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 The 32 Rightmost Eigenvalues  of 200 x 200 Brusselator Matrix

Ç�É���ÊsÈ%É+Ö³Ð_Ô+Ì�Í����P�� ��evP� :L+5<9<9'R=�Q`31" » 0�"L=�:;"�4E2�%k4E2�%1)K'*=�Qj)$+568%.'�^�OY@,";:;6�2�%iFkj 2�%LF m jí'93ÏoÐ�Ñ�Ò�ÓµÐ Æ�ÔWÕ�ÖSò�×�ò Ñ�Ø ò ½ Æ Ò�Ì Õ Ï Å Õ Å ò ÅhÙ²Å Â�Ú ÙªÅ(ÛªÅ Â2Ú Û ¿
\�'968!Æ Ò�Ì Õ Ï ðo'*=&#&0�68ñ�WY�F @½�?R½7�

'�4:Æ Ò�Ì Õ Ï ø��&Z&:;2�)$#&0�6�";3�68!�"�#&%.2�Ai0�:;6WF@jdZ
'�4:Æ Ò�Ì Õ Ï ø æ Z&:;2�)$#&0�6�";3�68!�"�#&%.2�Ai0�:;6WF@mIjUZÕ ðo'*=&#&0�68ñ�WY�F @½�?R½7�
 �!�"P2�%(A&"L%e2b4p)$+b68%('¡^EFMV 0 !&+53�6�2jD�"H+,=C";@I"L=`=�0&)KD&"L%ÍV

ò ðo'*=&#&0�68ñ�WY�F @½�?R½7�
 �!�"�=�0&)KD�"L%�254�:;2,<*0&)$=�3a2b4 Ù VÙ ðo'*=&#&0�68ñL���PõF�köI½��c�@½7� W-A&WY�P� +,%�%�+�-,Z�A&'*)K"L=�3�'92�=÷ð:Â�Ú Ù²Å òqñ
:;2�=,6G+5'*=�3�68!�"P@,";:;6�2�%LjdVÂ�Ú Ù ðo'*=&#&0�68ñ�WY�F @½�?R½7�
 �!�"P<9"L+5A&'*=�Q`A&'R)B"L=�3�'92�=T254n68!�"K+,%�%�+�- Ù Z�Â�Ú Ù^Ü )�+�^uð æ Z�Õqñ;VÛ ðo2�0�68#&0�68ñ����PõF�eö%½&�7�@½c��W-A&Ws�P� +,%�%1+L-,ZIA&'*)K"L=�3�'92�=÷ðªÂ2Ú Û²Å ò?ñ
:;2�=,6G+5'*=�3�68!�"�#&%(2�Ai0�:;6¼Fkjí2�%@F m jUVÂ�Ú Û ðo'*=&#&0�68ñ�WY�F @½�?R½7�
 �!�"P<9"L+5A&'*=�Q`A&'R)B"L=�3�'92�=T254n68!�"K+,%�%�+�- Û Z�Â�Ú Û^Ü )�+�^uð æ Z�Õqñ;V

WY=`+5A&A&'96�'92�=[Z
68!�"H#&+I%�+,)K";6�"L%.3 ¦ 5 - ¦ � - | - «]+,=�AIAU+,%."P3�";6a+53�'*=I6�"L%�=&+5<�#&+,%�+,)K";61"L%(3LV
�S�



Ï<Ú#ÖÁÚ�ÝdÓÞÌØÑnÍ

��'9<J"L=&+I)K"³lS�F";- �P%.A&"L% �a0&)KD�"L%e2547=�2�=:C;"L%(2,3 ��+b68+M6l-&#&"
��� � �S� � �S� ¸ · � %("L+5<
��� � �n�S� � �n�S� ¸ ·S· � %("L+5<

ß¬Ì�à�ÌØÊsÌ�Ô2Ë�Ì#ÑSÍ
�nV���+53�:;!&)$+,=[Z��dV��P0&D�'9:;"Lø`+,=�AC�dV��/+I%(2,3LZ���+�@,";3c'*=CA&'J3168%('*D&0�6�";A?:;!�"L)K'9:L+5<[3�-�3�6�"L)K3��n"G^�O
#&"L%('*)K"L=I6�3�+,=�Am:;2�)$#&0�6G+56�'92�=�3LZ+��V+þiV�r 2,<*)K";3P";A�V*Z�� ";\XvP#&#&%(2�+5:;!�";3a612q� 2�=�<9'*=�"L+,%R�c%(2�DIO
<J"L)B3P'R=��P-&=&+,)K'9:;3FO¹�7%(2�:;";";A&'*=�Q,3K254k68!�"KvF3�'9<92�)$+,%M�e2�=I4o"L%("L=�:;"U?�%(2�0&=�A�Z���+5:;'¡�i:ð?�%.2�@I",Z
��+5<9'¡4E2�%1=�'R+ æ³· ¸ · Vn �!�"�½7=�Q,'*=�";"L%('*=�Q`�
2�0&=�Ai+56�'92�=[Z4A&W va�dZi#&#[V � ¸ æ ï � ´S´&Z æs· ´S�&V
�HV+A&+,+5A�Z[�a0&)B"L%('9:L+5<��m";68!�2�A&3F4o2�%Fö�+,%(QI"G½�'9Q,"L=I@�+b<R0�"<�7%(2�D�<9"L)K3�Z�ra+5<93�61";Aµ�c%(";3�3LZ��P'9@�VF254
þ,2�!&=<�S'9<J";-'��A�2�=�3LZiWs=�:,V*Zi� ";\)��2�%�øiZ æ³·n·S�

�S±



¾ ]_3'*-�I¿ð[\"�(��#* Y4`ÁòÝ�ð"%.Iac�4 :3�]-"%.eòÃ]��¹,��³]-"I.kqB�@�#�:�43S"+�
��,�����"I,�3�]-.��!.���$&�I¿U[k¤[\[Þ�ðò
Ç+È%É%Ê'Ë~Ì�ÍP0&=�:;<9"L+,%
ÏOÐ{Ñ³ËSÐ{ÒcÓ{ÐZÔ�Ì+Í�:;2�)$#&0�68+56�'92�=&+b<+D�0�'9A?A&-&=&+,)K'9:;3
ÕdÉ2ÊsÖ�×+ÌØÊUÙIÌ:ÖÁÚ4ÐÛÓ{ÑSÍK �!�'93?6�";316q)$+b68%('¡^ '93`4Y%(2�) 68!�"T4o2,<9<J25\�'*=�Q�:;2�=�3�68+,=I6(OY:;2�""Nj:;'9"L=,6T:;2�=I@,";:;6�'92�=

A&'Ügn0�3�'92�=T" » 0&+56�'92�=�\a!�'9:h!T'93a\ 'JA&";<9-]0�3�";A�4E2�% 6�";3�61'R=�QC+,=�A]+,=&+5<9-�C;'*=�Q?=�0&)K"L%('9:L+5<�)K";68!�2�A&3
4E2�%c68!�"P312,<*0�6�'92�=`254�<9'*=�"L+,%F3�-�3�6�"L) 254�" » 0&+561'J2�=�3LZ

Xàß � T �1á 5 � <�T �1á � � CWX á � � ø � 'R= üÜ� - æ ý �� ø § 2�= ! üÜ� - æ ý �
\a!�"L%(" á 5 - á � +,=�A á � +,%("]#&2,31'J61'J@I"]:;2�=�3�68+I=,6�3�V��P'93�:L%(";6�'6CL+56�'92�=tD,-�68!�"T��=�'J61"]A&'hgu"L%."L=�:;"
3�:h!�"L)B"$\�'968!m+B��Ol#�2,'*=,6M3�6�"L=�:;'9<72�=Ç+`0&=�'¡4o2�%�)â¯ã6'¯ Q�%('9A]QI'J@I";3H%('93�"$612?+C38#&+,%(3�"�<J'*=�"L+,%
3�-�316�"L) 254�" » 0&+56�'92�=�3

F � ø£a
\a!�"L%("RF '93a2b4�2�%.A&"L%à¯ � +,=�A � +,=�A'aP+,%("�=�25\�@,";:;612�%(3�254�3�'6C;"B¯ � Ve�e"L=I6�"L%(";ATA&'Üg�"L%("L=�:;";3
+,%("H0�31";Am4E2�%�68!�"M��%(316aA&"L%('9@5+56�'9@,";3LV$WE4k68!�"KQ�%('9A]#&2I'R=I6�3�+,%."B=�0&)KD&"L%(";A÷0�3�'*=�Q`68!�"$%(25\�\�'93�"
=&+5680&%�+5<[2�%.A&"L%('*=�QiZ&68!�"L= F�'93P+HD�<92�:høC6G%('9A&'R+bQ,2�=&+5<n)�+568%('¡^`254�6G!�"F4E2�%1)

Fáøläåååååååæ
� ðvA X æ ñ@±

XPðvAOT æ ñ@± � ðvABX æ ñ?±
V V V V V V V V V

V V V V V V ðvA X æ ñ@±
XPðvABT æ ñ@± �

çbèèèèèèèé
\�'968!

��ø äåååååååæ
�WX{ê �²X æ
X²�OX æ �RX�ê �OX æ

V V V V V V V V V
V V V V V V �²X æ

X²�BX æ �RX�ê
ç èèèèèèèé -

\a!�"L%("®Aµø á 5 � - �²ø á � � - êOø á � � � +,=�A'�Uø æ �&ð¥¯�T æ ñ;V
 �!�"`38#&";:;6G%�+5<FA&";:;2�)$#&2I3�'96�'92�=d254�6G!�"`:;2�=,@I";:;6�'92�=dA&'hgn0�3�'92�=S)$+568%.'�^d'93qø�=�25\a=[Vd�
2�% æ �
N - QB��¯]Z�'�4ëß 'J3P+MA&'*+5Q,2�=&+5<�)$+568%('¡^`\�'968!]ð1ð_N%X æ ñb¯�TÃQ&ñ(68!�A&'*+5Q,2�=&+b<�"L=,6G%(-& æ T/Aæ X(AK)Kìîí oP & æ T3�æ X��ë)®ïbí oP -
68!�"L=�ß J 5fF®ß '93�3�-&)$)K";6G%('9:,V��i2�% æ �óV -"ð ��¯]Z�<9";6�ð-V -"ð ñ�A&"L=�2,61"Hð-V X æ ñb¯)T ð V� �!�"L=C68!�"
ð-V -Êð ñ(6G!$0&=&=�2�%�)$+b<J'6C;";Am";'9Q,"L=I@,";:;6�2�%e2b4ñßIJ 5 F®ß�!&+53�ðZN - Q&ñ(6G!K"L=,6G%(-

3�'*=[ð_NPV��snnñ&3�'*=[ð�Q ð �snnñ 4
� �



 �!�"�%("L+5A&"L%�)�+L-`=�25\S@,"L%('¡4E-`6G!&+56e68!�"jð-V -"ð ñ(68!K";'9Q,"L=I@�+b<R0�"K254�Ft'J3

ùYòôó ¡ õôö ø&� X�êUT � ð æ X(A � ñ 5 � � :;2,3Lð-V��snnñ%T � ð æ X�� � ñ 5 � � :;2,3Lð ð ��nnñ
 �!�"�4o2,<9<925\�'*=�QK�iQ�0&%("P38!�25\�3e68!�"F";'9Q,"L=I@�+5<*0�"KA&'93�68%('*D&0�6�'92�=�254 · � æ DI- · � æ :;2�=I@,";:;6�'92�=CA&'hgn0IO
3�'92�=`)$+568%.'�^`\�'968! á 5 ø � � - á � ø¶�n�H+I=�A á � ø � �n�&V

2.5 3 3.5 4 4.5 5
−2.5

−2

−1.5

−1

−0.5

0

0.5

1

1.5

2

2.5

real part

im
ag

in
ar

y 
pa

rt

A�'R=�:;"F68!�"�=�2�%�)�+5<9' C;";AC";'9Q,"L=I@,";:;6�2�%(3c254u+F31-_)$)B";68%('9:a)$+56G%('¡^B+,%("e2�%.68!�2,Q,2�=&+b<EZ56G!�"�";'9Q,"L=,@I";:GO
6�2�%(3�2542FS+,%."kQ�%�+5A&";A$<9'*ø5"�68!�" A&'R+bQ,2�=&+5<&2547ßX+,=�A$68!�" :;2�=�A&'96�'92�=$=�0&)HD�"L%�254[68!�"�";'9Q,"L=I@�+5<*0�"
#&%(2�D�<9"L) 4o2�%LFt'J3

:;2�=�A�ð÷ß$ñ�øø& ð æ T/A�ñ;ð æ T/�nñð æ X(A�ñ;ð æ X(�nñ$)Kù í oP 4
�]"a=�2,6�"F68!&+56�Z5'R=`#&%1+5:;6�'9:;",Z�68!�"a:;!�2,'9:;"F254�68!�"à)B";38!$31' C;"K�`+,=�AC68!�"�:;2�""Nj:;'9"L=,613 á 5 Z á � +,=�Aá � !&+�@,"�6�2C38+561'J3.4E-`:;"L%(6G+5'*=`:;2�=�A&'96�'92�=�3�4E2�%N68!�"�A&'93�:L%(";61' CL+b6�'92�=m6�2`D&"M3�68+,D�<9",Vu�]"H%."G4E"L% 68!�"%("L+5A&"L%e6�2K68!�"K%("G4o"L%("L=�:;";3e4o2�%e68!�"PA&'93�:L0�3�31'J2�=?2b4�68!�'93F'93�380�",V

Ç�É���ÊsÈ%É+Ö³Ð_Ô+Ì�Í����P�� ��evP� :L+5<9<9'R=�Q`31" » 0�"L=�:;"�4E2�%k4E2�%1)K'*=�Qj)$+568%.'�^�OY@,";:;6�2�%iFkj 2�%LF m jí'93ÏoÐ�Ñ�Ò�ÓµÐ Æ�ÔWÕ�ÖSò�×�ò�òuú2Ú ½ Æ Ò�Ì Õ Ï Å Õ Å ò ÅhÙ²Å Â�Ú ÙªÅ(ÛªÅ Â2Ú Û ¿
\�'968!Æ Ò�Ì Õ Ï ðo'*=&#&0�68ñ�WY�F @½�?R½7�

'�4:Æ Ò�Ì Õ Ï ø��&Z&:;2�)$#&0�6�";3�68!�"�#&%.2�Ai0�:;6WF@jdZ
'�4:Æ Ò�Ì Õ Ï ø æ Z&:;2�)$#&0�6�";3�68!�"�#&%.2�Ai0�:;6WF@mIjUZÕ ðo'*=&#&0�68ñ�WY�F @½�?R½7�
 �!�"e2�%(A&"L%�254i68!�"�)$+b68%('¡^ FMV 0 !&+53�6�2�D�"k6G!�"k3 » 0&+,%."k2b4u+,=M'*=,61";Q,"L%�=�0&)KD�"L%;V

ò ðo'*=&#&0�68ñ�WY�F @½�?R½7�
 �!�"�=�0&)KD�"L%�254�:;2,<*0&)$=�3a2b4 Ù VÙ ðo'*=&#&0�68ñL���PõF�köI½��c�@½7� W-A&WY�P� +,%�%�+�-,Z�A&'*)K"L=�3�'92�=÷ð:Â�Ú Ù²Å òqñ
:;2�=,6G+5'*=�3�68!�"P@,";:;6�2�%LjdVÂ�Ú Ù ðo'*=&#&0�68ñ�WY�F @½�?R½7�
 �!�"P<9"L+5A&'*=�Q`A&'R)B"L=�3�'92�=T254n68!�"K+,%�%�+�- Ù Z�Â�Ú Ù^Ü )�+�^uð æ Z�Õqñ;V

� �



Û ðo2�0�68#&0�68ñ����PõF�eö%½&�7�@½c��W-A&Ws�P� +,%�%1+L-,ZIA&'*)K"L=�3�'92�=÷ðªÂ2Ú Û²Å ò?ñ
:;2�=,6G+5'*=�3�68!�"�#&%(2�Ai0�:;6¼Fkjí2�%@F m jUVÂ�Ú Û ðo'*=&#&0�68ñ�WY�F @½�?R½7�
 �!�"P<9"L+5A&'*=�Q`A&'R)B"L=�3�'92�=T254n68!�"K+,%�%�+�- Û Z�Â�Ú Û^Ü )�+�^uð æ Z�Õqñ;V

WY=`+5A&A&'96�'92�=[Z á 5 Z á � +,=�A á � +,%("F3�";6a+53 'R=I6�"L%�=&+b<n#&+,%�+,)B";6�"L%(3LV
Ï<Ú#ÖÁÚ�ÝdÓÞÌØÑnÍ

½�<*)$+,=C+,=�AOA�68%(";'96e6�";3�6�";Aj#&%.";:;2�=�A&'96�'92�=�"L%(3e4o2�%�<9'*=�"L+,%e31-�3�61"L)K372�=�3�'¡^j:;2�=I@,";:;6�'92�=IOYA&'hgn0�3�'92�=
)$+568%('9:;";3a+I%('93�'*=�Q$2�=`+ ±&æ DI- ±�æ Q�%('9A�V7��2I6�"P68!&+56e\a!�"L= á 5 +I=�A á � +I%("P<*+,%(Q,"P:;2�)�#&+,%(";A`6�268!�"�Q�%.'JAm3�'6C;",Z�68!�"�<92�:L+5<�"L%�%(2�% '*=T68!�"KA&'J31:L%(";6�'6CL+56�'92�=m'93P3�'9Q�=�'¡�i:L+,=I6LVFvF<J312?=�2,6�"K68!&+56�\F!�"L=á 5 +,=�A á � +,%("P<*+,%(Q,"M68!�"P3�2,<*0�6�'92�=[Z � Z�4o2�%�)K3aD�2�0&=�Ai+,%(-`<*+�-,"L%(3 \a!�'9:h!m+,%("�=�2I6a#&%�+5:;6�'9:L+5<�6�2%(";3�2,<9@,"�0�3�'*=�Q`%(";Q�0�<*+,%eQ�%('9A&3LV7 �!�"�)$+b68%('9:;";3a:;2�%�%(";38#�2�=�A`6�2$68!�"F4o2,<9<925\�'*=�Qj:;!�2,'9:;";3a2b4 á 5 Z á �+,=�A á � V

��'9<9"L=&+,)K"³lS�F";- �P%.A&"L% �a0&)KD�"L%�254�=�2�=:C;"L%(2,3 ��+b68+M6l-&#&" ð á 5 - á � - á � ñ���W�R½ æ · � æ �:�S´ æ %("L+5< ð æ Z � Z ± �,ñ
���W�R½ � · � æ �:�S´ æ %("L+5< ð � �&ZÜ�S�&Z ± �,ñ
���W�R½ ± · � æ �:�S´ æ %("L+5< ð æ Z � ZÜ´S�,ñ
���W�R½�� · � æ �:�S´ æ %("L+5< ð � �&ZÜ�S�&Zh´S�,ñ
���W�R½�� · � æ �:�S´ æ %("L+5< ð æ Z � Z � �S�,ñ
���W�R½�� · � æ �:�S´ æ %("L+5< ð � �&ZÜ�S��Z � �S�,ñ

ß¬Ì�à�ÌØÊsÌ�Ô2Ë�Ì#ÑSÍ
r�V&�PV:½�<*)$+,=`+,=�A?��V_ö�A�68%(";'96LZ#��2,<9-_=�2�)K'*+5<['J61"L%�+56�'92�=�4o2�%7=�2�=�3�-_)�)K";68%('9:P'*=�A&"G��=�'96�"K<J'*=�"L+,%
3�-�316�"L)K3LZ7öu";:,V � 2,6�";3$'*= �/+b68![V���2,<oV æ³�n± �&Z�þiV��nVcr�"L=&=&+,%.6LZ7";A�V��a0&)K"L%.'J:L+b<avP=&+5<9-�31'J3
�7%(2�:;";";A&'*=�Q,3LZ+?�+,0&0&+~Îl38+b6�2iZ5�m"G^_'9:;2iZ+A&#&%('*=�Q,"���"L%(<*+5QiZ æ³· ´��iV
�HVSA&+,+bA�Zo�7+,%('*+56�'92�=�3c2�=Mvà%�=�2I<JA&'_=µ3e)K";68!�2�AK4o2�%�:;2�)$#&0�6�'*=�Q�";'9Q,"L=�";<9"L)K"L=I6�3e254�<*+,%.Q,"a0&=�3�-&)MO
)K";68%('9:�)$+56G%('9:;";3LZiö['*=[Vcva<9QiV�vP#&#�<oV ± �i� � � · ï �S· �&Z æs· ´S�&V5�V��e+5'�+,=�AO?$Vn� V#A�6�";\�+,%.6LZSA&����Ws &ï$v����P�n �evà�t380&D&%(2�0�6�'*=�"P6�2�:L+5<9:L0�<*+56�2�%e68!�"FA&2�)MO
'R=&+I=,6P'*=I@�+,%('*+,=I6P380&D�38#&+b:;";3�254�+j=�2�=�31-_)$)B";68%('9:j)$+56G%('¡^uZ[�e2�)$#[V A�:;'EV��P"L#�6�V� �";:;![V��e"L#[V
 ��cO �S· �n´&Z&õa=�'9@[V7254��/+I%(-�<*+,=�A�Z�� �$Z�vP#&%('9< æs·S·S� Z[ðo380&D&)B'J616�";A`6�2$va�N�  ��F�A&ñ;V5�V4þI'R+�Z%A�2�)K"H=�0&)K"L%('9:L+5<7)B";68!�2�A&3F4o2�% <*+,%(Q,"$0&=�3�-&)$)K";68%.'J:K";'9Q,"L=&#&%(2�D�<J"L)B3LZc�c![Vÿ�$Vi6G!�";3�'93LZ
 �!�"F4 +b:L0�<J6(-C254��/+b68!�"L)$+56�'9:;3LZ&õF=�'9@,"L%(3�'96(-`2547�7'9";<9"G4o";<JA�Z�?P"L%�)�+,=,-,Z��
"LD[V æ³·S· �
V
�PVn�FVnöu"L!�2�0�: » Zpvà=&+5<9-�3�'93$+,=�A�'*)$#�<9"L)K"L=I68+561'J2�=]254a+,=>'*)$#�<9'9:;'J61<J-£�N";3�68+,%(61";A]và%1=�2,<9A&'NW 6(O
"L%�+56�'92�=[Z%�c![Vÿ� 68!�";31'J3�Z+�P"L#&+,%(68)K"L=I6F254N�e2�)$#&0�68+56�'92�=&+b<n+,=�A]vP#&#�<9'J";A÷�m";68!�"L)$+561'J:;3�Z��e'9:;"
õa=�'9@,"L%(31'J6(-,Zi � · ��O æ³± Z��]+�- æ³·S· �&V

� �



¾ ]_3'*-�I¿��Ã�� #���[\��3'�n]_^
��,�����"I,�3�]-.��!.���$&�I¿U[k¤[Þ��t(�
Ç+È%É%Ê'Ë~Ì�ÍuþiV4?M%(:L+,%;Z#A&+,=�A&'*+C�a+b6�'92�=&+5<nö�+ID[V
ÏOÐ{Ñ³ËSÐ{ÒcÓ{ÐZÔ�Ì+ÍH=�0&)K"L%('9:L+5<�<9'*=�"L+,%a+b<JQI"LD&%�+
ÕdÉ2ÊsÖ�×+ÌØÊUÙIÌ:ÖÁÚ4ÐÛÓ{ÑSÍMvà=EH'6OHç?�%(:L+I%k)�+568%('¡^`'J3P+$=�2�=�31-_)$)B";68%('9:� �2�"L#�<9'96wC$)$+568%('¡^��

F&ø
äåååååååååååååæ

æ æ æ æ
X æ æ æ æ æ

X æ æ æ æ æ
V V V V V V V V V V V V V V V

X æ æ æ æ æ
X æ æ æ æ

X æ æ æ
X æ æ

ç èèèèèèèèèèèèèé
 �!�"H)$+b68%('¡^�!&+b3a3�"L=�31'J61'J@I"H";'9Q,"L=I@�+b<R0�";3�Và !�"P4o2,<9<J25\�'*=�QC�iQ�0&%.";3à+,%."P68!�"�";'9Q,"L=I@�+5<*0�"$A&'93�6G%('¡O
D&0�6�'92�=C254 æ �S�KDI- æ �S� ?�%(:L+,%c)$+568%.'�^OF�+,=�AOF@m7Z�:;2�)�#&0�6�";A?D,- º ��+5<9Q,2�%('968!&) '*=C�]+56�<*+,D[V

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8
−2.5

−2

−1.5

−1

−0.5

0

0.5

1

1.5

2

2.5

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8
−2.5

−2

−1.5

−1

−0.5

0

0.5

1

1.5

2

2.5

Ç�É���ÊsÈ%É+Ö³Ð_Ô+Ì�Í����P�� ��evP� :L+5<9<9'R=�Q`31" » 0�"L=�:;"�4E2�%k4E2�%1)K'*=�Qj)$+568%.'�^�OY@,";:;6�2�%iFkj 2�%LF@mIjí'93ÏoÐ�Ñ�Ò�ÓµÐ Æ�ÔWÕ�ÖSò�×�ò�û Ò ú ½ Æ Ò�Ì Õ Ï Å Õ Å ò ÅhÙ²Å Â�Ú ÙªÅ(ÛªÅ Â2Ú Û ¿
\�'968!Æ Ò�Ì Õ Ï ðo'*=&#&0�68ñ�WY�F @½�?R½7�

'�4:Æ Ò�Ì Õ Ï ø��&Z&:;2�)$#&0�6�";3�68!�"�#&%.2�Ai0�:;6WF@jdZ
'�4:Æ Ò�Ì Õ Ï ø æ Z&:;2�)$#&0�6�";3�68!�"�#&%.2�Ai0�:;6WF m jUZÕ ðo'*=&#&0�68ñ�WY�F @½�?R½7�
 �!�"P2�%(A&"L%e2b4�68!�"�)�+568%('¡^BF�V

ò ðo'*=&#&0�68ñ�WY�F @½�?R½7�
 �!�"�=�0&)KD�"L%�254�:;2,<*0&)$=�3a2b4 Ù VÙ ðo'*=&#&0�68ñL���PõF�köI½��c�@½7� W-A&WY�P� +,%�%�+�-,Z�A&'*)K"L=�3�'92�=÷ð:Â�Ú Ù²Å òqñ
:;2�=,6G+5'*=�3�68!�"P@,";:;6�2�%LjdV

� ¸



Â�Ú Ù ðo'*=&#&0�68ñ�WY�F @½�?R½7�
 �!�"P<9"L+5A&'*=�Q`A&'R)B"L=�3�'92�=T254n68!�"K+,%�%�+�- Ù Z�Â�Ú Ù^Ü )�+�^uð æ Z�Õqñ;VÛ ðo2�0�68#&0�68ñ����PõF�eö%½&�7�@½c��W-A&Ws�P� +,%�%1+L-,ZIA&'*)K"L=�3�'92�=÷ðªÂ2Ú Û²Å ò?ñ
:;2�=,6G+5'*=�3�68!�"�#&%(2�Ai0�:;6¼Fkjí2�%@F m jUVÂ�Ú Û ðo'*=&#&0�68ñ�WY�F @½�?R½7�
 �!�"P<9"L+5A&'*=�Q`A&'R)B"L=�3�'92�=T254n68!�"K+,%�%�+�- Û Z�Â�Ú Û^Ü )�+�^uð æ Z�Õqñ;V

ß¬Ì�à�ÌØÊsÌ�Ô2Ë�Ì#ÑSÍ
þiVi?M%(:L+,%;Z��P#�"L%�+56�2�%$:;2�""Nj:;'9"L=,6m)K";68!�2�A&3$4o2�%�<9'R=�"L+I%`" » 0&+56�'92�=�3LZuA&+,=�A&'*+d�a+561'J2�=&+5<àö�+,D[V
�e"L#[V�A�vP�@�R´ · OP´S� ·&æ Z&� 25@�V æ³· ´ · V
��Vµ�dV��a+5:;!I6�'9Q�+5<oZ&ö�Vi�e";'9:;!�";<n+,=�A?ö�V��MV& n%."G4E";68!�"L=[Z�v !,-&D&%('9AB?P�]�@½�Aj+b<JQI2�%('968!&) 4o2�%e=�2�=IO
3�-_)�)K";68%('9:P<9'*=�"L+,%�31-�3�61"L)K3LZ4A&W va� þiV&�]+56G%('¡^qvP=&+5<oV7vP#&#�<oV*Z æ³± ð æ³·S·S� ñ;Z�#&#[V�¸ · ��OP´ � ��V
��V#þ
Vir�'9Q�!&+I)`Ziv :;2,<9<9";:;6�'92�=T254�6�";3�6a)$+b68%('9:;";3a'*=��Çv7 ö[và�FZ&vF�e�  n%�+I=�3LV��]+568![V�A�2b4E6(\�V
æ ¸&� � ´ · ï ± �S��Z æ³·S·&æ V

� ´



¾ ]_3'*-�I¿��s�³]-.dö¶$�"�(��#*k/f"+�O/f�#�n��"%$&��öc.��Æ3']- �$���3S�#�n]-�4*-�
��,�����"I,�3�]-.��!.���$&�I¿U[k¤[����²�
Ç+È%É%Ê'Ë~Ì�ÍP�FV&��%.'J";Ai)�+,=
ÏOÐ{Ñ³ËSÐ{ÒcÓ{ÐZÔ�Ì+Í��]+561"L%('*+5<�3�:;'9"L=�:;"
ÕdÉ2ÊsÖ�×+ÌØÊUÙIÌ:ÖÁÚ4ÐÛÓ{ÑSÍK �!�'9376�";316�)$+b68%('¡^H'93�4Y%(2�)t68!�"a+I=&+5<9-�3�'93c254i68!�"aW 3�'*=�QH)K2�A&";<�4E2�%[4o"L%�%(2�)�+5Q�=�";6�'9:

)$+56�"L%('*+5<93LVc �!�"�)$+568%.'�^BFt'J3F68!�"�#&%(2�Ai0�:;6F254�6G!�"P6l\e2 � ¯ D,- � ¯ )$+b68%('9:;";3*ü +,=�Ah| Z
F&ø£ü'|

\a!�"L%("

üõø äååååååæ
ý ý

V V V ý ý
çbèèèèèèé - |�ø äååååååæ

:;2,3�A X`31'R=þAÿ
V V V ÿ

3�'*=²A :;2,3�A
çbèèèèèèé

ýúø D :;2,3Y« 3�'*=à«
X`3�'*=®« :;2,3
« F - ÿ¶ø D :;2,3sA 3�'*=þA

X`3�'*=þA :;2,3sA F 4
Wo6F:L+,=?D�"H3G!�2�\F=`68!&+56F68!�"M";'JQI"L=,@5+5<*0�";3�254iFX+,%."�68!�" � ¯ =�0&)KD&"L%(3P68!&+b6a+,%("M2�D�68+5'*=�";A]D,-
:;2�)$#&0�6�'*=�Q$68!�"M";'9Q,"L=,@5+5<*0�";3P254�68!�"K¯ � DI- � )�+568%('9:;";3D :;2,3T« 3�'*=®«

X�3�'*= « :;2,3Y« F D :;2I3�A X � ó 31'R=ëA
� � J ó 31'R=ëA :;2I3�A F

4E2�%¬V�ø æ - � - 4y414 - ¯]Ze\F!�"L%(" � ø ��� ��� � � V  �!�"`4o2,<9<92�\ 'R=�Q>�iQ�0&%("m38!�25\�3�68!�"?";'9Q,"L=I@�+5<*0�"
A&'J3168%('*D&0�6�'92�=`2b4 æ �n�$D,- æ �S�KW 3�'*=�Qq)$+b68%('¡^q\ 'J6G!h«Bø nÍ���j+,=�AIAø8nÍ���

−0.2 0 0.2 0.4 0.6 0.8 1

−1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

real part

im
ag

in
ar

y 
pa

rt

Ç�É���ÊsÈ%É+Ö³Ð_Ô+Ì�Í����P�� ��evP� :L+5<9<9'R=�Q`31" » 0�"L=�:;"�4E2�%k4E2�%1)K'*=�Qj)$+568%.'�^�OY@,";:;6�2�%iFkj 2�%LF m jí'93ÏoÐ�Ñ�Ò�ÓµÐ Æ�ÔWÕ�ÖSò�×�ò�Ô Ï û ½ Æ Ò�Ì Õ Ï Å Õ Å ò ÅhÙ²Å Â�Ú ÙªÅ(ÛªÅ Â2Ú Û ¿
�S·



\�'968!Æ Ò�Ì Õ Ï ðo'*=&#&0�68ñ�WY�F @½�?R½7�
'�4:Æ Ò�Ì Õ Ï ø��&Z&:;2�)$#&0�6�";3�68!�"�#&%.2�Ai0�:;6WF@jdZ
'�4:Æ Ò�Ì Õ Ï ø æ Z&:;2�)$#&0�6�";3�68!�"�#&%.2�Ai0�:;6WF m jUZÕ ðo'*=&#&0�68ñ�WY�F @½�?R½7�
 �!�"P2�%(A&"L%e2b4�68!�"�)�+568%('¡^BF�V 0 !&+53F6�2$D&"H+I=C";@,"L=?=�0&)KD&"L%;V

ò ðo'*=&#&0�68ñ�WY�F @½�?R½7�
 �!�"�=�0&)KD�"L%�254�:;2,<*0&)$=�3a2b4 Ù VÙ ðo'*=&#&0�68ñL���PõF�köI½��c�@½7� W-A&WY�P� +,%�%�+�-,Z�A&'*)K"L=�3�'92�=÷ð:Â�Ú Ù²Å òqñ
:;2�=,6G+5'*=�3�68!�"P@,";:;6�2�%LjdVÂ�Ú Ù ðo'*=&#&0�68ñ�WY�F @½�?R½7�
 �!�"P<9"L+5A&'*=�Q`A&'R)B"L=�3�'92�=T254n68!�"K+,%�%�+�- Ù Z�Â�Ú Ù^Ü )�+�^uð æ Z�Õqñ;VÛ ðo2�0�68#&0�68ñ����PõF�eö%½&�7�@½c��W-A&Ws�P� +,%�%1+L-,ZIA&'*)K"L=�3�'92�=÷ðªÂ2Ú Û²Å ò?ñ
:;2�=,6G+5'*=�3�68!�"�#&%(2�Ai0�:;6¼Fkjí2�%@F m jUVÂ�Ú Û ðo'*=&#&0�68ñ�WY�F @½�?R½7�
 �!�"P<9"L+5A&'*=�Q`A&'R)B"L=�3�'92�=T254n68!�"K+,%�%�+�- Û Z�Â�Ú Û^Ü )�+�^uð æ Z�Õqñ;V

WY=`+5A&A&'96�'92�=[ZY«d+,=�AIAU+,%."P3�";6a+53�'*=I6�"L%�=&+5<�#&+,%�+,)K";61"L%(3LV
ß¬Ì�à�ÌØÊsÌ�Ô2Ë�Ì#ÑSÍ

�aV��P+,0I4 )�+,=[Z&��%(-�3�68+5<[3�68+b6�'93�6�'9:;3aW(W�Z+�7!I-�3�V7�e";@[V�¸S�&Zi#&#[V æ³�S±S� Z æ³· � · V
�aV
��%.'J";Ai)�+,=[Z%½�'9Q,"L=I@�+5<*0�";3M254k�e2�)$#�2,3�'96�"K)$+568%('9:;";3LZ%�c%(2�:,Va��+,)KD&%('9A&Q,"��7!�'9<92,3LVRA�2�:,VW�S¸&Z
#&#[V ± ¸�O-� · Z æs· � æ
�UV
�]+,%(:L0�3P+,=�A]r�V
�m'*=�:,Z[v 380&%(@I";-?2547�]+568%.'�^Ç !�";2�%(-?+,=�A])$+56G%('¡^Ç'*=�" » 0&+b<J'96�'9";3LZ��P25@,"L%
";A&'J61'J2�=[Z�� ";\¶��2�%�ø
Z æ³·n·S� V

�<à-ÖÁÌ#ÊnÔ�È�ÖÁÌØÑnÍ
 �!�'93�Wo3�'*=�QÇ)B2�A&";<�\�+53P#&%(2�#�2,3�";A]6�2C"G^i#�<R+b'R=÷#&%(2�#�"L%(6�'9";3�2b4�4E"L%�%.2�)$+5Q�=�";613àD&0�6P3�'*=�:;"C68!�"L=
'J6$!&+53�4E2�0&=�A£+,#&#�<9'J:L+b6�'92�=÷6�2?612�#�'9:;3$'*=]:;!�"L)K'93�68%(-÷+,=�A£D�'92,<92,Q,-�+53K\e";<9<k+53$#&!I-�31'J:;3�Vm�i2�%
+,=,-m%("L+5A&"L%M0&=I4 +,)B'J<9'*+,%K\ 'J6G!m68!�"j)K2�A&";<k+I=m"G^_:;";<9<9"L=I6$'*=,68%.2�Ai0�:;6�'92�=>'93ðü��FV[vKVn�e'*#&%�+�ZnvP=
WY=I68%(2�Ai0�:;6�'92�=K6�2P68!�"FWo3�'*=�Q��m2�A&";<oZ�vP)K"L%('9:L+,=B�/+b68!�"L)$+56�'9:L+5<&�m2�=I68!�<9-,Z · �i� ·S± ¸'ï · � · Z æ³· ´S¸sý(V
v =�0&)B"L%('9:L+5<a)K";68!�2�A÷4o2�%K+,#&#&%(2�^_'*)$+b6�'*=�QÇ6G!�"`<J"L+bA&'R=�Q÷";'9Q,"L=I@�+5<*0�";3C254 � � W 3�'*=�Q�)K2�A&";<J3
0�3�'*=�Q�+`68%1+,=�3(4o"L%H)�+568%('¡^�254�2�%.A&"L% � ¢ \�'968!�H ø ± �`'93j%("L#�2�%(6�";A÷'*=&ü��FV���+I%(<9";6�6H+,=�A!�XV
r�"L=�QiZc �!�"j�m";68!�2�Ad254��m'*=�'R)�+5<a�e"L#&%(";31"L=,68+b6�'92�=�3$'*= � � Wo3�'*=�Q]�m2�A&";<N� +5<9:L0�<R+b6�'92�=�3LZ�þiV
�e2�)$#[V��7!I-,V æ,æ �iZ&#&#[V � �S¸sï � ���iZ æ³·S· ��ý(V
�]"�#�<*+,=`6�2K'*=�:;<*0�A&"$68!�"P68%1+,=�3(4o"L%�)$+568%.'�^`'*=`68!�"F4Y0�680&%("P@I"L%(3�'92�=`2b4n68!�'93a:;2I<J<9";:;6�'92�=[V

± �



¾ ]_3'*-�I¿ð[\"�(��#*K� ]_öc�4.Ia%�4*-,���]���"%�d*-�4$ "�/�qBò��
��,�����"I,�3�]-.��!.���$&�I¿U[k¤[ÞqBò��
Ç+È%É%Ê'Ë~Ì�ÍW?$VÆ� V#A�6�";\�+,%.6LZ&õa=�'9@,"L%(31'J6(-`254��/+I%(-�<*+,=�A
ÏOÐ{Ñ³ËSÐ{ÒcÓ{ÐZÔ�Ì+Í��m2�A&";<�";'9Q,"L=I@�+5<*0�"$#&%(2�D�<9"L)ë254�2�%(A&'*=&+,%(-CA&'Üg�"L%("L=I6�'*+5<�" » 0&+b6�'92�=[V
ÕdÉ2ÊsÖ�×+ÌØÊUÙIÌ:ÖÁÚ4ÐÛÓ{ÑSÍK�e2�=�3�'9A&"L%�68!�"m4o2,<9<J25\�'*=�Q�";'JQI"L=,@5+5<*0�"U#&%(2�D�<J"L) 254$+,=�2�%(A&'*=&+,%(-SA&'hg�"L%("L=I6�'*+5<

" » 0&+561'J2�= > �f� T�� � > ø¶� ð ± ñ
\�'968!C68!�"�D&2�0&=�Ai+,%(-`:;2�=�A&'96�'92�=�3> ð��,ñcø0� +,=�A > � ð-�,ñ+T/� > � ð æ ñ�ø¶� - �Gg��^g æ24
Wo6�:L+,=`D�"�38!�25\a=C6G!&+56e68!�"�";'9Q,"L=I@�+5<*0�";3	�]+,%("PQI'J@I"L=?DI-

�Bø N�:;2,3G! J 5 ð1X²� J 5 ñ -
\a!�'9:h!T+,%("P:;2�)$#�<9"G^�V7 �!�"M3�2,<*0�6�'92�=�3F254n68!�'93F" » 0&+561'J2�=?+,%("P2b4n68!�"P4o2�%�)

� � ø ð�ð � VuT æ ñ � n � X]<*= � ê�ñcX�N8ð � ð � V@T æ ñbnF<R=®ê�ñ -
4E2�%LVUø0� -�
 æ -�
 � - 4$414 Z�\a!�"L%(".êOø æ �$� 
� æ �$� � X æ V
 �!�"`";'9Q,"L=&#&%(2�D�<9"L)ï254Hð ± ñM:L+,=dD&"m+,#&#&%(2�^_'*)$+b6�";A£D,->��=�'96�"?A&'hg�"L%("L=�:;";3`+53M4E2I<J<925\�3LV�ö[";6> � A&"L=�2,6�"m68!�"m+,#&#&%(2�^_'*)$+b6�"?3�2I<R0�61'J2�=�+56C68!�"]#&2,'*=I6B÷ � ø�Nb�&ð_HÃT æ ñTð_NOø � - æ - 4y414 - H�ñ;V
�e"L#�<*+5:;'*=�Qj68!�"F3�";:;2�=�A`A&"L%.'J@5+56�'9@,";3F'*=mð ± ñ�\ 'J6G!`+�:;"L=I6�"L%(";A`A&'hg�"L%("L=�:;"M2�#&"L%�+b6�2�%(3c6�2K2�D�68+5'*=
68!�"PQ,"L=�"L%�+5<9'6C;";A])$+568%.'�^`";'9Q,"L=I@�+5<*0�"$#&%(2�D�<9"L)

F > ø�X�� � û >T- ð_��ñ

4E2�% > øXð > 5 -@> � - 4$4y4 -@> ¢  5 ñ��7Z�\a!�"L%("
Fóø äååååååååæ

X � æ
æ X � æ

æ X � æ
V V V V V V V V V

æ X � æ
� X æ ����� � XL�o� ± �

ç èèèèèèèèé
+,=�A ûeø � � A&'R+bQið æ - æ - 4$414 - æ - �Iñ;V��7%.2�D�<9"L)íð_��ñe:L+,=mD&"K%(";:L+53�6P+53�68!�"M3�68+,=�Ai+I%(A?";'9Q,"L=I@�+5<*0�"
#&%(2�D�<9"L) E > ø�X æ

� � >Y-
\a!�"L%(" E ø¶FLJ 5 û�V

Ç�É���ÊsÈ%É+Ö³Ð_Ô+Ì�ÍM �!�"q)�+568%('¡^�OY@,";:;6�2�%M#&%(2�Ai0�:;613 � ø E j :L+,=÷D&"C4o2�%�)B";AUDI-]3�2,<9@�'*=�Q]68!�"C<J'*=�"L+,%
3�-�316�"L)¤F � ø¶ûJj 4E2�% � 0�3�'*=�QC68!�"�D&+,=�A&";A ?M+,0�3�3�'*+,=�";<9'R)B'R=&+b6�'92�=[V
���P�� ��evP� :L+5<9<9'R=�Q`31" » 0�"L=�:;"�4E2�%k4E2�%1)K'*=�Qj)$+568%.'�^�OY@,";:;6�2�%k#&%.2�Ai0�:;6 � ø E jí'93

±&æ



ÏµÐuÑ�Ò�ÓoÐ Æ
ÔoÕ�Ö£ò�×�ò Ó Ú�Ö ½ Õ Å ò Å�ÙªÅ Â2Ú ÙªÅ�Û²Å Â�Ú Û ¿
\�'968!Õ ðo'*=&#&0�68ñ�WY�F @½�?R½7�

 �!�"P2�%(A&"L%e2b4�68!�"�)�+568%('¡^ E V
ò ðo'*=&#&0�68ñ�WY�F @½�?R½7�

 �!�"�=�0&)KD�"L%�254�:;2,<*0&)$=�3a2b4 Ù VÙ ðo'*=&#&0�68ñL���PõF�köI½��c�@½7� W-A&WY�P� +,%�%�+�-,Z�A&'*)K"L=�3�'92�=÷ð:Â�Ú Ù²Å òqñ
:;2�=,6G+5'*=�3�68!�"P@,";:;6�2�%LjdVÂ�Ú Ù ðo'*=&#&0�68ñ�WY�F @½�?R½7�
 �!�"P<9"L+5A&'*=�Q`A&'R)B"L=�3�'92�=T254n68!�"K+,%�%�+�- Ù Z�Â�Ú Ù^Ü )�+�^uð æ Z�Õqñ;VÛ ðo2�0�68#&0�68ñ����PõF�eö%½&�7�@½c��W-A&Ws�P� +,%�%1+L-,ZIA&'*)K"L=�3�'92�=÷ðªÂ2Ú Û²Å ò?ñ
:;2�=,6G+5'*=�3�68!�"�#&%(2�Ai0�:;6 E jdVÂ�Ú Û ðo'*=&#&0�68ñ�WY�F @½�?R½7�
 �!�"P<9"L+5A&'*=�Q`A&'R)B"L=�3�'92�=T254n68!�"K+,%�%�+�- Û Z�Â�Ú Û^Ü )�+�^uð æ Z�Õqñ;V

WY=`+5A&A&'96�'92�=[Zs�]'J3 3�";6a+53a+I=C'R=I6�"L%�=&+b<n#&+,%�+,)B";6�"L%(3LV
� Õm\k2�%�ø,3G#&+5:;"j'93$%(" » 0�'*%(";A÷4E2�%P68!�"?D&+,=�A&";A!?�+I0�3�3�'*+,=>";<J'*)K'*=&+561'J2�=[V�vF3$+TA&"G4 +,0�<96K@�+b<R0�",Z
±��'� �S� æ \e2�%�øI38#&+5:;"K'93�31";6P'R=I6�"L%�=&+b<J<9-,VCvF3�+?%(";380�<96LZÈÕ?38!�2�0�<JAdD&"�<J";313H+,=�A]" » 0&+5<c6�2 � �S� æ V
�F68!�"L%(\�'93�",Zi0�31"L%�38!�2�0�<JAT3�";6a+K<*+,%.Q,"L%e\e2�%�øI38#&+5:;",V

Ï<Ú#ÖÁÚ�ÝdÓÞÌØÑnÍPWY=`6G!�"PAi+568+M�i<9";3LZ��Bø æ � æ �S�&V
��'9<J"L=&+I)K"³lS�F";- �P%.A&"L% �a0&)KD�"L%e2547=�2�=:C;"L%(2,3 ��+b68+M6l-&#&"
�u�R½��d���S�5v ���S� æs� � æ %("L+5<
�u�R½������S�I� ���S� ±S·n· %("L+5<

ß¬Ì�à�ÌØÊsÌ�Ô2Ë�Ì#ÑSÍ
?$VS�XV:A�6�";\�+,%(6LZSA&��� WY áï$vS���P�� ��evP�t380&D&%(2�0�6�'*=�"P6�2M:L+5<9:L0�<*+56�2�%c68!�"FA&2�)K'*=&+,=I6e'R=I@�+I%('¡O
+,=,6M380&D�38#&+5:;";3�254à+m%("L+5<�)$+56G%('¡^uZ7�N2�)$#[VA�:;'oV�P"L#�6LV] �";:;![V��e"L#[V÷ ��cOP� æ �
Z7õa=�'9@[V]254
�/+I%(-�<*+,=�A�Z&�e2I<J<9";Q,"U��+,%1øiZ&� 2�@[V æ³· ¸S´�V5�V��e+5'�+,=�AO?$Vn� V#A�6�";\�+,%.6LZSA&����Ws &ï$v����P�n �evà�t380&D&%(2�0�6�'*=�"P6�2�:L+5<9:L0�<*+56�2�%e68!�"FA&2�)MO
'R=&+I=,6P'*=I@�+,%('*+,=I6P380&D�38#&+b:;";3�254�+j=�2�=�31-_)$)B";68%('9:j)$+56G%('¡^uZ[�e2�)$#[V A�:;'EV��P"L#�6�V� �";:;![V��e"L#[V
 ��cO �S· �n´&Z&õa=�'9@[V7254��/+I%(-�<*+,=�A�Z�� �$Z�vP#&%('9< æs·S·S� Z[ðo380&D&)B'J616�";A`6�2$va�N�  ��F�A&ñ;V

±S�



¾ ]_3'*-�I¿ð[\����ÅI"#a�������]-. ¾ ���+.��s]_3�]-"%.¤[\��3��S]_^
��,�����"I,�3�]-.��!.���$&�I¿U[k¤[�tWô _
Ç+È%É%Ê'Ë~Ì�ÍW?$VÆ� V#A�6�";\�+,%.6LZ&õa=�'9@,"L%(31'J6(-`254��/+I%(-�<*+,=�A
ÏOÐ{Ñ³ËSÐ{ÒcÓ{ÐZÔ�Ì+ÍG�c%(2�D&+,D�'9<9'96(-`68!�";2�%(-`+,=�A?'96�3F+,#&#�<9'J:L+b6�'92�=�3
ÕdÉ2ÊsÖ�×+ÌØÊUÙIÌ:ÖÁÚ4ÐÛÓ{ÑSÍK�e2�=�3�'9A&"L%�+�%�+,=�A&2�)S\�+5<*ø�2�=P+I=Kð�¯BT æ ño6�ð�¯BT æ ñ�68%.'R+I=�Q�0�<*+,%[Q�%('9A�Z5'9<9<*0�3�68%�+561";A

D&";<925\S4E2�%M¯õø¶�&V
� �
� � �
� � � �
± � � � �
� � � � � �
æ � � � � � �
� � � � � � � �
Q���N�� æ¦� ± � � �

 �!�"k#�2,'*=,6�3c254i68!�"cQ�%('9A$+,%("e<*+,D&";<9";A?ð�Q - N(ñ - ðZN�ø¶� - 4y4$4 - ¯ - QWø¶� - 4y4$4 - ¯óXJNlñ 4 �[%(2�)t68!�"k#�2,'*=,6
ð�Q - Nlñ;Z&+�68%�+,=�31'J61'J2�=Ç)�+L-`6G+,ø5"�#�<*+5:;"$6�2C2�=�"M254768!�"M4E2�0&%a+5A�Î�+5:;"L=I6à#�2,'*=,613$ð�QWT æ - Nlñ - ð�Q - N#T
æ ñ - ðÞQWX æ - Nlñ - ð�Q - N�X æ ñ;Vc �!�"H#&%(2�D&+,D�'9<J'96(-?2b4%Î.0&)$#�'*=�QC6�2$";'968!�"L%F254�68!�"K=�2�A&";3Kð�Q�X æ - Nlñp2�%
ð�Q - N�X æ ñc'93 á ~
ð�Q - Nlñ%ø Q¼T�N¯ ð-�,ñ
\�'968!`68!�"K#&%(2�D&+,D�'9<9'96(-ÇD&";'*=�Q`38#�<9'96P" » 0&+5<9<J-]D�";6l\e";"L=�68!�"�6(\e2j=�2�A&";3a\a!�"L=mD�2,68!?=�2�A&";3P+,%("
2�=$6G!�"aQ�%.'JA�Vc �!�"�#&%(2�D&+,D�'9<9'96(-j254�Î.0&)$#�'*=�Q$612H";'968!�"L%N254n68!�"P=�2�A&";3Mð�QiT æ - Nlñ�2�%�ð�Q - N�T æ ñp'J3á � ð�Q - Nlñ�ø æ X á ~ið�Q - N(ñ 4 ð-�,ñ

\�'968!C68!�"�#&%(2�D&+ID�'J<9'96(-Ç+5Q�+5'*=`D&";'*=�Q`38#�<9'96a\a!�"L=TD&2,6G!`=�2�A&";3P+,%("P2�=C6G!�"PQ�%('9A�V
W¯4�68!�"Hð¥¯ T æ ñÍð�¯)T � ñ@� � =�2�A&";3Hð�Q - N(ñ�+,%("�=�0&)KD&"L%(";A æ - � - 4$4y4 - ð¥¯)T æ ñ;ð�¯�T � ñ?� � 'R=C312�)K"
4 +53G!�'J2�=[Zi68!�"L=T68!�"K%�+,=�A&2�)ë\�+5<*ø`:L+,=TD&"K"G^i#&%(";3�3�";A]+53P+K��=�'96�"��/+I%�ø525@j:;!&+5'*=T\�'968!`6G%�+,=IO
3�'96�'92�=m)$+568%('¡^FX254e2�%(A&"L%kHçø�ð�¯¤T æ ñ;ð�¯�T � ñ@� � :;2�=�3�'93�6�'*=�QT254k68!�"$#&%(2�D&+,D�'9<J'96�'9";3UM ó õ 254Î.0&)$#�'*=�QT4Y%(2�) =�2�A&" ð 612Ç=�2�A&"²Vdð�F '93$+5:;680&+b<J<9-]6G!�"$68%�+,=�3G#&2,3�"�254�68!�"q0�3G0&+5<768%1+,=�3�'96�'92�=
)$+568%('¡^7	�3�";"ðüµ�
";<9<J"L%PýEñ;V
�]"q+I%("q#&%.'R)�+,%('9<9-d'R=I6�"L%(";316�";Ad'*=÷68!�"`3�6�"L+5A&->3�68+56�"C#&%(2�D&+,D�'9<9'96�'9";3`254a68!�"C:h!&+b'R=[Zc\a!�'9:;!÷'J3
2�%(A&'*=&+,%('9<9-j6G!�"�+,#&#&%(2�#&%('*+561";<J-C3�:L+5<9";A`";'9Q,"L=I@,";:;6�2�%c:;2�%1%(";38#&2�=�A&'R=�Q�6�2K68!�"a";'9Q,"L=I@�+b<R0�"$0&=�'96(-,V
 �!�"P4o2,<9<92�\ 'R=�Q`#�<92,6F38!�25\�3�68!�"M38#&+,%(3�'96(-?#&+56�61"L%�=C254�68!�"H%(";3G0�<J61";A/%1+,=�A&2�) \�+5<*ø`)$+56G%('¡^q254
2�%(A&"L% æ³± �jð 'EV ",V:¯\ø æ �,ñ;V

±S±



0 20 40 60 80 100 120

0

20

40

60

80

100

120

nz = 480

Ç�É���ÊsÈ%É+Ö³Ð_Ô+Ì�ÍM �2K:L+5<9:L0�<*+56�"M68!�"¹Ns68!�";<J"L)B"L=,6�2b4n68!�"F@,";:;6�2�%LFu÷C2�=�"�=�";";A`2�=�<9-q%.";Q�+,%(AC68!�"F:;2�)MO
#&2�=�"L=I6�3�2b4��C+53M68!�"j+�@,"L%�+5QI"B=�0&)KD&"L%�254�'R=�A&'9@�'9Ai0&+5<93q+56M68!�"j=�2�A&";3�254�68!�"�Q�%('9A�+,=�Ad0�3�"
68!�"à#&%.2�D&+,D�'9<9'J61'J";3Kð-�,ñc+,=�Amð-�,ñ�612H:L+b<J:L0�<*+561"�!�2�\S)$+,=I-$'*=�A&'9@�'9Ai0&+5<93P\�'9<9<�D&"�+56e=�2�A&"WN7+�4o6�"L%
68!�"�=�"G^_6 68%�+,=�3�'96�'92�=[V
���P�� ��evP� :L+5<9<9'R=�Q`31" » 0�"L=�:;"�4E2�%k4E2�%1)K'*=�Qj)$+568%.'�^�OY@,";:;6�2�%k#&%.2�Ai0�:;6 � ø0F@j 'J3ÏµÐuÑ�Ò�ÓoÐ Æ
ÔoÕ�Ö£ò�×�ò Ò�Ø�� ½ Õ Å ò Å�ÙªÅ Â2Ú ÙªÅ�Û²Å Â�Ú Û ¿
\�'968!Õ ðo'*=&#&0�68ñ�WY�F @½�?R½7�

 �!�"�2�%.A&"L%F254768!�"$)$+568%.'�^ FMV®Õ?!&+53P6�2jD�"$" » 0&+5<n612Çð�¯�T æ ñÍð�¯�T � ñ?� � 4o2�%
3�2�)K"P'*=I6�";Q,"L%M¯ Ü �&V

ò ðo'*=&#&0�68ñ�WY�F @½�?R½7�
 �!�"�=�0&)KD�"L%�254�:;2,<*0&)$=�3a2b4 Ù VÙ ðo'*=&#&0�68ñL���PõF�köI½��c�@½7� W-A&WY�P� +,%�%�+�-,Z�A&'*)K"L=�3�'92�=÷ð:Â�Ú Ù²Å òqñ
:;2�=,6G+5'*=�3�68!�"P@,";:;6�2�%LjdVÂ�Ú Ù ðo'*=&#&0�68ñ�WY�F @½�?R½7�
 �!�"P<9"L+5A&'*=�Q`A&'R)B"L=�3�'92�=T254n68!�"K+,%�%�+�- Ù Z�Â�Ú Ù^Ü )�+�^uð æ Z�Õqñ;VÛ ðo2�0�68#&0�68ñ����PõF�eö%½&�7�@½c��W-A&Ws�P� +,%�%1+L-,ZIA&'*)K"L=�3�'92�=÷ðªÂ2Ú Û²Å ò?ñ
:;2�=,6G+5'*=�3�68!�"�#&%(2�Ai0�:;6¼FkjdVÂ�Ú Û ðo'*=&#&0�68ñ�WY�F @½�?R½7�
 �!�"P<9"L+5A&'*=�Q`A&'R)B"L=�3�'92�=T254n68!�"K+,%�%�+�- Û Z�Â�Ú Û^Ü )�+�^uð æ Z�Õqñ;V

Ï<Ú#ÖÁÚ�ÝdÓÞÌØÑnÍ

��'9<J"L=&+I)K"³lS�F";- �P%.A&"L% �a0&)KD�"L%e2547=�2�=:C;"L%(2,3 ��+b68+M6l-&#&"
�+� æ³± � æ³± � ��¸ · %("L+5<
�+�&� · � � · � æ ´S� · %("L+5<
�2� � æ � æ � æ � æ � � æs·S· %("L+5<

± �



ß¬Ì�à�ÌØÊsÌ�Ô2Ë�Ì#ÑSÍ
� V��
";<J<9"L%;ZevP=÷'*=,6G%(2�Ai0�:;61'J2�=d6�2�#&%.2�D&+,D�'9<9'J6(-d68!�";2�%(-U+I=�Ad'J613j+,#&#�<9'9:L+56�'92�=�3LZLþ,2�!&=!�S'9<J";-,Z
��";\¶��2�%�øiZ æ³· � æ
?$VS�XV:A�6�";\�+,%(6LZSA&��� WY áï$vS���P�� ��evP�t380&D&%(2�0�6�'*=�"P6�2M:L+5<9:L0�<*+56�2�%c68!�"FA&2�)K'*=&+,=I6e'R=I@�+I%('¡O
+,=,6M380&D�38#&+5:;";3�254à+m%("L+5<�)$+56G%('¡^uZ7�N2�)$#[VA�:;'oV�P"L#�6LV] �";:;![V��e"L#[V÷ ��cOP� æ �
Z7õa=�'9@[V]254
�/+I%(-�<*+,=�A�Z&�e2I<J<9";Q,"U��+,%1øiZ&� 2�@[V æ³· ¸S´�V
�HV�A&+,+5A�Zn�F0&)K"L%('9:L+5<�)K";6G!�2�A&3M4o2�%F<*+,%(Q,"C";'9Q,"L=,@5+5<*0�"?#&%(2�D�<9"L)K3LVTra+5<93�61";A �c%(";3�3LZ��P'9@�VC254
þ,2�!&=<�S'9<J";-'��A�2�=�3LZiWs=�:,V*Zi� ";\)��2�%�øiZ æ³·n·S� V
W�V�A[V���0ng +,=�AóþiVcvKV�A�:;2,6�6LZe�e2�)�#&0�6�'*=�Q�3�";<9";:;6�";AS";'9Q,"L=I@�+5<*0�";3T254à3G#&+,%(3�"?0&=�3�-&)$)K";6G%('9:
)$+568%('9:;";3a0�31'R=�QC380&D�38#&+b:;"�'96�"L%�+561'J2�=[Z&va�e�  ��F�A æ³· � æ³± ¸�O æ � · Z æ³·S·S±5�V��e+5'�+,=�AO?$Vn� V#A�6�";\�+,%.6LZSA&����Ws &ï$v����P�n �evà�t380&D&%(2�0�6�'*=�"P6�2�:L+5<9:L0�<*+56�2�%e68!�"FA&2�)MO
'R=&+I=,6P'*=I@�+,%('*+,=I6P380&D�38#&+b:;";3�254�+j=�2�=�31-_)$)B";68%('9:j)$+56G%('¡^uZ[�e2�)$#[V A�:;'EV��P"L#�6�V� �";:;![V��e"L#[V
 ��cO �S· �n´&Z&õa=�'9@[V7254��/+I%(-�<*+,=�A�Z�� �$Z�vP#&%('9< æs·S·S� ðo380&D&)K'96�61";A`6�2$va�e�  ��F�A&ñ;V

± �



¾ ]_3'*-�I¿ ¾ "+*-"%���&[\��3��S]_^
��,�����"I,�3�]-.��!.���$&�I¿U[k¤[ ¾ pJ�
Ç+È%É%Ê'Ë~Ì�ÍWA[V4?�2�A&";6(Ol !�2�D�'9",Z��@½c�e�&va�@A`+I=�A?�PVi���";3LZ�vF"L%(2,38#&+b6�'*+5<9",Z&��%�+I=�:;"
ÏOÐ{Ñ³ËSÐ{ÒcÓ{ÐZÔ�Ì+Í�vF"L%(2�";<*+53�6�'9:;'96(-
ÕdÉ�Ö�É%ÊsÌ ÙIÌ�ÖÁÚ4Ð{ÓÛÑnÍ� �!�"a �2,<92,38+F)$+56G%('¡^B+,%('93�";3�'*=K6G!�"k3168+,D�'9<9'J6(-$+,=&+5<9-�3�'93�254u+P)B2�A&";<�254u+I=H+b'R%1#�<R+I=�"

'R=²Di'9Q�!,6�Va �!�"M'R=I6�"L%(";316�'*=�Q?)K2�A&";3F254768!�'93F3�-�3�6�"L) +,%("PA&";3�:L%('*D�";A�D,-`:;2�)$#�<9"G^Ç";'9Q,"L=I@�+5<*0�";3
\a!�2,3�"e'*)$+5Q,'*=&+,%.-B#&+I%(6�3�<9'9"a'*=$+P#&%(";31:L%('*D&";AC4Y%(" » 0�"L=�:;-$%�+I=�Q,",V� �!�"e68+538ø�'J3c6�2P:;2�)$#&0�61"�68!�"
";'JQI"L=,@5+5<*0�";3$\�'968!m<*+,%(QI";3�6�'*)$+5QI'R=&+I%(-]#&+,%(6�3LV` �!�"C#&%(2�D�<9"L) !&+53HD�";"L=�+,=&+b<J-:C;";Ad+56H�@½c�cO
�&va�@AKðY�e"L=I68%("�½c0&%(2�#�";"L=PA&"k�N";:h!�"L%(:;!�"e";6nA&"c�i2�%1)$+56�'92�= va@5+,=�:;";"e"L=���+b<J:L0�<#A�:;'9"L=,61'�� » 0�"Lñ
'R=�:;2�2�#&"L%�+561'J2�=C\�'968!`68!�"PvF"L%(2,3G#&+56�'*+5<9"�vF'*%(:L%�+�4o6@�P'9@�'93�'92�= � V
 �!�"à)�+568%('¡^j'93a+M38#&+,%.3�"¼�®6O�KD�<92�:;øj)�+568%('¡^j254�2�%(A&"L%�HBø · ��T�nVK4o2�%e+,=�'R=I6�";Q,"L%kV��@øú�&V
� !�"L=<HBø · �&Z�"L+5:;!?D�<92�:;øC'93�254�A&'*)K"L=�3�'92�= æ ´�6 æ ´�+,=�A

F&ø äåååååæ
� ± � � �
j 5 j � j � j��°j��
� ± | 5 � �
� ± � | � �
� ± � � | �

ç èèèèèé
\a!�"L%("�| � øHA � ±
Z:Ncø æ - � - ± Z,+,=�ABj � +,=�AIA � +,%."PQ,'9@,"L=`Ai+56G+&V�� !�"L=<H � · �&Z

F&ø äåååååæ
� ± � � �� 5 � � � � � � � �
� ± | 5 � �
� ± � | � �
� ± � � | �

çbèèèèèé
\a!�"L%(" � 5 ø

D j 5 �
� A&'*+5Q
ð-÷ � ñ F - ÷ � ø�X"! �� - N%ø æ - 4y4$4 - ¯¤X æ ´ -� � ø

D j � �
� A&'*+5Q
ð > � ñ F -�> � ø�X � « � ! � - Ncø æ - 4y4y4 - ¯\X æ ´ -� � ø

D j � �
� � F - Ncø ± - � - � -

+,=�A

! � ø æ �S�@T!��N - « � ø# 5 N4T$# � - # 5 ø 4h�S·S·
H��n�WX æ ´ - # � ø0� 4 �S� æ X # 5 4

 �!�"e4o2,<9<J25\�'*=�QM4Y0�Q�0&%(";373G!�2�\�68!�"�";'9Q,"L=I@�+5<*0�"PA&'93�68%.'RD&0�61'J2�=C254n �2,<92,3G+�)$+56G%('9:;";37254�2�%(A&"L%.3 · �
+,=�A ± ���&V

Ç�É���ÊsÈ%É+Ö³Ð_Ô+Ì�Í����P�� ��evP� :L+5<9<9'R=�Q`31" » 0�"L=�:;"�4E2�%k4E2�%1)K'*=�Qj)$+568%.'�^�OY@,";:;6�2�%iFkj 2�%LF m jí'93
% ¥&ª�Ý�ªG¨oe§�¨�±¯¦5²�Ý�G±¯§µ´P´�GÐk²cª�Ñ&¥&ª1®LÝ�ª1®�¨o²GÔ,º�«Y�´5Ól²GÔ5±¯¦�²�Ý�ª;Ó(G±¯§�ª�´$ª1Ñ�½[Æ
Ë�ºL¼�½�¹5Î

± �



-150

-100

-50

0

50

100

150

-150 -100 -50 0 50 100 150

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

* ****************** ***************** ******************

 real part of eigenvalues

 im
ag

in
ar

y 
pa

rt
 o

f 
ei

ge
nv

al
ue

s

&

 Eigenvalue Distribution of 90 x 90 Tolosa Matrix
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