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Chandrasekhar [c=.9]
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Chandrasekhar [c=.9]
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Chandrasekhar [c=.9]
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Chandrasekhar [c=.999999]
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Modified Bratu Problem
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Modified Bratu Problem

Ê6Ë¢Ì?Í
ÎVÎ Û�ß8Ñ�Ò{éÝÛÆÒtÔ�Ú�Õ�Û¢â¬Ô�Õ¤Ú�â¬Û¢Ñ�Ò{Ü[Ó�Ü�ó^ø�Ô�éÝÚ�â¬Û¢Ó�Ô[ß8Ñ�Ò{éÝÛ¢ÒOÔ�Ú�Õ\ø�Ô�ÜÛÆå	�{ÚKé Ü�ß8Ñ�Õ�ØvÜïæ�ø.ß�ø[ß�êÏÑ�Þ,ß8Ô�á6â Ñ�Ò{ç�éÝÛ �ñÔ[ØÏÔ�âîä{çÑ�åKÜ6Þ�Ñ�Õ0âÝäOÔ�ØÏÑ�å�Û W�Ô�å�ì[Õ�Ú�âÑ�,Ù�Õ�Ñ	Î�éÝÔ�Ø Ñ�Ò�Ú+' %\['�%àÖ�Õ�Û¢å�ó
èAM@}�K�VQF d�d t�U4JTM���V$U LQF7G�I�N2t$FCX�I�V(FwLQD�F�Z
K2U4JTM�L�WvI)PLQD�F ´ VQW�J@I �S�¤��V(I�W�|SF�N]K���|�U LQFxt$I
X��

�2U VQF7|°LQIHLQD�F e F$JTJ�¢,N�I e Nw��VQI W�|SF�N�K���|�U)LQF��+BED�F¨t(J@I,G/F�N�F7GQG�I P:t$K�VQ�
F7G+�2F�L e F�F�NCLQD�Fá ´.³ �¤�
U4J@}�I�V/M�L(D�X U N2|���VQI W�|SF�N>��G�X{F�LQD�I"|OG�K�}�}�F7G/L&G�L(D2U L�N�I�LqX�K2tQDOMsGEJ@I,G/L e D�F�N~��VQI W�|SF�N>��G�K����
|�U LQF7GEU V(F�VQF7G�LQV/M�t$L(F7|�LQI�LQD�FRt$K�VQVQF�NSL ´ V(W�J@I ���2U�G�MsG�� � N2|SF�V�L(D�F¨GQU)X�FEJTM@}�D,L r e Ft�U NCF$�"�SJsU4M@N
LQD�F<M�NSLQF�VQX{F7|
M�U)LQF���F�D2U7�
M@I�V+I P�LQD�F�N�I
NSJzM@N�F7U V ´R¬�� U4J@}�I�V�M@LQD�X �2F�L e F�F�NHL(D�F �q¬�� U4J@}�I�V/M�L(D�X
U N2|�L(D�Fwá ´.³ � ¬�� U4J@}�I�V�M@LQD�Xx�CBED�F�N�I�NSJTM@N�F7U V ´R¬�� U4J@}�I
V�M@LQD�X U4J@LQF�VQN2U L(F7GH��VQI W"|SF�N]U N2|
´ VQW
J@I��S�¤��VQI W"|SF�N�K���|�U LQF7G r LQD�F �q¬�� ��F�V�P¡I
VQXwG�I�NSJ@Ww��VQI W"|SF�NCK���|�U)LQF7G�U N2| r LQD�FRá ´.³ � ¬��
�2F�V/P¡I�V(XwGEI�NSJ@W ´ VQW
J@I��S�¤��VQI W"|SF�NOK���|�U L(F7G�� � JTJ+LQD�VQF�F�G�D2U VQFRLQD�FuP¡F7U)LQK�VQFRI P+�2F$M@N�}xU�DSM@}�D�F�V
I�V&|SF�V©��F�V&G�M@I�N�I P���VQI W"|SF�N>�ºGEX�F�LQD�I�|��

� G°�2F$P�I�VQF r X�F7U�G�K�V/M�N�} n2I,U L�M@N�}��2I M@NSL�I��2F�V&U)L�M@I�N2G.M@N2G�LQF7U�|óI PNSK�X��2F�V�I PNSK�X��2F�V�I P
N�I�NSJTM@N�F7U V{M�L(F�V&U L�M@I�N2G.��VQI �
M�|SF7G°X�I�VQF�t$I�N2t(J@K2G�M@��F�M@N2G�M@}�DSL&G��]èAM@}�K�VQF7G d7� U N2| d7� MTJTJ�K2G/LQV&U LQF
LQD�FHt$I�X{��K�L&U L�M@I�N2U4J�F$Ý£t(M@F�N2t$W�I PÞL(D�FHN�F e X�F�L(D�I"|�G��

èAM@}�K�VQF d7� G�D�I e GED�I e L(D�F�áuç ´R� U4J@}�I�V/M�L(D�X�I�K�L(�2F�V�P�I�VQXwG©LQD�F�t$I�X��2ISG�M@LQF � F e L(I�N>��G
X�F�LQD�I�|�� BED�F���F�N2U4J@L�W]M�NSLQVQI�|SK2t$F7|]M@NlG�I J@��M@N�}]L e IOJTM@N�F7U V�G�W"G/LQF�XwG e M@LQD ±¨² mq¬E³ e M@LQD
LQD�F«J�U)LQLQF�V�X�F�L(D�I"|àG��2I MTJsGCLQD�FONSM�t$Fvt�U �2U)�SMzJTM@L�M@F7GxG/K�}�}�F7G�LQF7|âM@NbèAM@}�K�VQF d7a �lBED�F~áuç ´R�
��VQI �
M�|SF7G{DSM@}�D�F�Vxt$I�NS��F�VQ}�F�N2t$FOV&U LQF7G e M@LQD�I�K�L{M@N2t$K�VQV�M@N�}]M@NªG�K2tQDà�2F�N2U4J@L�W�� � J@LQD�I�K�}�D r M@L
XwU4WxN�I
LH�2F�U�GqFKÄ>F7t$L�M@��F�U�GqLQD�Fwt$I
X��2I,G�M�L(F � F e LQI�N>�ºGqX�F�LQD�I�|OM@Nâ|SV�M@�
M@N�}~L(D�FwN�I�NSJTM@N�F7U V
VQF7G�Ms|SK2U4J+N�I�VQXCG�|SI e N r M�LRGQU4��F7G�U{G�F�N2G�M@�SJ@F°U)X�I�K�NSL�I P�t$I�X���K�L&U L/M�I
N��,WCL&U ¢
M@N�}£U�|S� U NSL&U }�F
I P+LQD�FRK�N2|SF�V�J@W
M�N�} ´ VQW
J�I �{M@NSP¡I�V(XwU L�M@I�N>� k NOLQDSMsG��2U V(L�Mst$KSJ�U)V¨t�U�G/F r D�I e F��
F�V r LQD�FHZ�K2U�JzM@L�W�I P
LQD�F ´ VQW
J�I �S�¤��VQI W"|SF�NxG�L(F��£|SF�LQF�V/M�I
V&U LQF7G�U�G�LQD�F¨G/I J@K�L�M@I�NCMsG�U ����VQI,U
tQD�F7| r XwU ¢
M�N�} � F e L(I�N>��G
X�F�LQD�I�|OX�I�VQF�F$Ý£t(M@F�NSLRP�I�VRN�I�NSJTM@N�F7U VHL(I J@F�V&U N2t$F7GqM@NvL(D�F�I
V&|SF�VRI P d�E�a�Ð¥d7a B=] e DSMstQDóXwU4W



� � Æ*ÑjÏ�Â*Í�ÇjÈ�É�Â�Ñ+� ¼ Ü@À0Â_Â_È
Â_Æ

Newton      

Comp. Newton

HOKN        

HKS_N       

0 2 4 6 8 10 12 14 16 18 20
10

−10

10
−9

10
−8

10
−7

10
−6

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

lo
g1

0 
RN

RN

MFlop

Modified Bratu Problem

Ê6Ë¢Ì?Í&ÎÀ�IÛ�
�Ô�ÕîÞÑ�Õ�ØÏÚ�ÒO×�Ô.Û¢Ò�ØÏÛîéÆéÝÛ¢Ñ�Ò{Ü�Ñ�Þ^<[Ñ�Ú�â ÛÆÒ�Ö�ÙtÑ�ÛÆÒOâ�Ñ�ÙtÔ�Õ�Ú�â ÛÆÑ�Ò{Ü&Ñ�Þ�ß8Ô�á6â Ñ�Ò�ã Ü�ØÏÔ�âîäOÑ�åKë�×�Ñ�Ø©ÙtÑKÜÛÆâ Ô?ß8Ô�á6â Ñ�ÒOã ÜØÏÔ�âÝäOÑ�åKë
âÝäOÔÓ�pó`Ï0ß ÚKé Ö�Ñ�Õ�ÛÆâÝäOØ Ú�ÒOåàâÝäOÔ5�ôÏôùtç�ßaÚKé Ö�Ñ�Õ�ÛÆâÝäOØAÞÑ�Õ,Ü�ÑKéÝÓ�ÛÆÒ�Ö�âÝäOÔÏØ�Ñ�å�Û W�Ô�å�ì[Õ¤Ú�â��8Ù�Õ�Ñ	Î�éÝÔ�Ø Ñ�Ò�Ú
'�%_[�'�%àÖ�Õ�ÛÆå�ó
�2Fvt$I�N2G�M�|SF�V(F7|¥P¤U4M@V�J@W G�XwU�JzJqM@NlX�I,G�L���V$U�t$L�Mst�U4J¨G�M@LQK2U)L�M@I�N2G��ªBED�F«J�U
tQ¢àI PuG/K2t�t$F7GQG�I)PHLQD�F
y2N2U4J ´ VQW
J�I �S�¤��VQI W"|SF�NvG�LQF��2GqF$���SJsU4M@N2GRLQD�F.�2ISI�VRVQF7G�KSJ@L&GqI)P�LQD�F�á ´.³ � ¬�� U4J@}�I�V/M�L(D�Xx�RBED�F
m M�t(D2U V&|�G/I�NCM@LQF�V&U L�M@I�N e U�G©U4J e U4W�GEU �SJ@FHLQI�t$I�NS��F�VQ}�FR��K�L©LQD�FRN�I�NSJTM@N�F7U VHG�LQF��2G e F�VQFRN�I
L�U
G
}�ISI"|�U
GELQD�I,G�FH|SF$JTM@��F�VQF7|O�SWx±R² m¬�³ �

èAM@}�K�VQF d7� G�D�I e GHU«X�K2t(D¥t(J�ISG�F�V�VQF7G�F�X��SJsU N2t$F£U)X�I�N�}~U�JzJG�F7t�U)N,L.X�F�LQD�I�|�G��~èAM@V&G/L�J@W r
LQD�F�W e F�VQF�J@F7GQG�FKÄ:F7t$L/M��
F�LQD2U N�LQD�I,G/F�X�F�LQD�I�|�G+F�� U4J@K2U L�M@N�}HLQD�Fq¦�U�t$I��SMsU N�U L+F���F�VQW�N�I�NSJTM@N�F7U V
G�LQF��OM@NvX�I
VQF�LQD2U N ��aZY I P�t$I
X���K�L�M@N�} e I�VQ¢�� ³ F7t$I�N2|
J@W r LQD�F�DSM�}
D�F�VHI�V&|SF�VHG/F7t�U N,LRX{F�LQD��
I�|�GR�2U�G�F7|§I�N ´ VQW
J@I��S�¤��VQI W"|SF�NóX�F�LQD�I�|�GRW
M�F$Js|óLQD�Fw|SF7G�M@VQF7|ó�2U4W,��I�Ä U4J@LQD�I
K�}�D���VQI W"|SF�N>�ºG
X�F�LQD�I�|¥L(F�N2|�GCLQIv�2F7t$I
X�F�X�I�VQFOF$Ý£t(M@F�N,LxU LCG�XwU4JTJRVQF$JsU L�M@��F�N�I�NSJTM@N�F7U V�VQF7G�Ms|SK2U4JHN�I�V(XwG��
BEDSMsG�P¹U�t$LRG�LQF�XCG�P¡V(I�XYLQD�FuM�N2t$V(F7U�G�M@N�}~|SF�LQF�V/M�I
V&U L�M@I�NOI PÞL(D�F ´ VQW
J@I��S�¤��VQI W"|SF�N�K���|�U LQF r ��K�L
��V�M@XwU V/MzJ@W r P¡VQI
X L(D�FCM�N2t$V(F7U�G�M@N�} |
MTÝ£t$KSJ@L�W¥I)P¨LQD�FCJTM@N�F7U VxG�W�G�LQF�XCG��¥BED�FxG�M@}�NSMTy�t�U NSL£GQU4�S�
M@N�},GEI PE±¨² mq¬E³ M@LQF�V&U L�M@I�N2G \ G�F�FHB�U �SJ@F � U �2I ��F _ ��VQI �
Ms|SF7GU.X�I�V(FHt$I�N2G�MsG�LQF�NSL��2F�D2U4�
M@I�V�I P
t$I�X���K�L$U L�M@I�N2U4J2FKÄ>I�VQL�U)},U4M@N2G�L�V(F$J�U)L�M@��F�N�I�NSJTM@N�F7U V�VQF7G�M�|SK2U�J�N�I�VQXCG�I P>LQD�Fá ´.³ � ¬�� U N2|°LQD�F
á ´.³ �¤�ªU4J@}�I�V�M@LQD�XCG�t$I�X��2U V(F7|�LQI�LQD�FRN�I�NSJTM@N�F7U V ´R¬�� U4J@}�I�V�M@LQD�Xx�

k Nà}�F�N�F�V&U4J r LQD�Fxt$I�NSLQV&U
G�L�M@N�}��SM�t$L(K�VQFxI PRLQD�Fxt$I�X{�2I,G�M@LQF � F e LQI�N>��G.X�F�LQD�I�| U)N2|]LQD�F
�q¬�� U4J@}�I
V�M@LQD�XòM�GEU XCU ®$M@N�} e D�F�NwI�N�F©J@I,I
¢"GEU LEèAM�}
K�VQF7G d7a � d7� �+èßVQI�X ��F$M@N�}�LQD�FqX�F�LQD�I�|�G
t$I�NS��F�VQ} M@N�}{M@NvLQD�FRP�F e F7G�LqN�I�NSJTM�N�F7U)V�G�LQF��2GqL(D�F�W�}�IwL(Iw��F$M�N�}�U4J@X�I,G�LqLQD�F�X�I,G/L�F$�"��F�N2G�M@��F
LQI�K2G�F���B�D�F7G�F�L e IwF$��LQVQF�X�F7GRG/D�I e D�I e UCV&U)�SM�|§LQD�F�I�VQF�L�Mst�U4J�t$I
N,��F�V(}�F�N2t$F�V&U L(F�XCU7W�N�I
L
G�I�K�N2|]U�Gu��VQI�X�MsG�M@N�}OM@N�LQF�V(XwGRI PUOt$I�X���K�LQF�V.M@X��SJ@F�X�F�NSL&U L�M@I�N>� k N]LQDSMsG�G�F�N2G�F r LQD�FCN�F e
P¤U X�MTJ@W�I P ´ V(W�J@I �,�¤G/F7t�U N,LqU4J@}�I�V�M@LQD�XwG�XwU4M@N,L$U4M@N~U��2U4JsU N2t$F.LQD2U LEXwU ¢
FRLQD�F�X�U LQL(V&U�t$L�M@��FqP�I�V
P¤U�G�LQF�V�N�I�NSJTM@N�F7U Vwt$I�NS��F�VQ}
F�N2t$F�V&U LQF7G e M@LQD�I�K�L�F$�2t$F�F7|
M@N�}�LQD�F�t$I�X���K�L$U L�M@I�N2U4Jt$I,G�L�I PqLQD�F
LQV&U
|
M�L/M�I
N2U4J � F e LQI�N>��GEU N2|O��VQI W"|SF�N>��G�X�F�LQD�I�|��

B>I�F�N2|{LQD�FU N2U�J�W�G�MsGEI�N{LQD�F�X�I�|
MTy2F7|���V$U LQK���VQI
�SJ�F�X r e Fq��VQF7G�F�NSL�D�I e L(D�F��VQF7t$I
N2|
M��
L�M@I�N�F�V�U{Ä>F7t$L&G�LQD�FRt$I�NS��F�VQ}�F�N2t$FqI P�U4JTJ�X{F�LQD�I"|�G \ G/F�FB�U)�SJ�F �"_ � k N  D2U ��LQF�V ¶�¶ e F|SF���I
LQF7|
U�|
MsGQt$K2GQG�M@I�N�LQI�LQD�FqK2G�FRI P���V(F7t$I�N2|
M@L�M@I�NSM@N�}CP¡I�V�U4JTJ�L(D�F ´ VQW
J@I �,�¤G�F7t�U)N,L�X{F�LQD�I"|�G���VQI��2ISG�F7|
M@N¥LQDSMsGw|
MsGQG/F�VQL&U L�M@I�N>�]BED�F�DSM@}�D |SF�}�VQF�F�I)Pu|
MTÝ£t$KSJ@L�W¥I PLQD�F�U�GQG/I"t(MsU LQF7|¥¦
U�t$I��SMsU N¥JTM@N�F7U V
G�W�G�LQF�XwG�XwU ¢�F7GEU ����VQI
��V�MsU LQF�U)NxU N2U4J@W"G�M�G©I P�L(DSM�G©¢
M�N2|«D�F�VQF��



Ä�Ü§Å.-7Ã8Ä�Ñ0/jÂ21_Æ�Â(Ã�Å+� ¼ É Ä�É�Å+�KÂ(Æ>Ã ���

Broyden

NEN    

KEN    

HKS_B  

HKS_EN 

0 5 10 15 20 25 30
10

−10

10
−9

10
−8

10
−7

10
−6

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

lo
g1

0 
R

N
R

N

MFlop

Modified Bratu Problem
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