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ANALYSIS OF INEXA CT TRUST–REGION SQPALGORITHMS

MATTHIAS HEINKENSCHLOSS� AND LUı́S N. VICENTE �
Abstract. In thispaperwestudytheglobalconvergencebehavior of aclassof composite–steptrust–regionSQPmethods

that allow inexact probleminformation. The inexact probleminformationcanresult from iterative linear systemssolves
within thetrust–region SQPmethodor from approximationsof first–orderderivatives. Accuracy requirementsin our trust–
regionSQPmethodsareadjustedbasedon feasibilityandoptimalityof theiterates.In theabsenceof inexactnessourglobal
convergencetheoryis equalto thatof Dennis,El–Alem,Maciel (SIAM J.Optim.,7 (1997),pp.177–207).If all iteratesare
feasible,i.e., if all iteratessatisfytheequalityconstraints,thenour resultsarerelatedto theknown convergenceanalysesfor
trust–region methodswith inexactgradientinformationfor unconstrainedoptimization.

Keywords. Nonlinearprogramming,trust–region methods,inexact linearsystemssolvers,Krylov subspacemethods,
optimalcontrol

AMS subjectclassification.49M37,90C06,90C30

1. Intr oduction. In this paperwe studya classof optimizationalgorithmsfor thesolutionof
minimizationproblemswith nonlinearequalityconstraintsthatallow theuseof inexactinformation.
Theproblemsweareinterestedin areof theform����� ��� �¢¡h£A¤¥¡

s.t. ¦ � �¢¡h£A¤.§©¨$¡(1.1)

where�2ªs« ¬®­ , £¯ªs« ¬D°g±J­ , �³²t« ¬D°*´Jµ¶« ¬ , ¦ ²g« ¬®°*´Gµ¶« ¬D­ , ·¹¸»º , and � and ¦ areassumed
to beat leasttwicecontinuouslydifferentiablefunctions.Thisproblemformulationis motivatedby
applicationsinvolving discretizedoptimalcontrolproblems,parameteridentificationproblemsand
inverseproblems,anddesignoptimization. In theseapplications� representsthe discretizedstate
variablesand £ representsthediscretizedcontrols,parameters,or designvariables,respectively, and
thenonlinearconstraint¦ � �¢¡�£¢¤.§¼¨ is thediscretizedstateequation.

Sequentialquadraticprogramming(SQP)algorithmscomputeanapproximatesolutionof (1.1)
by solvinga sequenceof quadraticprogrammingproblems(QPs)in which thequadraticobjective
functionis amodelof theLagrangianfunction½ �¾�¢¡h£¿¡ÁÀJ¤.§¼��� �¢¡�£¢¤ÃÂÄÀ}Å ¦ � �¢¡�£¢¤(1.2)

correspondingto (1.1), andin which thelinearconstraintsarerelatedto¦�Æ � �tÇÈ¡h£AÇ;¤hÉ Æ Â ¦�Ê � �tÇg¡�£¢Ç;¤�É Ê Â ¦ � �tÇ$¡h£AÇ;¤.§¼¨}Ë(1.3)

The matrices¦ Æ � �¢¡h£A¤ and ¦ Ê � �¢¡h£A¤ denotethe partial Jacobianswith respectto � and £ , respec-
tively; theJacobianof ¦ is Ì �¾�J¡�£¢¤Í§>� ¦7Æ � �¢¡h£A¤�Î ¦�Ê � �¢¡h£A¤h¤ . In theapplicationsmentionedabove,
(1.3) representsthe linearizedstateequations.We assumethat ¦�Æ � �tÇg¡�£¢Ç;¤�ªÏ« ¬ ­bÐ$­ is invertible.
Many implementationsof SQPmethods,in particularthe composite–steptrust–region SQPalgo-
rithmsconsideredin thispaper, requirethesolutionof linearequationsof thetype¦ Æ �¾� Ç ¡h£ Ç ¤hÑ�§¼Ò or ¦ Æ � � Ç ¡h£ Ç ¤ÓÅ¿Ñ�§¼ÒGË(1.4)� Departmentof Computationaland Applied MathematicsRice University, Houston,TX 77005–1892,USA. E-Mail:
heinken@caam.rice.edu. This authorwassupportedby theDoE underGrantDE–FG03–95ER25257andby CRPC
CCR–9120008.� DepartamentodeMateḿatica,UniversidadedeCoimbra,3000Coimbra,Portugal.E-Mail: lvicente@mat.uc.pt.
Support for this author was provided by Centro de Mateḿatica da Universidadede Coimbra, FCT, and Praxis XXI
2/2.1/MAT/346/94.

1



2 M. HEINKENSCHLOSSAND L. N. VICENTE

In optimalcontrol,parameteridentification,or optimaldesignproblemstheequations(1.4) arere-
latedto thelinearizedstateequationsandtheadjointequations,respectively. For problemsgoverned
by partialdifferentialequationstheseequationsareoftennotsolvedexactlyusingsparsematrixde-
compositions,but they aresolvediteratively. In this caseexactsolutionsof (1.4) arenot available
andonehasto decidehow accuratelytheseequationshave to be solved. Ideally onewantsto al-
low for coarsebut fastsolutionsof thesesystemswhentheSQPiterates� �tÇÈ¡h£AÇ;¤ arefar away from
a solutionandtightenthe accuracy requirementsasnecessary. In the context of Newton methods
for nonlinearequationsandunconstrainedoptimization,thecontrolof inexactnessis relatively well
understood.See,e.g.,[2, 7, 12, 13, 19]. Generalizationsof theinexactNewtonmethodconceptsto
the local convergenceanalysisof inexactSQPmethodscanbefound,e.g.,in [8, 9, 14, 18, 20]. In
thispaperwewill giveaglobalconvergenceanalysisof aclassof inexacttrust–regionSQPmethods
for (1.1). More specifically, we considercomposite–steptrust–region SQPalgorithms,which are
reviewedin [5, Ô 15.4] and[10, Ô 4]. In theabsenceof inexactnessour globalconvergencetheory
is thatof [10]. If all iteratesarefeasible,i.e., if all iteratessatisfy ¦ � � Ç ¡�£ Ç ¤®§W¨ , thenour results
arerelatedto theconvergenceanalysesin [3, 5] for trust–regionmethodswith inexactfunctionand
gradientinformationfor unconstrainedoptimization.

The main motivation of this paperis the control of inexactnessarisingfrom iterative system
solves(1.4) in trust–region SQPmethods.However, our assumptionson the inexactnessarenot
basedon this particularsourceof inexactness.Thereforeour resultsareapplicablemorebroadly,
e.g., if finite differenceapproximationsof derivativesareused. Our resultscanalsoextendedto
affine–scalinginterior–pointtrust–regionSQPmethods.More detailson suchanextensionwill be
givenin section6.

This paper is organizedas follows. In section2 we will considerthe reducedproblem�Õ�Ö�&���¾�A� £A¤¥¡h£A¤ obtainedfrom (1.1) by eliminating the variables � . We will briefly discussthe
convergenceanalysesin [3] and [5, Ô�Ô 8.4,10.6]for trust–region methodswith inexact function
or gradientinformationfor thereducedproblem.Thiswill revealsomeusefulprobleminformation
andit will latermotivateour assumptionson theinexactnessfor problem(1.1). Section3 contains
a brief review of thecomposite–steptrust–region SQPalgorithmsandof their globalconvergence
analysisgivenin [10]. Our inexacttrust–regionSQPalgorithmsandtheirglobalconvergenceanaly-
siswill bedescribedin section4. Assumptionsontheinexactnessin section4 arestatedin ageneral
way. In section5 wewill discusshow they couldbesatisfiedin animplementation.

We usethe following notation. We often set × §�� �¢¡�£¢¤ anduse Ñ Æ and Ñ Ê to representthe
subvectorsof ÑØª©« ¬ ° correspondingto the � and £ components,respectively. The SQPiterates
areindexedby Ù andthesymbolof a functionwith subscriptÙ is usedto representthevalueof that
function at × Ç and,possibly, ÀJÇ . For instance,�SÇs§Ú��� × ÇS¤�§,���¾�tÇÛ¡h£AÇ;¤ . The vectorandmatrix
normsusedarethe

½�Ü
norms.The Ý�Þ*Ý identitymatrix is denotedby «¥ß .

2. Trust–RegionMethods for the Black–BoxFormulation with Inexactness.Supposethat
for all £_ªs« ¬ °g±¢­ theconstraintequation¦ � �¢¡h£A¤7§à¨ hasa uniquesolution � andthat ¦ Æ � �¢¡�£¢¤ is
invertiblefor all �¾�¢¡h£A¤ with ¦ � �¢¡h£A¤E§@¨ . In this casetheimplicit functiontheoremguaranteesthe
existenceof a twice continuouslydifferentiablefunction £_áµâ�A� £A¤ definedthroughthesolutionof¦ � �¢¡�£¢¤.§©¨ . Insteadof (1.1)wecanconsiderthereducedproblem�Õ�Ö�*ã���¾£¢¤.§ä��� �A� £A¤¥¡�£¢¤
Ë(2.1)

Thisproblemis alsocalledtheblack–boxformulationof theoptimizationproblem(1.1)becausethe
solutionof ¦ � �¢¡h£A¤.§¼¨ is treatedasablack–boxin theoptimizationalgorithmsfor (2.1).

It canbeshown thatå ã��� £A¤.§äæ>� �¢¡h£A¤ÓÅ å ���¾�¢¡h£A¤�Î Æ
çÃÆéèÖÊéê §©æ>�¾�J¡�£¢¤hÅ å ½ � �¢¡�£�¡�ÀG¤�Î Æ
ç!ÆéèÖÊéê(2.2)
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and å Ü ã���¾£¢¤7§¼æ>� �¢¡�£¢¤hÅ å ½ � �¢¡h£¿¡ÁÀJ¤hæ>�¾�¢¡h£A¤;ëëë Æ�çÃÆéèÖÊéêíì î8ç!îmèÖÊéê ¡
where æ>�¾�¢¡h£A¤�§�ï ´ ¦7Æ �¾�J¡�£¢¤ ±Að ¦7Ê �¾�J¡�£¢¤« °g±J­ ñ ¡(2.3)

and À�� £A¤ solves ¦�Æ � �A� £A¤¥¡�£¢¤�À\§ò´ å Æ ���¾�¢�¾£¢¤
¡h£A¤ . For detailssee,e.g.,[11, 16].
A trust–regionmethodfor thesolutionof (2.1)constructsaquadraticmodelã· ÇÈ�lÉ Ê ¤.§ ã�mÇÍÂ ãó ÅÇ É Ê Â ðÜ É8ÅÊ ãô Ç;É Ê

of the function ã� aroundthe currentiterate £¢Ç . Here ãó Ç is an approximationof
å ã���¾£¢Çm¤ and ãô Ç

replaces
å Ü ã��� £AÇ;¤ . Thenonecomputesanapproximatesolution �õÉ Ê ¤�Ç of�Õ���ö�÷�øgö�ùJú.û ã· Çg�lÉ Ê ¤¥Ë

The decisionaboutthe acceptanceof £ Ç ÂP�lÉ Ê ¤ Ç asthe next iterateandabouthow to updatethe
trust–regionradiusis basedon theratioüýSþÁÿ�� Çü� þÁÿ�� Ç § ã�¿� £ Ç ¤�´Pã���¾£ Ç Â©�lÉ Ê ¤ Ç ¤ã· ÇÈ�l¨t¤¿´ ã· Ç$�h�lÉ Ê ¤hÇm¤
of actualdecreaseandpredicteddecrease.

Now, supposethat the nonlinearequations¦ �¾�J¡�£¢Ç;¤�§M¨ cannot besolved exactly for �tÇ §�A� £AÇ;¤ , but thatanapproximation��A� £AÇS¤ of �ÛÇ®§¼�A� £AÇ;¤ is computedby applyinganiterativemethod
to ¦ �¾�J¡�£¢Ç;¤�§¼¨ . In thiscasethefunctionevaluations ã���¾£¢Çm¤ and ã���¾£¢Ç�Â©�lÉ Ê ¤hÇm¤ in thecomputation
of theactualdecreasewill notbeknown exactly. Moreover, inexactnessin �A� £AÇS¤ will alsoaffect the
gradientcomputation(see(2.2)). In addition,thisgradientcomputationalsorequiresthesolutionof
a linearsystemof theform ¦�Æ � �tÇg¡�£¢Ç;¤ Å Ñ
§PÒ . Supposethatsuchsystemsaresolvediteratively, a
procedurethatwill introduceanothersourceof inexactnessin thegradient.How doesoneneedto
controltheinexactnessin functionvaluesandgradients?

Theinfluenceof inexactgradientinformationis analyzedin [3] andin [5, Ô 8.4]. Let � Ü ª��l¨$¡��é¤
betheconstantsothatthetrust–regionradiusis reducedonly if

üýSþÁÿ�� Ç�� ü� þÁÿ�� Ç ¸	� Ü . In [3] it is shown
thatif therelativegradienterrorsatisfies
 ãó Ç ´ å ã���¾£ Ç ¤ 
 � 
 å ã�¿� £ Ç ¤ 
���
 ¸ �E´ � Ü ¡(2.4)

thenglobalconvergenceof thetrust–regionalgorithmto stationarypointscanbeguaranteed.In [5,Ô 8.4] thequotient 
 ãó Ç�´ å ã�¿�¾£¢ÇS¤ 
 � 
 ãó Ç 

is usedto measuretheerror in thegradientandtheaccuracy requirementis adjustedappropriately.
Theinexactnesscriteriain [3] and[5, Ô 8.4]guaranteethatasuccessfultrust–regionstepcanbecom-
putedif the trust–region radiusis sufficiently small,providedthecurrentiterateis not a stationary
point. In bothanalyses,[3] and[5, Ô 8.4], theaccuracy requirementsfor thegradientapproximation
areratherweak.
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Theinfluenceof inexactfunctionevaluationsis analyzedin [5, Ô 10.6]. It is sufficient thatboth
errors Î ��� ��A� £ Ç ¤¥¡�£ Ç ¤ ´ ���¾�¢�¾£ Ç ¤
¡h£ Ç ¤�Î
and Î ��� ��¢� £ Ç Â¼�õÉ Ê ¤ Ç ¤¥¡�£ Ç Â©�lÉ Ê ¤ Ç ¤ ´ ���¾�¢�¾£ Ç Â©�lÉ Ê ¤ Ç ¤
¡h£ Ç Â©�lÉ Ê ¤ Ç ¤�Î
arelessthan ��� ü� þÁÿ�� Ç , where ��� ¸ ðÜ � ð and � ð ªò�¾¨}¡ � Ü ¤ is theconstantso that trust-region steps

with
üýmþ�ÿ�� Ç�� ü� þ�ÿ�� Ç ¸�� ð arerejected.In particular, theseaccuracy requirementsguaranteethatif the

ratio of actualandpredicteddecreasesindicatesacceptanceof thestep,i.e., if
üýmþ�ÿ�� Ç�� ü� þÁÿ�� Ç�� � ð ,

where
üýSþÁÿ�� Ç is computedwith theinexactfunctionvalues,thenonestill obtainsasufficientdecreaseã��� £AÇ;¤J´ ã���¾£¢Ç ÂØ�lÉ Ê ¤hÇS¤ � � � ð ´�� � � ¤ ü� þ�ÿ�� Ç in theexactfunctionvalues.Notealsothattheaccuracy

requirementfor ��� ��¢�¾£¢Ç;¤
¡h£AÇS¤ dependson the trust-region step �lÉ Ê ¤hÇ , which is not known when��� ��A�¾£¢Ç;¤
¡h£AÇS¤ is computedthe first time. Therefore,��� ��J�¾£¢ÇS¤
¡h£AÇS¤ might have to be recomputedifü� þÁÿ�� Ç becomestoosmalltomeettherequiredaccuracy requirement.For moredetailssee[5, Ô 10.6].

3. Trust–Region SQP Methods. Given a local minimizer ×�� §¹� � � ¡h£ � ¤ for problem(1.1),
thereexistsa Lagrangemultiplier À � suchthat thegradient

å ½ � ×�� ¡ÁÀ � ¤ of theLagrangianfunction
(1.2)is zero.If ¦7Æ � × � ¤ is assumedto benonsingular, thentheLagrangemultiplier À � is determined
by
å Æ ½ � × � ¡ÁÀ � ¤0§ å Æ ��� × � ¤¢Â ¦�Æ � × � ¤ Å À � §©¨ , andthefirst–ordernecessaryoptimalityconditions

canbewrittenas å Ê ½ � × � ¡ÁÀ�� × � ¤�¤�§aæ>� × � ¤ Å å ��� × � ¤³§a¨}¡å î ½ � ×�� ¡ÁÀ�� ×�� ¤�¤�§ ¦ � ×�� ¤ §a¨}¡(3.1)

where æ>� × � ¤ is givenby (2.3).
Given approximations× Ç_§¹� �ÛÇÛ¡h£AÇS¤ and ÀJÇ for the solution � � � ¡�£ � ¤ andthe corresponding

Lagrangemultiplier À � of (1.1), SQPalgorithmscomputean(approximate)solutionof thequadratic
programming(QP)problem�Õ�Ö� � Ç �lÉé¤����! § ½ � × Ç ¡ÁÀ Ç ¤!Â å#" ½ � × Ç ¡ÁÀ Ç ¤ Å É7Â ðÜ É Å ô Ç Ét¡

s.t. ¦�Æ � × ÇS¤hÉ Æ Â ¦7Ê � × ÇS¤�É Ê Â ¦ � × Çt¤.§¼¨}¡(3.2)

where
ô Ç is a symmetric approximationto the Hessian

å Ü"�" ½ � × Çg¡ÁÀJÇm¤ of the Lagrangianat� �ÛÇg¡h£AÇÛ¡ÁÀJÇS¤ or the Hessianitself, andthengeneratea new iterate � �tÇ%$ ð ¡�£¢Ç%$ ð ¤ from this QP so-
lution and,possibly, thecorrespondingLagrangemultiplier ÀGÇ%$ ð . To ensureglobalconvergence,a
trust–regionconditionof theform


 É 
 Ü �'& Ç is imposed.However, the linearconstraintsin (3.2)
andthis trust-region constraintcanbe incompatible.To dealwith the possibility of incompatible
constraints,composite–steptrust–regionalgorithms,many of whicharereviewedin [5, Ô 15.4],[10,Ô 4], split the step É as a sumof two steps É)( and É+* . In the context of the problem(1.1), this
decompositiontakestheformÉ¼§ , É ÆÉ Ê.- § É ( ÂØÉ * § , É)(Æ¨ - Â , É�* ÆÉ Ê.-
(see[11]). Again, we assumethat ¦�Æ � × Çm¤ is invertible. First, composite–steptrust–region algo-
rithmscomputeaso–calledquasi–normalstep É)(Ç , where �lÉ)(Æ ¤hÇ is anapproximatesolutionof�Õ��� 
 ¦ Æ � × Ç ¤hÉ)(Æ Â ¦ � × Ç ¤ 
 Ü ¡

s.t.

 É)(Æ 
 Ü ��& Ç(3.3)
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and �õÉ/(Ê ¤ Ç §©¨ , andthenthey computeaso–calledtangentialstepÉ�* Ç asanapproximatesolutionof�Õ��� ��ÇÈ�õÉ/(Ç ÂÄÉ�*í¤
s.t. ¦7Æ � × Çt¤hÉ�* Æ Â ¦�Ê � × Çt¤hÉ Ê §©¨$¡
 É Ê 
 Ü �	& Ç Ë(3.4)

From the constraintsin (3.4) we seethat É�* Æ § ´ ¦7Æ � × Çt¤ ±Að ¦�Ê � × ÇS¤�É Ê . Thereforewe can writeÉ * §©æ³ÇSÉ Ê , ��ÇÈ�õÉ (Ç ÂÄÉ * ¤.§ ½ � × ÇÈ¡ÁÀJÇS¤!Â å " ½ Å Ç É (Ç Â ðÜ É (Ç Å ô ÇSÉ (ÇÂ10õæ ÅÇ � ô ÇtÉ (Ç Â å " ½ Ç;¤32 Å É Ê Â ðÜ É ÅÊ æ ÅÇ ô Çmæ_ÇSÉ Ê§1��ÇÈ�õÉ (Ç ¤ÃÂ 0 æòÅÇ å �8ÇÈ�lÉ (Ç ¤ 2 Å É Ê Â ðÜ É8ÅÊ æòÅÇ ô Ç;æ³ÇmÉ Ê ¡(3.5)

andposetheproblem(3.4)entirelyin É Ê :�Õ�Ö� ã�8ÇÈ�lÉ Ê ¤ �4�! §��8ÇÈ�lÉ)(Ç ¤!Â 0 æ ÅÇ å ��Ç$�lÉ)(Ç ¤ 2 Å É Ê Â ðÜ �lÉ Ê ¤ Å æ ÅÇ ô ÇSæ_Ç$�lÉ Ê ¤
s.t.


 É Ê 
 Ü �.& Ç Ë(3.6)

Notethatthedistinctionbetween�8ÇÈ�lÉ)(Ç Â»É�*í¤ and ã��ÇÈ�õÉ Ê ¤ is only importantin theinexactcase.We
have that ã��ÇÈ�õÉ Ê ¤E§5�8ÇÈ�lÉ)(Ç Â»æ³ÇmÉ Ê ¤ . Thus,if É�*.§@æ³ÇmÉ Ê , then ã��ÇÈ�õÉ Ê ¤E§5�8ÇÈ�lÉ)(Ç Â»É�*õ¤ . However, if
inexact informationis used,É�*#6§>æ Ç É Ê in general.ReducedSQPalgorithmsdo not approximate
theHessian

å Ü"�" ½ � × Ç ¡ÁÀ Ç ¤ but the reducedHessianæ ÅÇ å Ü"�" ½ � × Ç ¡�À Ç ¤hæ Ç . In this caseæ ÅÇ ô Ç æ Ç
in (3.6) is replacedby the reducedHessianapproximation ãô Ç andthe term

ô Ç;É)(Ç in
å ��ÇÈ�õÉ/(Ç ¤ is

approximated.Thedetailsof thelatterapproximationarenotimportantin ourglobalanalysisandwe
referto,e.g.,[1] for moredetails.In (3.4)wecanalsoreplacethetrust-regionconstraint


 É Ê 
 Ü ��& Ç
by

 É (Ç Â�É * 
 Ü �7& Ç . The two choices,which leadto thedecoupledandthecoupledapproaches,

arediscussedin [11]. We will addressthecoupledapproach,which usesthetrust-regionconstraint
 É)(Ç ÂÄÉ+* 
 Ü ��& Ç , in section5.2.
The subproblems(3.3) for the quasi–normaland (3.6) for the tangentialsteparenot solved

exactly. Rathercoarsesolutionsaresufficient to guaranteebasicglobal convergence.The quasi–
normalcomponentÉ)(Ç is requiredto satisfy
 É (Ç 
���8 ð 
 ¦ Ç 
(3.7)

and 
 ¦ Ç 
 Ü ´ 
 ¦ Æ � × Ç ¤��lÉ (Æ ¤ Ç Â ¦ Ç 
 Ü:9 8 Ü 
 ¦ Ç 
 �Õ����; 8=<�
 ¦ Ç 
 ¡ & Ç?> ¡(3.8)

where
8 ð , 8 Ü , and

8@<
are positive constantsindependentof Ù . The property(3.7) is actually a

consequenceof (3.8), seesection5.1, but it is includedto be consistentwith [10], wheremore
generalquasi–normalstepsareallowed. Condition(3.8) is a practicalconsequenceof the fraction
of Cauchydecreaseconditionfor thetrust-regionproblem(3.3). Thetwo conditions(3.7), (3.8)can
besatisfiedby anumberof algorithms(see[10, 11] andsection5).

Thetangentialcomponent�lÉ Ê ¤hÇ hasto satisfya fractionof Cauchydecreaseconditionassoci-
atedwith thetrust–regionsubproblem(3.6). In otherwords, �lÉ Ê ¤hÇ hasto provideasmuchdecrease
in thequadraticã��Ç$�lÉ Ê ¤ asthedecreaseachievedin thedirection ´ å ã��ÇÈ�l¨t¤7§V´&æ ÅÇ å �8ÇÈ�lÉ)(Ç ¤ inside
thetrustregion. It canbeprovedthatsuchaconditionimpliesã� Ç �l¨t¤¿´ ã� Ç ���lÉ Ê ¤ Ç ¤ 9 8BAC
 æ ÅÇ å � Ç �lÉ (Ç ¤ 
 �Õ�Ö�#D 8=E�
 æ ÅÇ å � Ç �lÉ (Ç ¤ 
 ¡ 8@F�& Ç@G ¡(3.9)
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where
8@A

,
8@E

, and
8@F

arepositiveconstantsindependentof Ù . Algorithmsthatgeneratestepssatis-
fying (3.9)arediscussedin [10, 11] andwill becommentedon in section5.

To decideaboutacceptanceof thestep ÉéÇs§MÉ)(Ç Â¼É�* Ç we follow [10] andusethe augmented
Lagrangianmerit functionH � × ¡�ÀJI3Kg¤0§©��� × ¤�ÂÄÀ}Å ¦ � × ¤¿ÂLK ¦ � × ¤ÓÅ ¦ � × ¤¥Ë
Thedecisionaboutacceptanceof thestepandupdateof thetrust–region radius

& Ç is basedon the
ratioof actualdecreaseýSþÁÿ�� �lÉéÇCI3KgÇm¤ , givenbyýmþ�ÿ�� �lÉ Ç I3K Ç ¤7§ H � × Ç ¡�À Ç IMK Ç ¤�´ H � × Ç ÂØÉ Ç ¡�À Ç%$ ð I3K Ç ¤
¡(3.10)

andpredicteddecrease� þ�ÿ�� �lÉ Ç I3K Ç ¤ , givenby� þÁÿ�� �õÉéÇCIMKÈÇS¤ § H � × Çg¡ÁÀJÇCI3KgÇS¤´.0N��ÇÈ�õÉéÇS¤!Â & À Å Ç � Ì ÇSÉéÇEÂ ¦ Çm¤!ÂLKÈÇ 
 Ì Ç;ÉéÇ�Â ¦ Ç 
 Ü 2�¡
where ��Ç is definedin (3.2)andwhere

& ÀJÇT§àÀGÇ+$ ð ´ÏÀJÇ . Sincethetangentialsteplies in thenull
spaceof Ì Ç , wehave Ì Ç;É�* Ç § ¦7Æ � × Çt¤
�lÉ�* Æ ¤�Ç�Â ¦�Ê � × ÇS¤
�õÉ Ê ¤�ÇD§©¨ , andit canbeeasilyseenthat� þÁÿ�� �lÉ Ç IMK Ç ¤�§O� þÁÿ�� �õÉ (Ç ¡��lÉ Ê ¤ Ç IMK Ç ¤¥¡(3.11)

where� þÁÿ�� �lÉ)(Ç ¡8�lÉ Ê ¤ Ç I3K Ç ¤ is definedby� þ�ÿ�� �lÉ)(Ç ¡��õÉ Ê ¤ Ç IMK Ç ¤ § ã� Ç �l¨t¤¿´ ã� Ç ���lÉ Ê ¤ Ç ¤Â��8ÇÈ�¾¨Û¤�´P�8ÇÈ�lÉ)(Ç ¤¿´�� & ÀJÇm¤ Å � ¦7Æ � × Çt¤
�lÉ)(Æ ¤�Ç�Â ¦ ÇS¤Â.K Ç 0 
 ¦ Ç 
 Ü ´ 
 ¦ Æ � × Ç ¤
�õÉ)(Æ ¤ Ç Â ¦ Ç 
 Ü 2 Ë(3.12)

Recall that ã�8ÇÈ�h�õÉ Ê ¤�ÇS¤_§O�8Çg�lÉ)(Ç Â@æ_Ç$�lÉ Ê ¤hÇS¤ (see(3.6)). In the caseof exact computationsthe
distinctionbetweenÉéÇ and É/(Ç in thedefinitionof thepredicteddecreaseis not necessary. However,
this subtletyis importantfor the inexactcomputationsdiscussedin thefollowing section.We also
notethatif Q * Ç § ¦ Æ � × Ç ¤��lÉ * Æ ¤ Ç Â ¦ Ê � × Ç ¤
�õÉ Ê ¤ Ç ¡(3.13)

then � þÁÿ�� �lÉéÇCIMKÈÇS¤�´P� þÁÿ�� �õÉ/(Ç ¡��lÉ Ê ¤hÇRIMKÈÇS¤§ò´�� & ÀJÇS¤ Å � Q * Ç ¤¿´PKgÇ 
 Q *Ç 
 Ü ´L�)KÈÇg� Q *Ç ¤ Å 0 ¦�Æ � × ÇS¤
�õÉ)(Æ ¤hÇEÂ ¦ Ç 2 Ë(3.14)

Becauseof therequirements(3.8), (3.9) on thequasi–normalstepandtangentialstep,respec-
tively, wehavethat ã�8ÇÈ�¾¨Û¤
´ ã��Çg�h�õÉ Ê ¤�ÇS¤�Â�KgÇ 0 
 ¦ Ç 
 Ü ´ 
 ¦�Æ � × Çm¤
�lÉ)(Æ ¤�ÇEÂ ¦ Ç 
 Ü 2 � ¨ , provided × Ç does
not satisfythefirst–ordernecessaryoptimality conditions(3.1). To ensurethat � þÁÿ�� �lÉ)(Ç ¡8�lÉ Ê ¤hÇCI3KgÇm¤
is sufficiently positive thepenaltyparameterKgÇ is increasedif necessary.

The trust-region SQPalgorithmsarestatednext. They arethe sameasthe trust-region SQP
algorithmsin [10], but areadaptedto ourproblemcontext andto ournotation.

ALGORITHM 3.1 (Trust-RegionSQPAlgorithms).
1 Choose× � and

& � � ¨ , andcalculateÀ � . Set K ±Ãð 9 � and S3TVU ß � ¨ . ChooseW ð , � ð , & ­YX�° ,& ­[Z " , and \K suchthat ¨ ¸�W ð ¡ � ð ¸ � , ¨ ¸ & ­YX�° ��& ­[Z " , and \K � ¨ .
2 For Ù §�¨}¡��m¡]�È¡�Ë�Ë�Ë do

2.1 ComputeÉ/(Ç satisfying(3.7)and(3.8).
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2.2 Computeæ ÅÇ å � Ç �õÉ)(Ç ¤ .
2.3 If


 ¦ Ç 
 Â 
 æ ÅÇ å � Ç �lÉ)(Ç ¤ 
^� S TVU ß , stopandreturn × Ç asanapproximatesolutionfor
problem(1.1).

2.4 Compute�lÉ Ê ¤�Ç satisfying(3.9).
2.5 ComputeÀGÇ%$ ð andset

& ÀJÇD§äÀJÇ%$ ð ´�ÀJÇ .
2.6 Updatethepenaltyparameter.

If � þÁÿ�� �lÉ)(Ç ¡8�lÉ Ê ¤ Ç I3K Ç ±Að ¤ 9`_ û]a?bÜdc 
 ¦ Ç 
 Ü ´ 
 ¦ Æ � × Ç ¤�É)(Ç Â ¦ Ç 
 Ü�e , thensetK Ç §�K Ç ±Ãð .
OtherwisesetK Ç § � 0 ´ ã� Ç �¾¨t¤�Â ã� Ç �h�õÉ Ê ¤ Ç ¤�´f� Ç �¾¨Û¤!Âg� Ç �õÉ/(Ç ¤!Â & À Å Ç � ¦ Æ � × Ç ¤
�õÉ/(Æ ¤ Ç Â ¦ Ç ¤ 2
 ¦ Ç 
 Ü ´ 
 ¦�Æ � × Çt¤
�lÉ (Æ ¤�Ç�Â ¦ Ç 
 Ü Â \KGË

2.7 Compute�lÉ�* Æ ¤hÇb§ ´ ¦7Æ � × ÇS¤ ±Að ¦�Ê � × Çm¤��lÉ Ê ¤hÇ .
2.8 If ýSþÁÿ�� �õÉ8ÇRIMKÈÇ;¤ � � þ�ÿ�� �lÉ)(Ç ¡8�lÉ Ê ¤�ÇRI3KgÇ;¤ ¸�� ð , set& Ç%$ ð § W ð � ý)h ; 
 É (Ç 
 ¡ 
 �õÉ Ê ¤�Ç 
 >

andreject É8Ç .
OtherwiseacceptÉ Ç andchoose

& Ç%$ ð suchthat� ý�h ; & ­YXÖ° ¡ & Ç > �	& Ç%$ ð �	& ­[Z " Ë
2.9 If É Ç wasrejectedset × Ç%$ ð § × Ç and À Ç%$ ð §¼À Ç . Otherwiseset × Ç%$ ð § × Ç Â¯É Ç andÀ Ç%$ ð §©À Ç Â & À Ç .

Step2.7of thealgorithmdeservesto becommentedon. The £ –componentof thetangentialstepÉ * Ç is computedin step2.4. If anapproximation
ô Ç of thefull Hessianis usedor if thecoupledtrust–

region radius

 É)(Ç ÂÄÉ�* 
^�i& Ç is employed,thenthe � –component�õÉ+* Æ ¤ Ç of thetangentialstepwill

becomputedalongwith �lÉ Ê ¤ Ç in step2.4. If exactprobleminformationis used,�lÉ�* Æ ¤ Ç doesnotneed
to berecomputed,of course.However, if inexactprobleminformationis used,then,in step2.4,we
maycomputea � –componentalongwith the £ componentthatis sufficiently accurateto guaranteea
conditioncorrespondingto (3.9), but it maynotbeaccurateenoughto guaranteeglobalconvergence.
In fact,our accuracy requirementon �õÉ�* Æ ¤hÇ in presenceof inexactprobleminformationwill depend
on � þÁÿ�� �lÉ)(Ç ¡��õÉ Ê ¤�ÇRIMKÈÇ;¤ . If anapproximationof �lÉ�* Æ ¤hÇ hasalreadybeencomputedin step2.4,onehas
to checkin step2.7 if it satisfiestheaccuracy requirementon the tangentialstepand,if necessary,
onehasto recomputethe inexact �lÉ�* Æ ¤hÇ . Thus,theadditionof step2.7 is mainly necessaryfor the
inexactcase.

Dennis,El–Alem, andMaciel [10] have proved that the classof trust-region SQPalgorithms
3.1 is globally convergent. Their convergencetheoryrequiresthesetof assumptionsgivenbelow.
For all iterationsÙ weassumethat × Çg¡ × Ç�ÂØÉéÇTªkj , wherej is anopensubsetof « ¬ ° .

A.1 The functions � , l X , m §n�t¡�Ë�Ë�Ë
¡ · are twice continuouslydifferentiablefunctionsin j .
Here l X � × ¤ representsthe m –thcomponentof ¦ � × ¤ .

A.2 ThepartialJacobian¦�Æ � × ¤ is nonsingularfor all × ª�j .
A.3 The functions � ,

å � ,
å Ü � , ¦ , Ì ,

å Ü l X , m §n�m¡�Ë�Ë�Ë�¡ · , areboundedin j . The matrix¦�Æ � × ¤ ±Að is uniformly boundedin j .
A.4 Thesequences; ô Ç > , ;;æ_Ç > , and ;;ÀGÇ > arebounded.

Dennis,El–Alem, andMaciel [10] show that for a subsequenceof the iteratesthe first–order
necessaryoptimalityconditions(3.1)of problem(1.1)aresatisfiedin thelimit.

THEOREM 3.1. Let assumptionsA.1-A.4hold. The sequencesof iteratesgeneratedby the
trust-regionSQPalgorithms3.1satisfyo ���»�Ö�RpÇ+q^r c 
 æ ÅÇ å � Ç 
 Â 
 ¦ Ç 
 e §¼¨}Ë
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4. Trust–RegionSQPMethods with Inexactness.We now turn to thecaseof inexactprob-
lem information,in particularto the inexactsolutionof the linearsystems(1.4) andto the inexact
calculationof first–orderderivativesof � and l with respectto � and £ . This inexactnesswill effect
thesteps2.1,2.2,2.4,2.6,2.7,and2.8 in algorithm3.1.

Theassumptions(3.7) and(3.8) on the quasi–normalstepturn out to be ratherweakandcan
be satisfiedusing several algorithmsthat fit into our inexactnessframework. This issuewill be
discussedin section5.1.

Step 2.2 in algorithm 3.1 requires the calculation of the reducedgradient
å ã� Ç �l¨t¤^§æ ÅÇ å � Ç �lÉ)(Ç ¤ . Weassumethatinsteadof theexactreducedgradientwecanonly computeanapprox-

imation ãó Ç . Whatis theaccuracy requirementon ã ó Ç ? If �¾� Ç ¡�£ Ç ¤ werefeasible,i.e.,if ¦ � � Ç ¡h£ Ç ¤.§©¨ ,
then É)(Ç §V¨ (see(3.7)) and ã��� £ Ç ¤®§Væ ÅÇ å � Ç �õÉ/(Ç ¤ . In this casethe theoryof [5, Ô 8.4] for there-
ducedproblem(2.1), which was reviewed in section2, suggestsan accuracy requirementof the
form 
 ãó Ç�´�æòÅÇ å �8Ç$�lÉ (Ç ¤ 
��	
 ð 
 ãó Ç 

with some s ð ¸ � which is relatedto the parametersin the trust–region algorithm. We needa
strongercondition,namely 
 ãó Ç�´�æòÅÇ å ��Ç$�lÉ (Ç ¤ 
�� s ð �Õ���:; 
 ãó Ç 
 ¡ & Ç > ¡(4.1)

where s ð � ¨ . In (4.1) theconstants ð is not tied to theparametersin the trust–region algorithm,
in particularwe do not needs ð ¸ � , but theabsoluteerror in the reducedgradientapproximation
mustbelessthan


 ãó Ç 
 and
& Ç .1 The £ –componentof thestepis now computedastheapproximate

solutionof ����� ã· Ç �lÉ Ê ¤=�4�! §�� Ç �lÉ)(Ç ¤!Â ãó ÅÇ É Ê Â ðÜ É ÅÊ tæ ÅÇ ô Ç æ Ç É Ê
s.t.


 É Ê 
 Ü �.& Ç(4.3)

(cf. (3.6)). In (4.3)thesymbol � over æ ÅÇ ô Ç æ Ç indicatesthatthereducedHessianapproximation
maybeinexact.Theapproximatesolution �õÉ Ê ¤ Ç of (4.3)computedin step2.4of algorithm3.1must
providea fractionof Cauchydecreaseon thisapproximatemodel:ã· ÇÈ�l¨t¤¿´ ã· ÇÈ���lÉ Ê ¤hÇS¤ 9 8 A 
 ãó Ç 
 �Õ�Ö� D 8 E 
 ãó Ç 
 ¡ 8 F & Ç G ¡(4.4)

where,asin (3.9),
8 A

,
8 E

, and
8 F

arepositive constantsindependentof Ù . Thereducedquadratic
model ã· Ç in (4.4) is givenby (4.3). In addition,werequirethat�lÉ Ê ¤ Å Ç tæ ÅÇ ô Ç æ Ç �lÉ Ê ¤ Ç ��
 Ü 
 �lÉ Ê ¤ Ç 
 Ü(4.5)

for some

 Ü � ¨ independentof Ù . If æ ÅÇ ô Ç;æ_Ç is evaluatedexactly, then (4.5) is implied by

assumptionA.4. A stepsatisfying(4.4)canbecomputed,e.g.,usingtheconjugategradientmethod
with a trust–regionmodificationdueto SteihaugandToint (seesection5.2).

1Weremarkthat,insteadof (2.4),theinexactnessconditionu ã v%wyx ãzC{}| w�~ u����]���[���y�Bu ã v+w u]��� w�� �(4.2)

where � ����� , will alsogive theclassical� ��������� globalconvergenceresultfor theunconstrainedproblem(2.1). This may
beseenusingtheproof in [21, Th. 4.10]andapplying(4.2)in theestimatefor � � w {!� w ~�x�� z?{�� w ~V� � w � onpage278of [21].
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Supposethatwe have computedÉ/(Ç and �lÉ Ê ¤ Ç sothat(3.7), (3.8), (4.4), and(4.5)aresatisfied.
Now, weneedto compute�lÉ�* Æ ¤ Ç . In exactcomputations,thetangentialstep É�* Ç lies in thenull space
of theJacobianmatrix Ì Ç . Since ¦�Æ � × Çm¤hÉ * Æ §@´ ¦�Ê � × Çm¤
�õÉ Ê ¤�Ç(4.6)

will be solved inexactly, É�* Ç will no longerbe in the null spaceof Ì Ç and(3.11)will not be true
anymore.Insteadwehave(3.14), where

Q *Ç is the(nonzero)residualof (4.6)asgivenin (3.13). For
convenienceof thepresentation,wedefineþ � þ�ÿ�� � Q *Ç IMKÈÇS¤.§ ´�� & ÀGÇm¤ÓÅ0� Q *Ç ¤�´�KÈÇ 
 Q * Ç 
 Ü ´f��KgÇg� Q * Ç ¤hÅ 0 ¦7Æ � × Çt¤
�lÉ (Æ ¤�Ç�Â ¦ Ç 2 Ë(4.7)

Wemeasuretheaccuracy of É�* Ç by thesizeof

Q * Ç . How accuratelydoesÉ�* Ç needto becomputed?One
approachis to enforcethattheentirestepÉ Ç §©É/(Ç Â_É�* Ç givesareductionin thelinearizedconstraint
residualthatis a fractionof thereductionachievedby thequasi–normalstep,i.e., to compute�õÉ+* Æ ¤ Ç
suchthat 
 ¦ Ç 
 Ü ´ 
 Ì Çg�lÉ (Ç ÂÄÉ * Ç ¤!Â ¦ Ç 
 Ü �.
 < 0 
 ¦ Ç 
 Ü ´ 
 ¦�Æ � × ÇS¤
�õÉ (Æ ¤hÇEÂ ¦ Ç 
 Ü 2(4.8)

with

 < ª��¾¨$¡��8¤ . This requirementis very stringentif É/(Æ achievedlittle decrease,which will, e.g.,

bethecaseif

 ¦ Ç 
 is small.However, if thepoint � � Ç ¡h£ Ç ¤ is closeto beingfeasiblebut is faraway

from theoptimum,it seemsunnecessaryto maintaina high accuracy in the linearsystemsolve for�lÉ�* Æ ¤ Ç . Thereforewe proposea requirementfor theaccuracy of �lÉ�* Æ ¤ Ç that takesinto accountboth
the feasibility andthe optimality of �¾� Ç ¡h£ Ç ¤ . To accomplishthis, we usethe predicteddecrease� þÁÿ�� �õÉ)(Ç ¡��õÉ Ê ¤ Ç IMK Ç ¤ in (3.12), whereã� Ç is replacedby ã· Ç :� þ�ÿ�� �lÉ)(Ç ¡��õÉ Ê ¤ Ç IMK Ç ¤ § ã· Ç �l¨t¤�´ ã· Ç �h�õÉ Ê ¤ Ç ¤Â��8ÇÈ�¾¨Û¤�´P�8ÇÈ�lÉ)(Ç ¤¿´�� & ÀJÇm¤ Å � ¦7Æ � × Çt¤
�lÉ)(Æ ¤�Ç�Â ¦ ÇS¤Â.K Ç 0 
 ¦ Ç 
 Ü ´ 
 ¦ Æ � × Ç ¤
�õÉ)(Æ ¤ Ç Â ¦ Ç 
 Ü 2 Ë(4.9)

This predicted reduction dependsonly on É)(Ç and �lÉ Ê ¤ Ç . Becauseof the requirements
(3.8) and (4.4) on É (Ç and �õÉ Ê ¤ Ç , respectively, we have that ã· Ç �¾¨t¤'´ ã· Ç �h�õÉ Ê ¤ Ç ¤ � ¨ andK Ç 0 
 ¦ Ç 
 Ü ´ 
 ¦ Æ � × Ç ¤
�õÉ/(Æ ¤ Ç Â ¦ Ç 
 Ü 2 � ¨ , provided × Ç doesnot satisfythe first–ordernecessary
optimality conditions(3.1). As in theexactcasewe canupdatethepenaltyparameterK Ç to ensure
that � þ�ÿ�� �lÉ)(Ç ¡8�lÉ Ê ¤hÇCI3KgÇS¤ is sufficiently positive. However, in presenceof inexactness,thequadratic
modelof theLagrangianis � þ�ÿ�� �lÉ (Ç ¡8�lÉ Ê ¤hÇRI3KgÇ;¤�Â þ � þÁÿ�� � Q * Ç I3KgÇ;¤
Ë
To ensurethat the inexactnessin thetangentialstep �lÉ * Æ ¤ Ç doesnot dominatethis quadraticmodel,
we requirethat ëë þ � þÁÿ�� � Q * Ç I3KgÇS¤ ëë � � � � þ�ÿ�� �lÉ (Ç ¡8�lÉ Ê ¤�ÇCIMKÈÇS¤
¡(4.10)

where � � ªò�¾¨$¡��D´ � ð ¤ is a givenconstantand � ð is theparameterin step2.8 of the trust–region
algorithm,andthat 
 Q *Ç 
i�n
]A)& Ç � ý)h ; 
 É (Ç 
 ¡ 
 �õÉ Ê ¤ Ç 
 >(4.11)

for someconstant

 A � ¨ independentof Ù .2 Inequalities(4.10) and(4.11) aresatisfiedfor the

exactsolutionof (4.6). We notethat theamountof positivity in � þÁÿ�� �õÉ)(Ç ¡��õÉ Ê ¤�ÇCIMKÈÇS¤ is determined

2Noticethat
{!�4� � ~ wY� x¡  � {}� w ~£¢ �  �¤ {�� w ~ {!� ¤�~ w¦¥   � {}� w ~£¢ �4§ �w andthat(4.11)impliesu   � {}� w ~ ¢ � § � w u¦�¨�M©ª� w(4.12)
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by thereductionsã· Ç �¾¨Û¤�´ ã· Ç �h�õÉ Ê ¤ Ç ¤ and

 ¦ Ç 
 Ü ´ 
 ¦ Æ � × Ç ¤
�lÉ)(Æ ¤ Ç Â ¦ Ç 
 Ü . Therefore,if


 ¦ Ç 
 Ü ´
 ¦ Æ � × Ç ¤��lÉ)(Æ ¤ Ç Â ¦ Ç 
 Ü is small, but ã· Ç �l¨t¤�´ ã· Ç ���lÉ Ê ¤ Ç ¤ is large (which is likely the caseat a
point × Ç thatis almostfeasible,but away from beingoptimal)theaccuracy requirementon �lÉ�* Æ ¤hÇ is
muchweaker thantherequirement(4.8). Our criteriaalsoseemsto becloseto theSQPphilosophy
which allows to tradegainsin feasibility for gainsin optimality. Anotherpoint worth notingis that
inaccuracy in �lÉ�* Æ ¤hÇ doesnot enterthepenaltyparameterupdate.If it were,thepenaltyparameter
might increasefaster. SincetoolargepenaltyparametersKÈÇ canslow down theconvergenceof SQP
methodsthis is anotherbenefitof ouraccuracy requirement.

Since É/(Ç ¡��lÉ Ê ¤hÇ and � þÁÿ�� �lÉ)(Ç ¡8�lÉ Ê ¤hÇCI3KgÇm¤ areknown, a step �lÉ�* Æ ¤hÇ with (4.10)and(4.11)canbe
computed.

Finally, the computationof À Ç%$ ð in step2.5 of the exact trust-region SQPalgorithms3.1 is
likely to involveinexactcalculations.However, aswehaveseenin theorem3.1,globalconvergence
to a stationarypoint requiresonly boundednessfrom the sequenceof Lagrangemultipliers ;;À ÇC> .
This requirementis not only fairly mild from a theoreticalpoint of view, but underassumptions
A1–A4 alsoeasyto imposecomputationallyevenwheninexactnessis present.

Theinexacttrust-regionSQPalgorithmsaredefinedsimilarly astheirexactcounter-part3.1but
with steps2.1to 2.8modifiedto accommodatetheinexactcalculationsdiscussedabove.

ALGORITHM 4.1 (InexactTrust-RegionSQPAlgorithms).
1 Thesameinitializationsasin step1 of algorithm3.1.
2 For Ù §�¨}¡��m¡]�È¡�Ë�Ë�Ë do

i2.1 ComputeÉ/(Ç satisfying(3.7)and(3.8).
i2.2 Computeanapproximationãó Ç to æ ÅÇ å � Ç �lÉ (Ç ¤ satisfying(4.1).
i2.3 If


 ¦ Ç 
 Â 
 ãó Ç 
.� SªTVU ß , stop and return × Ç as an approximatesolution for prob-
lem(1.1).

i2.4 Compute�lÉ Ê ¤�Ç satisfying(4.4).
i2.5 ComputeÀGÇ%$ ð andset

& ÀJÇD§äÀJÇ%$ ð ´�ÀJÇ .
i2.6 Updatethepenaltyparameterasin step2.6,using � þÁÿ�� �õÉ/(Ç ¡��lÉ Ê ¤hÇCI3KgÇm¤ in (4.9).
i2.7 Compute�lÉ�* Æ ¤hÇ sothattheresidualvector

Q *Ç satisfies(4.10)and(4.11).
i2.8 Compute� þ�ÿ�� �lÉ)(Ç ¡8�lÉ Ê ¤hÇCI3KgÇS¤ using(4.9).

If ýSþÁÿ�� �õÉ8ÇRIMKÈÇ;¤ � � þ�ÿ�� �lÉ (Ç ¡8�lÉ Ê ¤�ÇRI3KgÇ;¤ ¸�� ð , set& Ç%$ ð § W ð � ý)h � 
 É (Ç 
 ¡ 
 �lÉ Ê ¤hÇ 
 ¡ 
 �lÉ * Æ ¤hÇ 
 �
andreject É8Ç .
OtherwiseacceptÉéÇ andchoose

& Ç%$ ð suchthat� ý�h ; & ­YXÖ° ¡ & Ç > �	& Ç%$ ð �	& ­[Z " Ë
2.9 Thesamestepandmultiplier updatesasin step2.9of algorithm3.1.

Theglobalconvergencepropertyof theinexacttrust-regionSQPalgorithms3.1 is statedin the
following theorem.

THEOREM 4.1. Let assumptionsA.1-A.4hold. The sequencesof iteratesgeneratedby the
inexacttrust-regionSQPalgorithms4.1satisfyo �Ö�»�Ö�BpÇ+q^r c 
 ãó Ç 
 Â 
 ¦ Ç 
 e §¼¨}Ë(4.13)

for some
�M©«���

, in otherwords, that the norm of the residual(tangential)step   � {�� w ~�¢ �4§ � w is boundedby a constant
time thetrust–region radius.If weview   � {�� w�~ ¢ � § � w asasecond(tangential)step,or asa spacer(tangential)step,we then
identify (4.12)asa conditionthathasalreadybeenimposedon stepsof suchtypesin thecontext of globalconvergenceof
trust–region algorithmsfor unconstrainedoptimization[5, ¬ 10.4],[6].
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Furthermore, wehave o ���»�Ö�RpÇ+q^r c 
 æòÅÇ å �SÇ 
 Â 
 ¦ Ç 
 e §¼¨}Ë(4.14)

Proof. The proof of (4.13) follows the convergenceanalysisgiven in [10] with the predicted
decreaseusedtherealwaysreplacedby � þÁÿ�� �õÉ/(Ç ¡��lÉ Ê ¤hÇCI3KgÇm¤ asdefinedin (4.9). Only a very few
stepsin theconvergenceanalysischangeandwewill review themin detail.

Thefirst modificationconcernsthe relationshipbetweenthesizeof thestep É8Ç andthe trust–
regionradius

& Ç . Theconvergenceanalysisrequiresthat
 É Ç 
��.8@­�& Ç
and,if É8Ç is rejected,that & Ç%$ ð 9 8=®�
 É Ç 
 Ë
In our inexact trust–region SQPalgorithmsthe first inequalityfollows from the trust–region con-
straintsin (3.3), (4.3), andfrom (4.11)andassumptionA.3. Thesecondinequalityis aconsequence
of theupdateof thetrust–regionradiusin i2.8.

Thesecondmodificationis in theestimatesof thedifferencebetweenactualdecreaseandpre-
dicted decrease.Since þ � þ�ÿ�� � Q *Ç IMKÈÇS¤ is different from zero, the upperboundson the difference
betweenactualandpredicteddecreasesgivenin [10, L. 7.4,7.5] arenow different.We will beable
to show Î ýmþ�ÿ�� �lÉéÇCI3KgÇS¤ ´�� þÁÿ�� �õÉ)(Ç ¡��õÉ Ê ¤�ÇCIMKÈÇS¤�´ þ � þ�ÿ�� � Q *Ç IMKÈÇS¤�Î��8@¯�& Ç 
 É Ç 
 Â 8 ð � K Ç 
 É Ç 
 < Â 8 ð�ð K Ç 
 É Ç 
 Ü 
 ¦ Ç 
(4.15)

insteadof [10, L. 7.4],andëë ýSþÁÿ�� �õÉ Ç IMK Ç ¤�´P� þÁÿ�� �lÉ (Ç ¡8�lÉ Ê ¤ Ç I3K Ç ¤�´ þ � þÁÿ�� � Q * Ç I3K Ç ¤ ëë ��8 ð Ü K Ç & Ç 
 É Ç 
(4.16)

insteadof [10, L. 7.5].
Theestimates(4.15)and(4.16)canbeverifiedasfollows. Usingthedefinitions(4.7)and(4.9),

wecanseethat � þÁÿ�� �lÉ (Ç ¡8�lÉ Ê ¤hÇCI3KgÇm¤ÃÂ þ � þÁÿ�� � Q * Ç I3KgÇS¤§@´ ãó ÅÇ �lÉ Ê ¤hÇ®´ �� �lÉ Ê ¤ÓÅÇ tæ ÅÇ ô ÇSæ³ÇÈ�lÉ Ê ¤hÇ�´ å " ½ Å Ç É (Ç ´ �� É (Ç Å ô ÇSÉ (Ç´ & À Å Ç � Ì Ç É Ç Â ¦ Ç ¤!ÂLK Ç 0 
 ¦ Ç 
 Ü ´ 
 Ì Ç É Ç Â ¦ Ç 
 Ü 2 Ë
With thedefinition(3.10)of theactualdecrease,thepreviousidentity, and æ ÅÇ � ô ÇmÉ/(Ç Â å " ½ ÇS¤�§æ ÅÇ å �8ÇÈ�lÉ)(Ç ¤ weobtainýSþÁÿ�� �õÉ Ç IMK Ç ¤�´ 0 � þÁÿ�� �lÉ (Ç ¡��õÉ Ê ¤ Ç IMK Ç ¤!Â þ � þ�ÿ�� � Q *Ç IMK Ç ¤ 2§ ½ � × Ç ¡ÁÀ Ç ¤ÃÂ°K Ç 
 ¦ Ç 
 Ü ´ ½ � × Ç%$ ð ¡ÁÀ Ç%$ ð ¤�´PK Ç 
 ¦ Ç%$ ð 
 Ü´[� þÁÿ�� �õÉ (Ç ¡��lÉ Ê ¤ Ç IMK Ç ¤�´ þ � þÁÿ�� � Q *Ç I3K Ç ¤§ ½ � × Çg¡ÁÀJÇm¤¿´ ½ � × Ç%$ ð ¡ÁÀJÇS¤ÃÂ ½ � × Ç%$ ð ¡ÁÀJÇS¤�´ ½ � × Ç%$ ð ¡ÁÀJÇ%$ ð ¤



12 M. HEINKENSCHLOSSAND L. N. VICENTEÂ�� ô Ç É (Ç Â å#" ½ Ç ¤ÓÅ¿æ Ç �lÉ Ê ¤ Ç Â ðÜ �õÉ Ê ¤ÓÅÇ æòÅÇ ô Ç æ Ç �õÉ Ê ¤ Ç Â å±" ½ Å Ç É (Ç Â ðÜ É (Ç Å ô Ç É (ÇÂ�� ãó Ç�´�æòÅÇ å ��Ç$�lÉ (Ç ¤h¤hÅ7�õÉ Ê ¤�ÇEÂ ðÜ �lÉ Ê ¤ÓÅÇ tæ ÅÇ ô ÇSæ³ÇÈ�lÉ Ê ¤hÇ�´ ðÜ �õÉ Ê ¤hÅÇ æòÅÇ ô ÇSæ_Ç$�lÉ Ê ¤�ÇÂ & À}ÅÇ � Ì ÇmÉ8ÇEÂ ¦ ÇS¤�´PKgÇÈ� 
 ¦ Ç%$ ð 
 Ü ´ 
 Ì Ç;É8ÇEÂ ¦ Ç 
 Ü ¤§ò´ ½ � × Ç%$ ð ¡ÁÀJÇS¤!Âg��ÇÈ�õÉéÇS¤�´f��ÇÈ�õÉ8Çm¤ÃÂ ã�8ÇÈ�h�õÉ Ê ¤�ÇS¤Â�� ãó Ç�´�æòÅÇ å ��Ç$�lÉ (Ç ¤h¤hÅ7�õÉ Ê ¤�ÇEÂ ðÜ �lÉ Ê ¤ÓÅÇ tæ ÅÇ ô ÇSæ³ÇÈ�lÉ Ê ¤hÇ�´ ðÜ �õÉ Ê ¤hÅÇ æòÅÇ ô ÇSæ_Ç$�lÉ Ê ¤�ÇÂ & À}ÅÇ �h´ ¦ Ç%$ ð Â Ì ÇmÉ8ÇEÂ ¦ ÇS¤�´PKgÇ 0 
 ¦ Ç%$ ð 
 Ü ´ 
 Ì Ç;É8ÇEÂ ¦ Ç 
 Ü 2 Ë(4.17)

UsingTaylorexpansionandthedefinition(3.2)of �8Ç givesÎS´ ½ � × Ç%$ ð ¡�À Ç ¤�Â°� Ç �lÉ Ç ¤�Î � ðÜ 
 ô Ç ´ å Ü"�" ½ � × Ç Â°² ðÇ É Ç ¡ÁÀ Ç ¤ 
y
 É Ç 
 Ü(4.18)

with some² ðÇ ª@�¾¨$¡��8¤ . Using the definitions(3.2) and(3.6) of � Ç and ã� Ç , respectively, (3.5), and
(3.13)wefind thatÎ;´P� Ç �lÉ Ç ¤!Â ã� Ç �h�lÉ Ê ¤ Ç ¤�Î�³
 ô Ç É (Ç ´ å±" ½ � × Ç ¡�À Ç ¤ 
´
 É * Ç ´�æ Ç �õÉ Ê ¤ Ç 
 Â ðÜ 
 ô Ç 
y
 É * Ç 
 Ü Â ðÜ 
 æ ÅÇ ô Ç æ Ç 
´
 �lÉ Ê ¤ Ç 
 Ü�³
 ô Ç É (Ç ´ å±" ½ � × Ç ¡�À Ç ¤ 
´
 ¦ Æ � × Ç ¤ 
´
 Q * Ç 
 Â ðÜ 
 ô Ç 
´
 É * Ç 
 Ü Â ðÜ 
 æ ÅÇ ô Ç æ Ç 
´
 �õÉ Ê ¤ Ç 
 Ü Ë(4.19)

Theinequalities(4.1), (4.5), andassumptionA.4 give� ãó Ç ´�æòÅÇ å � Ç �lÉ (Ç ¤�¤ÓÅ��lÉ Ê ¤ Ç Â ðÜ �lÉ Ê ¤ÓÅÇ tæ ÅÇ ô Ç æ Ç �lÉ Ê ¤ Ç ´ ðÜ �lÉ Ê ¤hÅÇ æòÅÇ ô Ç æ Ç �lÉ Ê ¤ Ç��
 ð & Ç 
 �lÉ Ê ¤ Ç 
 Â©� 
 Ü Â 
 æ ÅÇ ô Ç æ Ç 
 ¤ 
 �lÉ Ê ¤ Ç 
 Ü Ë(4.20)

UsingTaylorexpansionweobtain& À Å Ç �Ó´ ¦ Ç%$ ð Â Ì Ç É Ç Â ¦ Ç ¤�´PK Ç�0 
 ¦ Ç%$ ð 
 Ü ´ 
 Ì Ç É Ç Â ¦ Ç 
 Ü 2§@´ ðÜ ­µ X ç ð � & ÀGÇt¤ X É8ÅÇ å Ü l X � × Ç�ÂL² Ü Ç É8Çm¤hÉéÇ´[K Ç c ­µ X ç ð l X � × Ç Â°² < Ç É Ç ¤
�õÉ Ç ¤ Å å Ü l X � × Ç Â°² < Ç É Ç ¤
�õÉ Ç ¤Â��õÉ Ç ¤ Å Ì � × Ç Â°² < Ç É Ç ¤ Å Ì � × Ç Â°² < Ç É Ç ¤��lÉ Ç ¤�´��lÉ Ç ¤ Å Ì � × Ç ¤ Å Ì � × Ç ¤
�õÉ Ç ¤ e ¡
where² Ü Ç ¡M² < Ç ª �¾¨}¡��8¤ . Now weexpandl X � × Ç Â^² < Ç É Ç ¤ aroundl X � × Ç ¤ . Thisexpansionandassumptions
A.1–A.4give & À}ÅÇ �Ó´ ¦ Ç%$ ð Â Ì ÇmÉ8ÇEÂ ¦ ÇS¤�´PKgÇ 0 
 ¦ Ç%$ ð 
 Ü ´ 
 Ì Ç;É8ÇEÂ ¦ Ç 
 Ü 2�.8 ð � KÈÇ 
 ÉéÇ 
 < Â 8 ðÁð KÈÇ 
 ÉéÇ 
 Ü 
 ¦ Ç 
 Ë(4.21)

If we insert (4.18)–(4.21) into (4.17) anduseassumptionsA.3, A.4 and(4.11), we arrive at the
desiredestimate(4.15) for somepositive constants

8 ¯
,
8 ð � , and

8 ð�ð . Inequality (4.16) is thena
directconsequenceof inequality(4.15)andthefactthat KÈÇ 9 � .
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We cannow boundthe differencebetweenthe actualandpredicteddecreasesin the inexact
context. Combining(4.15)with (4.10), yieldsÎ ýSþÁÿ�� �õÉéÇCIMKÈÇ;¤�´P� þ�ÿ�� �lÉ (Ç ¡8�lÉ Ê ¤hÇRI3KgÇ;¤�Î� ëë ýSþÁÿ�� �õÉ Ç IMK Ç ¤¿´P� þ�ÿ�� �lÉ (Ç ¡8�lÉ Ê ¤ Ç I3K Ç ¤¿´ þ � þÁÿ�� � Q * Ç I3K Ç ¤ ëë Â ëë þ � þÁÿ�� � Q * Ç I3K Ç ¤ ëë�	8 ¯ & Ç 
 ÉéÇ 
 Â 8 ð � KÈÇ 
 ÉéÇ 
 < Â 8 ð�ð KgÇ 
 ÉéÇ 
 Ü 
 ¦ Ç 
 Â � � Î � þ�ÿ�� �lÉ (Ç ¡8�lÉ Ê ¤�ÇCIMKÈÇS¤�Î¥Ë(4.22)

Similarly, combining(4.16)with (4.10), givesÎ ýmþ�ÿ�� �lÉ Ç I3K Ç ¤ ´�� þÁÿ�� �õÉ (Ç ¡��õÉ Ê ¤ Ç IMK Ç ¤�Î �.8 ð Ü K Ç & Ç 
 É Ç 
 Â ��� Î � þ�ÿ�� �lÉ (Ç ¡8�lÉ Ê ¤ Ç I3K Ç ¤�Î¥Ë(4.23)

Theestimates(4.22)and(4.23)areusedin theanalysisonly whenrejectionoccursin stepi2.8.
If ÉéÇ is rejected,weknow that¨ ¸ �E´ � ð �Wëëëë ýmþ�ÿ�� �lÉéÇCIMKÈÇS¤� þ�ÿ�� �lÉ (Ç ¡��õÉ Ê ¤ Ç IMK Ç ¤ ´	� ëëëë ¡
which in our inexactcontext implies�E´ � ð � ëëëë ýSþÁÿ�� �lÉ Ç I3K Ç ¤ ´�� þÁÿ�� �lÉ)(Ç ¡��õÉ Ê ¤ Ç IMK Ç ¤�´ þ � þ�ÿ�� �

Q *Ç IMK Ç ¤� þÁÿ�� �õÉ (Ç ¡��lÉ Ê ¤hÇCI3KgÇm¤ ëëëë Â � � Ë
Thus,whentheestimate(4.16)is required,weobtain¨ ¸ �E´ � � ´ � ð � 8 ð Ü K Ç & Ç 
 É Ç 
� þÁÿ�� �õÉ (Ç ¡��õÉ Ê ¤hÇRIMKÈÇS¤ ¡
andtheanalysisin [10] remainsunchangedexceptfor thefactthatadifferentlowerbound �0´ � � ´� ð ª �¾¨}¡��é¤ is used.A similarboundis obtainedwhentheestimateis givenby (4.15).

Theproofof (4.14)followsfrom theconjunctionof (4.13)with (4.1)and(3.7).

5. Implementation in the Presenceof Inexactness.

5.1. Computation of the quasi–normal component. Thequasi–normalcomponentÉ)(Ç is an
approximatesolutionof thetrust–regionsubproblem(3.3)andit is requiredto satisfytheconditions
(3.7)and(3.8). Theproperty(3.7) is a consequenceof (3.8). In fact,using


 ¦7Æ � × ÇS¤��lÉ)(Ç ¤ Æ Â ¦ Ç 
��
 ¦ Ç 
 andtheboundednessof ; ¦7Æ � × Çt¤ ±Að/> wefind that
 É (Ç 
��5
 ¦ Æ � × Ç ¤ ±Að 
 c 
 ¦ Æ � × Ç ¤
�õÉ (Ç ¤ Æ Â ¦ Ç 
 Â 
 ¦ Ç 
 e � � 
 ¦ Æ � × Ç ¤ ±Að 
¶
 ¦ Ç 
 Ë
Whetherthe property(3.8) holds dependson the way in which the quasi–normalcomponentis
computed.We mentiona few methodsthataresuitablefor thelarge–scalecase,thatdo not require
thematrix ¦�Æ � × Çm¤ in explicit form, andthatguarantee(3.8).

If

 É/(Ç 
���& Ç satisfiesthefractionof CauchydecreaseconditionðÜ 
 ¦ Æ � × Ç ¤��lÉ (Ç ¤ Æ Â ¦ Ç 
 Ü� �Õ��� � ðÜ 
 ¦ Æ � × Ç ¤�É7Â ¦ Ç 
 Ü ²�É�§@´[² ¦ Æ � × Ç ¤ Å ¦ Ç ¡ 
 É 
���& Ç � ¡(5.1)

thena classicalresultdueto Powell [22, Th. 4] (seealso[5, Ô 6.3], [21, L. 4.8]) shows that(3.8) is
satisfied.Thepapers[15], [24] describetwo iterative methodsbasedon Krylov subspacesfor the
computationof steps�lÉ)(Æ ¤ Ç satisfying
 ¦ Ç 
 Ü ´ 
 ¦ Æ � × Ç ¤��lÉ (Ç ¤ Æ Â ¦ Ç 
 Ü:9	· c 
 ¦ Ç 
 Ü ´ 
 ¦ Æ � × Ç ¤
�õÉ (Æ ¤ � Â ¦ Ç 
 Ü e ¡
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where �lÉ)(Æ ¤ � is thesolutionof (3.3). In particularthesestepsalsosatisfy(3.8). Theiterativemethod
in [24] usesa restarttechniquethatallows specificationof storagelimitationsby theuser, which is
importantfor largescaleproblems.Theiterative methodsin [15] andin [24] requiretheevaluation
of ¦�Æ � × Çm¤�¸ and ¦�Æ � × ÇS¤ Å £ for given ¸ and £ .

For someapplications,the evaluationof ¦ Æ � × Ç ¤ Å £ is moreexpensive thantheapplicationof¦ Æ � × Ç ¤�¸ , andthereforeit may be moreefficient to usemethodsthat avoid the useof ¦ Æ � × Ç ¤ Å £ .
In this caseone can apply nonsymmetricKrylov subspacemethodsbasedon minimum residual
approximations,suchasGMRES[23]. In thecontext of nonlinearsystemsolvingtheuseof such
methodsis describede.g.in [2]. In thatcontext, trust–regionsubproblemsof thetype(3.3)alsohave
to besolvedandthesolversin [2] canbeappliedin oursituationaswell. If GMRESis usedandif�� ¦ ÅÇ c ¦ Æ � × Ç ¤ÓÅ\Â ¦ Æ � × Ç ¤ e ¦ Ç 9	· 
 ¦ Ç 
 Ü(5.2)

holdswith
· � ¨ , then(3.8) is satisfied.Thecondition(5.2) is implied by thepositive definiteness

of thesymmetricpartof ¦�Æ � × Çm¤ , a conditionalsoimportantfor theconvergenceof nonsymmetric
Krylov subspacemethods. A proof of this result and more detailsconcerningthe useof these
methodscanbefoundin [27].

Finally, we canalsousethefollowing simpleprocedure.Compute� É)(Ç suchthat

 ¦7Æ � × ÇS¤ � É)(Ç Â¦ Ç 
��	
=
 ¦ Ç 
 , where


 ¸ � , andthenscalethisstepbackinto thetrustregion,i.e.,set

É (Ç § ï s Ç � É)(Ç¨ ñ ¡ where s Ç�§º¹ � if

 � É)(Ç 
��.& Çg¡& Ç�� 
 � É/(Ç 
 otherwise.

ThestepÉ)(Ç alsosatisfies(3.8)(see[27]).

5.2. Computation of the tangential component. An approximatesolution É Ê of (4.3) that
satisfies(4.4)canbecomputed,e.g.,usingtheconjugategradient(cg)methodwith amodificationas
suggestedby Steihaug[25] andToint [26]. Herethecgmethodwith startingvalue É Ê §¼¨ is applied
to theminimizationof ã· Ç . Theconjugategradientmethodis stoppedif anapproximateminimum
of thequadraticmodel ã· Ç is reached,if negative curvatureis detected,or if the iteratesleave the
trust–regionbound.Thefirst iteratein theSteihaug–Toint cgmethodis theCauchy–stepfor the ã· Ç
andtherefore(4.4) is satisfiedfor thefirst iterateof theSteihaug–Toint cg method. If æ ÅÇ ô ÇSæ³Ç
canbeappliedexactly, which is thecasein a reducedSQPmethodwhere æ ÅÇ ô Çmæ_Ç
§ ãô Ç , then
theconjugategradientmethodensuresthat ã· Ç decreasesmonotonicallyand(4.4) remainssatisfied
for all Steihaug–Toint cg iterates.If æ ÅÇ ô Ç æ Ç is appliedinexactly, thenonehasto comparethe
functionvalues ã· Ç at thefirst Steihaug–Toint cg iterateÉ ðÊ andat thefinal Steihaug–Toint cg iterateÉ/»Ê . If ã· Ç �lÉ/»Ê ¤ � ã· Ç �lÉ ðÊ ¤ , then �õÉ Ê ¤ Ç §¼É/»Ê ; otherwise�lÉ Ê ¤ Ç §äÉ ðÊ .

In section3 we have alreadypointedout that the trust–region constraint

 É Ê 
 Ü �7& Ç in (3.4)

canbereplacedby

 É)(Ç ÂÄÉ+* 
 Ü �i& Ç . This leadsto theso–calledcoupledapproach.Thetrade-offs

betweenthe two choicesarediscussedin [11, Ô 5.2.2]. In the coupledtrust–region approachwe
replace(3.6)by�Õ��� ã��ÇÈ�õÉ Ê ¤ ���! §1��ÇÈ�õÉ/(Ç ¤!Â 0 æ>� × ÇS¤ Å å ��ÇÈ�õÉ)(Ç ¤ 2 Å É Ê Â ðÜ É ÅÊ æ>� × ÇS¤ Å ô ÇSæ>� × ÇS¤hÉ Ê

s.t. ¼¼¼¼ ï �õÉ/(Æ ¤ Ç¨ ñ Â ï ´ ¦�Æ � × Çm¤ ±Að ¦7Ê � × ÇS¤�É ÊÉ Ê ñ ¼¼¼¼ Ü ��& ÇÈË(5.3)

andformulatethe trust–region constraintin (4.3) accordingto (5.3). In that casethe computation
of ¦�Æ � × Çm¤ ±Ãð ¦�Ê � × ÇS¤ canbeperformedinexactly. In thecoupledcase,the first part of stepi2.8 in
algorithm4.1hasto bereplacedby
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i2.8 If ýmþ�ÿ�� �lÉ Ç IMK Ç ¤ � � þÁÿ�� �õÉ/(Ç ¡��lÉ Ê ¤ Ç IMK Ç ¤ ¸�� ð , set½ Ç+$ ð § W ð � ý)h ; 
 É (Ç 
 ¡ 
 ÉéÇ 
 >
andreject É Ç .

6. Conclusions. In this paperwe have investigatedcomposite–steptrust–region SQPalgo-
rithmsfor thesolutionof a classof optimizationproblemswith inexactprobleminformation. The
challengewastheformulationof accuracy requirementsthataresufficient to guaranteeglobalcon-
vergenceto a point satisfyingthe first–orderoptimality conditions,but at the sametime can be
implementedin a practicalalgorithmandarenot overly stringent.Our accuracy requirementsare
basedon thestructureof thecomposite–steptrust–regionSQPalgorithmsandthey follow theSQP
philosophywhichallowsto tradegainsin feasibility for gainsin optimality.

The main motivation of this paperis the control of inexactnessarisingfrom iterative system
solves(1.4) in trust–region SQPmethods.This is important,e.g., for the solutionof discretized
optimalcontrolproblemsgovernedby partialdifferentialequations.However, our assumptionson
the inexactnessarenot basedon this particularsourceof inexactnessandthereforeour resultsare
applicablemorebroadly. The trust–region SQPmethodsfor (1.1) canbegeneralizedto problems
with additionalsimpleboundson £ usingaffine–scalinginterior–pointmethodsdueto [4]. Sucha
generalization(assumingexactprobleminformation)is givenin [11]. Theanalysisof inexacttrust–
region SQPalgorithmsperformedin this papercanalsobe generalizedto affine–scalinginterior–
point trust–regionSQPalgorithms.In fact,thepredecessor[17] of this papercontainsmany of the
technicaldetails,althoughtheassumptionson theinexactnessmadein [17] arestrongerthanthose
in thispaper.
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