationgliscussedn the following section.We also
notethatif

(3.13) T}, = Cy(mk)(s;)k + Culzr)(8u)ks
then

pred(sg; pr) — pred(s}, (su)k; p)
= —(AM)T(r}) — prllrplI? — 20k (r})™ (Cy(zr) (sh)k + Ch) -

Becausef therequirementg3.8), (3.9) on the quasi—-normastepandtangentialstep,respec-
tively, wehavethatgi, (0)— gk ((su)x)+ox (ICkII*> — [|Cy (zk)(s5)x + Ck*) > 0, providedz;, does
not satisfythe first-ordemecessargptimality conditions(3.1). To ensurethatpred (s}, (su)k; pk)
is sufficiently positive the penaltyparametepy, is increasedf necessary

The trust-region SQP algorithmsare statednext. They arethe sameasthe trust-region SQP
algorithmsin [10], but areadaptedo our problemcontext andto our notation.

(3.14)

ALGORITHM 3.1 (Trust-Regyion SQPAIlgorithms).
1 Choosexy andAq > 0, andcalculate)\q. Setp_; > 1 ande;,; > 0. Choosexy, 11, Apin,
Ajnaz, @ndp suchthat) < ag,m <1, 0 < Apin < Ajge, @andp > 0.
2 Fork=0,1,2,...do
2.1 Computes}, satisfying(3.7)and(3.8).
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2.2 ComputeW, ' Vg (s}).
2.3 If ||Ckll + [WEVar(sh)|| < €01, Stopandreturnz;, asanapproximatesolutionfor
problem(1.1).
2.4 Compute(s,,)y, satisfying(3.9).
2.5 Computed,4+1 andsetAN, = A1 — Ag.
2.6 Updatethepenaltyparameter
It pred(s, (su)i; pr—1) > 252 (IICHI2 = [ICy (wr)s} + Cll?), thenset
Pk = Pk-1-
Otherwiseset
2 (=q(0) + @ ((su)r) — ar(0) + g (s}) + AN (Cy (k) (sy)x + Ci)) +5
ICkIP = 1Cy (1) (s5)k + Chll?
2.7 Compute(st ) = —Cy (z4) " Cu (@) (su)1-
2.8 If ared(sy; pr)/pred (s}, (Su)k; pr) < 11, S€t

Aptr = ag max {[|sg[l, [|(su)rll}

Pr =

andrejectsy,.
Otherwiseaccepts;, andchooseA ., suchthat

maX{Amina Ak} < Ak—i—l < Amaac-

2.9 If s, wasrejectedsetzy1 = xp andAr+1 = Ag. Otherwisesetxy; = z + s and
/\k+1 = )\k + A)\k

Step2.7 of thealgorithmdeseresto becommentean. Theu—componenof thetangentiaktep
s}, is computedn step2.4. If anapproximationH;, of thefull Hessiaris usedor if thecoupledrust—
regionradius||s} + s*|| < Ay is emplo/ed,thenthey—components; ), of thetangentiakstepwill
becomputedalongwith (s,), in step2.4. If exactprobleminformationis used,(s} ) doesnotneed
to berecomputedof course.However, if inexactprobleminformationis usedthen,in step2.4,we
may computeay—componenalongwith theu componenthatis sufiiciently accuratgo guarantea
conditioncorrespondingpo (3.9), butit maynotbeaccurateenougho guaranteglobalcorvergence.
In fact,our accurag requiremenbn (s;)k in presenc®f inexactprobleminformationwill depend
onpred(s}, (su)x; pr)- If anapproximatiorof (s}, ), hasalreadybeencomputedn step2.4,onehas
to checkin step2.7 if it satisfieshe accurag requiremenbn the tangentialstepand,if necessary
onehasto recomputetheinexact (s ). Thus,theadditionof step2.7 is mainly necessaryor the
inexactcase.

Dennis,El-Alem, and Maciel [10] have provedthatthe classof trust-region SQPalgorithms
3.1is globally corvergent. Their corvergencetheoryrequiresthe setof assumptiongliven below.
For all iterationsk we assumehatxy,, x5 + s, € Q, whereQ2 is anopensubsebf R"™.

A.1 Thefunctionsf, ¢;, i« = 1,...,m aretwice continuouslydifferentiablefunctionsin €.
Herec;(x) representthei—th componendf C(z).

A.2 ThepartialJacobiarCy(z) is nonsingulafor all z € Q.

A.3 Thefunctionsf, Vf, V2f, C, J, V%¢;, i = 1,...,m, areboundedn Q. The matrix
Cy(z)~1 is uniformly boundedn Q.

A.4 Thesequence$H}}, {Wy}, and{\;} arebounded.

Dennis,El-Alem, and Maciel [10] show thatfor a subsequencef the iteratesthe first—order
necessargptimality conditions(3.1) of problem(1.1) aresatisfiedn thelimit.

THEOREM 3.1. Letassumption®A.1-A.4hold. The sequencesf iteratesgeneated by the
trust-region SQPalgorithms3.1 satisfy

lim inf (||WkTka|| + ||Ck||) =0.
k—o0
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4. Trust—-Region SQP Methods with Inexactness.We now turn to the caseof inexactprob-
lem information,in particularto the inexact solutionof the linear systemgq1.4) andto theinexact
calculationof first—orderderivativesof f andc with respecto y andu. Thisinexactneswill effect
thesteps2.1,2.2,2.4,2.6,2.7,and2.8in algorithm3.1

The assumption$3.7) and(3.8) on the quasi—normastepturn out to be ratherweakandcan
be satisfiedusing several algorithmsthat fit into our inexactnesdramework. This issuewill be
discussedh section5.1

Step 2.2 in algorithm 3.1 requiresthe calculation of the reducedgradient Vg (0) =
WI'Vq(s}). Weassumehatinsteadf theexactreducedyradientve canonly computeanapprox-
imationgy. Whatis theaccurag requiremenong,? If (yx,ur) werefeasiblej.e.,if C(yx,ur) = 0,
thens;, = 0 (see(3.7) andf(uk) = WIVqi(s}). In this casethe theoryof [5, § 8.4] for there-
ducedproblem(2.1), which wasreviewed in section2, suggestsan accurag requiremenof the
form

19k = Wi Va (sl < Gl

with some¢; < 1 which is relatedto the parametersn the trust—reion algorithm. We needa
strongercondition,namely

(4.1) 19k — Wi Var(sp)ll < & min {[Igxll, Ae},

where&; > 0. In (4.1) the constant; is nottied to the parameterén the trust—reyion algorithm,
in particularwe do not need¢; < 1, but the absoluteerrorin the reducedgradientapproximation
mustbelessthan||gx|| andAj.! Theu—componenof thestepis now computedastheapproximate
solutionof

4.3) min ﬁ”&k(su) dZaqu(S,ré) + :(]\1?81, + %S;WngWkSu
st [lsullz < Ay

(cf. (3.6). In (4.3)thesymbol ~ overW;I H, W}, indicateshatthereducecHessiarapproximation
maybeinexact. Theapproximatesolution(s, ), of (4.3)computedn step2.4of algorithm3.1must
provide afractionof Cauchydecreasen this approximatanodel:

(4.4) i (0) = i (sa)k) > rallGellmin {rs [Gell, roire},

where,asin (3.9), k4, k5, andkg arepositive constantsndependenof k. Thereducedquadratic
modelmy, in (4.4)is givenby (4.3). In addition,we requirethat

(4.5) () TWEHWi(s) < Gl (52l

for some(, > 0 independendf k. If W,I H, W, is evaluatedexactly, then (4.5) is implied by
assumptiorh.4. A stepsatisfying(4.4) canbe computedeg.g.,usingthe conjugategradientmethod
with atrust—rgyion modificationdueto SteihaugandToint (seesection5.2).

1We remarkthat,insteadof (2.4), theinexactnessondition

(4.2) 195 — Flur)ll < ¢umin {[[gll, Ak},

where¢; > 0, will alsogive the classicalim inf globalconvergenceresultfor theunconstrainegiroblem(2.1). This may
beseerusingthe proofin [21, Th. 4.10]andapplying(4.2)in theestimatefor |1y (sx) — V f(z1)T sk | onpage278of [21].
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Supposehatwe have computeds, and(s,), sothat(3.7), (3.8), (4.4), and(4.5) aresatisfied.
Now, we needto compute(s; ). In exactcomputationsthetangentiakteps), liesin thenull space
of theJacobiamatrix Jj,. Since

(4.6) Cy(zr)sl, = —Culwr)(su)k

will be solved inexactly, s, will nolongerbe in the null spaceof .J;, and(3.11)will not be true
arymore. Insteadwe have (3.14) wherer}, is the (nonzeroyesidualof (4.6) asgivenin (3.13) For
cornvenienceof the presentationywe define

(4.7)  rpred(ri; pr) = —(AM)T(rE) = prllril? = 20 ()T (Cy(@r) (85)k + Ci) -

We measureheaccuray of s}, by thesizeof r},. How accuratelydoess}, needto becomputed®ne
approachs to enforcethattheentiresteps;, = sj, + s}, givesareductionin thelinearizedconstraint
residualthatis a fractionof thereductionachievedby the quasi—normastep,i.e., to compute(s; )
suchthat

(4.8) ICkI® = 1Tk (s} + ) + Crll* < G (ICkI1* = 1Cy (k) (s3)r + CiklI?)

with (3 € (0, 1). Thisrequirements very stringentf s achievedlittle decreasewhichwill, e.g.,
bethecaseif ||Cy|| is small. However, if thepoint (yx, ur) is closeto beingfeasiblebut is far away
from the optimum, it seemaunnecessarto maintaina high accurag in thelinear systemsolve for
(sy)x- Thereforewe proposea requirementor the accurag of (s}) thattakesinto accountooth

the feasibility and the optimality of (yx,ur). To accomplishthis, we usethe predicteddecrease

pred (s}, (su)k; pr) in (3.12) whereg, is replaceddy iy
pred(sy, (su)k; pk) = ME(0) — Mg ((su)k)
(4.9) + a1 (0) — qr(s}) — (AXk)T (Cy (@) (})k + Ck)
+ ok (IC:IIP = 1ICy (k) (55 + Cill?) -

This predictedreduction dependsonly on s}, and (s,)r. Becauseof the requirements
(3.8) and (4.4) on s and (s,)x, respectiely, we have that m(0) — mk((s.)x) > 0 and
pr (ICkII? = |Cy (xx) ())& + CilI?) > 0, provided z;, doesnot satisfythe first-ordernecessary
optimality conditions(3.1). As in the exactcasewe canupdatethe penaltyparametep;, to ensure
thatpred(s},, (s« )r; p) is sufficiently positive. However, in presencef inexactnessthe quadratic
modelof theLagrangiaris

pred(sh, (su)r; pr) + rpred(ry; pr)-

To ensurethatthe inexactnessn thetangentialstep(s;, ), doesnot dominatethis quadraticmodel,
we requirethat

(4.10) rpred(ri; pi)| < mopred(sy, (su)k; pr),

whereny € (0,1 — n;) is agivenconstan@andy, is the parametein step2.8 of the trust—rgion
algorithm,andthat

(4.11) Ikl < CaAy max{[sill, [|(su)ll}

for someconstant(; > 0 independentf k.2 Inequalities(4.10) and (4.11) are satisfiedfor the
exactsolutionof (4.6). We notethatthe amountof positivity in pred(s}, (su)x; px) is determined

ZNoticethat(st,), = —Cy(xk) ™ Cu (k) (su)k + Cy(zx )~ r} andthat(4.11)implies
(4.12) ICy (2r) ™ k]l < G5
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by thereductionsii, (0) — s ((su)x) and||Cl|* — [|Cy (k) (s5)x + Ck|I>. Thereforejf ||Cy[|* —
ICy (xx)(s5)r + Crll* is small, but i, (0) — Mk ((s4)r) is large (which is likely the caseat a
pointxy, thatls almostfeasible but away from beingoptimal)theaccurag requirementn (s ), is
muchwealerthantherequiremen{4.8). Our criteriaalsoseemsgo be closeto the SQPph|Iosophy
which allows to tradegainsin feasibility for gainsin optimality. Anotherpointworth notingis that
inaccuray in (sty),c doesnot enterthe penaltyparameteupdate.|f it were,the penaltyparameter
mightincreasdaster Sincetoo large penaltyparameterg;, canslow down thecorvergenceof SQP
methodghisis anothetbenefitof our accurag requirement.

Sincesy, (su)r andpred(sy, (s«)x; px) areknown, astep(s; ) with (4.10)and(4.11)canbe
computed.

Finally, the computationof A, in step2.5 of the exact trust-region SQPalgorithms3.1is
likely to involve inexactcalculationsHowever, aswe have seenin theorenm3. 1, globalcorvergence
to a stationarypoint requiresonly boundednesfom the sequencef Lagrangemultipliers { A }.
This requirements not only fairly mild from a theoreticalpoint of view, but underassumptions
Al1-A4 alsoeasyto imposecomputationallyevenwheninexactnesss present.

Theinexacttrust-region SQPalgorithmsaredefinedsimilarly astheirexactcounterpart3.1 but
with steps2.1to 2.8 modifiedto accommodatéheinexactcalculationaliscusse@bove.

ALGORITHM 4.1 (InexactTrust-Rejion SQPAIlgorithms).
1 Thesameinitializationsasin stepl of algorithm3.1.
2 Fork=0,1,2,...do
i2.1 Computes}, satisfying(3.7)and(3.8).
i2.2 Computeanapproximatiorgy, to W, Vg (s?) satisfying(4.1).
i2.3 If ||Ckl] + llgkll < €01, Stopandreturnz;, asan approximatesolutionfor prob-
lem(1.1).
i2.4 Compute(s, )y, satisfying(4.4).
i2.5 Computed,, andsetAl, = g1 — Ag.
i2.6 Updatethe penaltyparameteasin step2.6, usingpred(s},, (su)k; px) in (4.9).
i2.7 Compute(s; ). sothattheresidualvectorr, satisfieg4.10)and(4.11)
i2.8 Computepred (s}, (su)k; pr) Using(4.9).
If ared(sx; pr)/pred (s}, (su)k; pr) < 11, Set

Aptr = oz max { [|sgll, [[(su)rlls [1(55) el }
andrejectsy,.
Otherwiseaccepts;, andchooseA ., suchthat

maX{Amin; Ak} < Ak—i—l < Amaz-

2.9 Thesamestepandmultiplier updatesasin step2.9 of algorithm3.1.

Theglobal corvergencepropertyof theinexacttrust-region SQPalgorithms3.1is statedn the
following theorem.

THEOREM 4.1. Letassumption®A.1-A.4hold. The sequencesf iteratesgeneated by the
inexacttrust-region SQPalgorithms4.1 satisfy

(4.13) liminf (|Igll + ICill) =0
k—o0

for some(¢s > 0, in otherwords,thatthe norm of the residual(tangential)step Cy (x5 ) ~* is boundedby a constant
time thetrust—rgjion radius.If we view Cy(zj) ! rk asasecondtangentialstep,or asa spacet(tangentlal)step we then
identify (4.12)asa conditionthathasalreadybeenimposedon stepsof suchtypesin the contet of global corvergenceof

trust-rgion algorithmsfor unconstraine@ptimization[5, § 10.4],[6].
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Furthermoe, wehave

(4.14) lim inf (||W,3ka|| + ||Ck||) =0.
k—o00

Proof. The proof of (4.13)follows the corvergenceanalysisgivenin [10] with the predicted
decreasaisedtherealwaysreplacedby pred(s}, (su)x; pr) asdefinedin (4.9). Only a very few
stepsin the corvergenceanalysischangeandwe will review themin detail.

The first modificationconcernghe relationshipbetweerthe size of the steps; andthe trust—
regionradiusA. Thecorvergenceanalysigequireshat

Iskll < K7l
and,if sy, is rejectedthat
Apg1 > ksl|skl-

In our inexact trust—rgyion SQPalgorithmsthe first inequality follows from the trust—reyion con-
straintsin (3.3), (4.3), andfrom (4.11)andassumptiorA.3. Thesecondnequalityis aconsequence
of theupdateof thetrust—reionradiusin i2.8.

The secondmodificationis in the estimate®f the differencebetweeractualdecreasandpre-
dicted decrease.Sincerpred(r},; px) is differentfrom zero, the upperboundson the difference
betweeractualandpredicteddecreasegivenin [10, L. 7.4,7.5] arenow different. We will beable
to shav

lared(sk; pr) — pred(sy,, (su)r; pr) — rpred(ry; pr)|

(4.15) 3 9
< koAgllskll + k10pkllskll® + w11pkllsk || Crll

insteadof [10, L. 7.4],and
(4.16) |ared(sg; pr) — pred(sg, (su)x; pr) — rpred(r; pr) | < K12pk Ak |lskll
insteadof [10, L. 7.5].
Theestimateg4.15)and(4.16)canbeverifiedasfollows. Usingthedefinitions(4.7)and(4.9),

we canseethat

pred(s, (su)k; pr) + rpred(r}; pi)

R 1 s n 1 n n
= —gg(su)k - 5(£u)£WngWk(3u)k - VwekTSk - gskTHkSk
—AN] (Jesk + Cr) + pr (IICI = 1 Tksk + Ckll*) -

With the definition (3.10) of the actualdecreasethe previousidentity, andW;T (Hy s + V,4;) =
WIVq(s}) we obtain

ared(sy; pi) — (pred(s, (su)k; ) + rpred(ri; pr))
= Uzk, M) + prllCkII> = €(zhs1, Met1) — pil|Crgr |I?
—pred(s}, (su)k; k) — rpred(ry; pr)

= U@k, Ak) = L(@h+1, Ak) + UTht1, Ak) = UTpt15 Ak1)
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+(Hish + Voli) TWi(80)r + 2(s0) I W HiWi(s0)r + Vo lf s) + 252" Hysh
+@k = WEVa(52) T (5)k + 3 (su)F W HeWi(s)k — & (50)F W HeWi(s,)s
+ANE (Jksk + k) = pr((ICk41 1> = [ Tksk + Cil[*)
—U(Thy1, M) + qr(5k) — ar(sk) + Qe((5u)k)
@k~ WEVar ()T sk + S5 FWT HiWi(s)k — 3 (50)FWE HiWi(s)i
(4.17) +AX (=Chi1 + Jksk + Ck) — pr ([|Chsr I = | Tksk + Cill?) -
Using Taylor expansiorandthe definition (3.2) of ¢, gives
(4.18) | = (k1 M) + ar ()| < 5l Hi — Vi Llak + tisk, M)l skl

with somet;, € (0,1). Usingthe definitions(3.2) and(3.6) of g, andgj, respectiely, (3.5), and
(3.13)wefind that

| = qr(sk) + @ ((52)r)]
< ||Hysp = Vol mr, M)l sk — Wi (su)ell + 311 Hell 155117 + $IW H Wil 1 (su)ll?

(429 [|Hys}, = Val(@r, M) ICy (@) Ikl + 51 HEI s + 31W H Wil [|(su)ell.

Theinequalitieq4.1), (4.5), andassumptiorA.4 give

@ — Wi Var (i) (su)k + 5(su)i W HeWi(su)k — 5(5u) i Wi Hi Wi (su)k
(4.20) < GARI(sWEll + (G + W H Wi )l (5wl

Using Taylor expansiornwe obtain

AX{ (—=Cryr + Tisi + Ck) — pi (ICks1I” = 1 Tksk + Cill*)

m

-5 Z (AXg) skV ci(xr, + thsk)sk
=1
m

— Pk ( z:cz Tp + tksk )TVQCi(xk + tisk)(sk)
—1

+(31) T (@r + i) (@ + i) (k) = (31) T T(@e) I (@) (3)),

wheret?,¢3 € (0,1). Now weexpandc; (zj +t3 i) arounde; (zy,). Thisexpansiorandassumptions
A.1-A.4give
AN (=Crpa + Jisk + Cr) — pr (ICk4111” — | Tksk + Cill?)
(4.21) < kropkllskll® + K11k sk (| Crll-
If we insert(4.18)-(4.21)into (4.17) anduseassumption®\.3, A.4 and (4.11) we arrive at the

desiredestimate(4.15) for somepositive constantssg, k19, andxy1. Inequality (4.16)is thena
directconsequencef inequality(4.15)andthefactthatp;, > 1.
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We cannow boundthe differencebetweenthe actualand predicteddecrease the inexact
context. Combining(4.15)with (4.10) yields

lared(sk; pr) — pred(sg, (su)k; o)

< |ared(s; p) — pred(s}, (su)k; o) — rpred(ri; pi)| + [rpred(ri; pi)|
(4.22) < koApllskll + m10pkllskll® + K11 pkllklI*|Crll + o [pred(s, (su)k; pr)| -
Similarly, combining(4.16)with (4.10) gives
(4.23)  |ared(sk; pr) — pred(sy, (su)k; pr)| < K12pkAk|Skl| + no [Pred(sk, (su)k; pr)! -

Theestimateg4.22)and(4.23)areusedin theanalysisonly whenrejectionoccursin stepi2.8.
If sy is rejectedwe know that

ared(sg; pr)
pred(s}, (su)k; r)

-1

)

whichin ourinexactcontext implies

ared(sy; pr) — pred(s}, (su)x; px) — rpred(ry; pr)
pred(sy, (Su)k; Pk)

Thus,whentheestimatg4.16)is requiredwe obtain

I-m <

+ no.

K120k Ak||Sk]|

0<1l—1no—m < ,
M= red(sy, (5u)k; pr)

andtheanalysign [10] remainsunchangeaxceptfor thefactthatadifferentlowerboundl — 7y —
m € (0,1) isused.A similar boundis obtainedvhenthe estimates givenby (4.15)
The proofof (4.14)follows from the conjunctionof (4.13)with (4.1)and(3.7). 0

5. Implementation in the Presenceof Inexactness.

5.1. Computation of the quasi—normal component. The quasi-normatomponent;, is an
approximatesolutionof thetrust—rggion subproblen{3.3) andit is requiredto satisfytheconditions
(3.7)and(3.8). Theproperty(3.7)is aconsequencef (3.8). In fact,using||Cy (zx) (s} )y + Ck|| <
||Cx|| andtheboundednessf {C, (zx) !} we find that

1531l < 116y (o)™ Il (IICy (or)(sR)y + Cill + 1G] ) < 20Cy ()~ Gl

Whetherthe property (3.8) holds dependson the way in which the quasi-normatomponents
computed We mentiona few methodghataresuitablefor the large—scalease thatdo notrequire
thematrix C, () in explicit form, andthatguarante¢3.8).

If ||s}|| < Ay satisfieghefractionof Cauchydecreaseondition

311Cy (@k) (s7)y + Cill?
(5.1) < min {]|Cy(zx)s + Cill* : s = —tCy(x)"Ci, Isll < Ar},

thena classicakesultdueto Powell [22, Th. 4] (seealsol5, § 6.3],[21, L. 4.8]) shavsthat(3.8)is
satisfied. The paperq15], [24] describetwo iterative methodsbasedon Krylov subspacefor the
computatiorof steps(sy ) satisfying

ICKIZ ~ 1y ) (s3)y + Cull? > BICKI? ~ 1y (@) (55 + Cell?),
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where(sy). is thesolutionof (3.3). In particularthesestepsalsosatisfy(3.8). Theiteratve method
in [24] usesarestarttechniquethatallows specificatiorof storagdimitations by the user whichis
importantfor large scaleproblems.Theiterative methodsn [15] andin [24] requirethe evaluation
of Cy(zx,)v andCy (zx,) Tu for givenv andu.

For someapplicationsthe evaluationof C, (zx)T u is moreexpensve thanthe applicationof
C,(z)v, andthereforeit may be moreefficient to usemethodsthat avoid the useof C,, (z1,) T u.
In this caseone can apply nonsymmetricKrylov subspacenethodsbasedon minimum residual
approximationssuchasGMRES|[23]. In the context of nonlinearsystemsolving the useof such
methodds describeck.g.in [2]. In thatcontext, trust—rgionsubproblemsf thetype(3.3)alsohave
to besolvedandthe solversin [2] canbeappliedin our situationaswell. If GMRESis usedandif

(5.2) SCE (Cuwn)™ + Cylen)) Ci > BIICHIP

holdswith 8 > 0, then(3.8)is satisfied.The condition(5.2) is implied by the positive definiteness
of the symmetricpartof Cy(x1), a conditionalsoimportantfor the corvergenceof nonsymmetric
Krylov subspacenethods. A proof of this resultand more details concerningthe use of these
methodsanbefoundin [27].

Finally, we canalsousethe following simple procedure Computes}, suchthat||C, (z)s} +
Ckll < C||Ck|], where¢ < 1, andthenscalethis stepbackinto thetrustregion,i.e., set

2_(%) Where&_{ L iR < A,
0 Y - .

Ar/|ISkll  otherwise.

Thesteps}, alsosatisfieg3.8) (see[27]).

5.2. Computation of the tangential component. An approximatesolutions,, of (4.3) that
satisfieg4.4) canbecomputede.g.,usingtheconjugategradientcg) methodwith amodificationas
suggestethy Steihaud25] andToint [26]. Herethecg methodwith startingvalues,, = 0 is applied
to the minimizationof ;. The conjugategradientmethodis stoppedf anapproximateminimum
of the quadraticmodelm;, is reachedjf negative curvatureis detectedpr if the iteratesleave the
trust—rggionbound.Thefirst iteratein the Steihaug—dint cg methodis the Cauchy—stefor the i,
andtherefore(4.4) is satisfiedfor the first iterateof the Steihaug—®int cg method. If W,I H;, W,
canbe appliedexactly, which is the casein areducedSQPmethodwhereW,;fHkW,c = fIk, then
the conjugategradientmethodensureshatm, decreasemonotonicallyand(4.4) remainssatisfied
for all Steihaug—®int cg iterates. If W[ H, W, is appliedinexactly, thenonehasto comparethe
functionvaluesm,, atthefirst Steihaug—ﬁint cgiterates, andatthefinal Steihaug—®int cgiterate
sf. If mg(sh) < Mr(sl), then(s,)r = sf; otherwise(s, ), = s.

In section3 we have alreadypomtedout thatthe trust—rgion constraint||s, |2 < Ay in (3.4)
canbereplacedy [|s} + s'[|2 < Ag. Thisleadsto the so—calleccoupledapproachThetrade-ofs
betweenthe two choicesare discussedn [11, § 5.2.2]. In the coupledtrust—rayion approachwe
replace(3.6) by

min Ge(sa) = qu(s]) + (W(z)"Var(s}) " su + LsTW (24)T HeW (1) 50

(5.3) H( ) ( —Cy(xk);icu(mk)su >

andformulatethe trust—reyion constraintin (4.3) accordingto (5.3). In that casethe computation
of Cy(z1) ~1Cy (k) canbe performedinexactly. In the coupledcase the first part of stepi2.8in
algorithm4.1 hasto bereplacedoy

< Apg.
2
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i2.8 If ared(sg; pr)/pred(sy,, (su)k; pr) < 1, Set
Ok1 = an max {||sg[l, llskl[}
andrejectsy,.

6. Conclusions. In this paperwe have investigatedcomposite—steprust-region SQP algo-
rithmsfor the solutionof a classof optimizationproblemswith inexactprobleminformation. The
challengewasthe formulationof accurag requirementshataresufficientto guarantegylobalcon-
vergenceto a point satisfyingthe first—orderoptimality conditions,but at the sametime can be
implementedn a practicalalgorithmandarenot overly stringent. Our accurag requirementsare
basedon the structureof the composite—steprust—rejion SQPalgorithmsandthey follow the SQP
philosophywhich allows to tradegainsin feasibility for gainsin optimality.

The main motivation of this paperis the control of inexactnessarising from iterative system
solves(1.4) in trust—rgjion SQP methods. This is important,e.g., for the solution of discretized
optimal control problemsgovernedby partial differentialequations. However, our assumptionsn
theinexactnessare not basedon this particularsourceof inexactnessandthereforeour resultsare
applicablemorebroadly The trust—rgyion SQPmethodsfor (1.1) canbe generalizedo problems
with additionalsimpleboundson u usingaffine—scalingnterio—pointmethodsdueto [4]. Sucha
generalizatiorfassumingxactprobleminformation)is givenin [11]. Theanalysisof inexacttrust—
region SQPalgorithmsperformedin this papercanalsobe generalizedo affine—scalingnterior
point trust—rgyion SQPalgorithms.In fact, the predecessdi 7] of this papercontainsmary of the
technicaldetails,althoughthe assumptionsn theinexactnessnadein [17] arestrongerthanthose
in this paper
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