A Two-Grid Method for Nonlinear
Parabolic Equations

Clint Dawson
Carol San Soucie

Mary Wheeler

CRPC-TR95591-S
1995

Center for Research on Parallel Computation
Rice University

6100 South Main Street

CRPC - MS 41

Houston, TX 77005
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Abstract. We present a two level finite difference scheme for the approximation of nonlinear parabolic
equations. Discrete inner products and the lowest order Raviart-Thomas approximating space are used in
the expanded mixed method in order to develop the finite difference scheme. Analysis of the scheme is given
assuming an implicit time discretization. In this two level scheme, the full nonlinear problem is solved on a
“coarse” grid of size H. The nonlinearities are expanded about the coarse grid solution and an appropriate
interpolation operator is used to provide values of the coarse grid solution on the fine grid in terms of
superconvergent node points. The resulting linear but nonsymmetric system is solved on a “fine” grid of
size h. Some a priori error estimates are derived which show that the discrete L°°(L?) and L?*(H') errors
are O(h* + HA—42 4 At), where d > 1 is the spatial dimension.
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1. Introduction. In this paper, we consider a finite difference approximation scheme
for the solution of the nonlinear parabolic differential equation

(1) %V (Kp)VE) = S(tx)in (0.7]x 0
(2) p(0,x) = p’(x)in Q,
(3) —(K(p)Vp)-v = gon(0,T]x 1T,

where  is a rectangular domain in IR? (d = 2 or 3) with boundary I, v is the outward,
unit, normal vector on I', and K : © x IR — IR%*? is a symmetric, positive definite second
order diagonal tensor. We also assume that there exist positive constants K, and K* such
that for z € IRY,

(4) K.||]2||* € ' K(x,8)z < K*||2||?, forx € Q and s € IR,

and that each element of K is twice continuously differentiable in space and time with
derivatives up to second order bounded above by K*.

Equation (1) arises in many applications. Our particular interest is to view (1) as a
simplification of Richard’s equation, a nonlinear parabolic equation arising in the modeling
of flow through porous media.

Both the solution of (1) on a fine grid of diameter h at each time step and a two level
procedure involving the solution of the nonlinear problem only on a coarse grid of diameter
H >> h will be discussed. In the two level scheme for the fine grid, we approximate K (p)
by a first order Taylor expansion about the solution from the coarse grid. This work is
motivated by the work of Xu [10, 11] for Galerkin procedures applied to nonlinear elliptic
equations and the work of Dawson and Wheeler [4] for the expanded mixed method applied
to nonlinear parabolic equations. Xu showed optimal H! estimates for both the coarse and
fine grids, but his results were not optimal in L2. Dawson and Wheeler showed optimal H'
and L? estimates for the coarse and fine grids, and for the case of the lowest order Raviart-
Thomas space, they showed superconvergence results for the coarse grid in both norms. By
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using a finite difference scheme taking advantage of superconvergent node points, we are
able to show superconvergence of the flux and the pressure in certain discrete H! and L?
norms.

This paper is organized into five sections. We establish notation and some basic ap-
proximation results in Section 2. The coarse grid scheme in presented in Section 3 along
with optimal order error estimates. The fine grid scheme with error estimates is presented
in Section 4. In Section 5 we give conclusions, remarks and extensions of this work.

2. Notation and Approximation Results. In this section we define some notation.
Let 0 =1 < ! <--- <tV =7 be a given sequence, A" =" — "', At = max, At",
and for ¢ = ¢(t,.), let ¢" = ¢(1",.) and

Obn _ q571—1

dip" =

Let (.,.) denote the L?(Q) inner product, scalar and vector. Let V = H(Q,div) = {v €
(L3(Q)? : V-v € L*(Q)} and W = L%(Q). We denote the subspaces of V containing
functions with normal traces weakly equal to 0 and g™ as V° and V", respectively.

We will consider two quasi-uniform triangulations of {2, a coarse triangulation with mesh
size H denoted by 7p, and a refinement of this triangulation with mesh size A denoted by 7},.
Both of these triangulations will consist of rectangles in two dimension or bricks in three
dimensions. We consider the lowest order Raviart-Thomas-Nedelec space on rectangles,
[8, 6]. Thus, on an element F € 7,k = h or H, we have

Vi(E) = {(aqnz1 + B, a2y + B2, azzs + ﬁa)T tag, B; € RY,
Wi(E) ={a:a e R},

where the last component in V; should be deleted in two dimensions. Define V, ko =viny,
and V! = V"N V.

We use the standard nodal basis, where for V}, the nodes are at the midpoints of edges
or faces of the elements, and for W}, the nodes are at the centers of the elements. We denote
the grid points of the fine grid by

($i+1/27 yj—|—1/2)77; = 07 ey jvzvj = 07 .. '71Vy7

and define

1 .
Tr; = 5(;62'_}_1/2 + xi—l/?)vl = 1, .. .,IVI,

Y = %(%‘4—1/2 + Yic12)sd = 1,00 Ny,
?+1/2 =% — 2,0 =1,..., N, — 1,
h?+1/2 =Yji+1— Y, J=1,...,N, — 1,
hi = @ip1y0 —Ti_qy0,0=1,..., Ny,

h? =Yj+1/2 — 3/]'—1/27j =1...,Ny,

h = H}%X(hf,h?),

with corresponding notation for a third dimension. For the coarse grid, similar quantities
are defined, but the number of points in each direction are notated as N, and N,.
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We define discrete inner products corresponding to applications of the midpoint (M),
trapezoidal (T) and midpoint by trapezoidal (TM) quadrature rules by

Nz Ny
(rys)v = D> hfhdrisi,
=1 j7=1
Nz Ny Ny Ny
(via)tm = ZZhﬁm Vit /2i %4 /25 +Zth j+1/2 ”+1/2‘LJ+1/27
1=0 7=1 1=1 7=0
Nz Ny
(v.q)r = Zzhz—l—l/Q ]2 z+1/2j—1/2qf+1/2j—1/2‘|‘”f+1/2j+1/2qf+1/2j+1/2)
1=0 7=1
Nz Ny
+ Z} z% hfhg+1/2 2—1/2j+1/2q$—1/2j+1/2 + T)zl'/-|-1/2j-|-1/2qiy+1/2j-|-1/2)v
=1

where we add a third sum in each for the case of three dimensions. We denote the associated
norms by ||.||r, where R = M, T or TM and by Egr(q,r), the error in approximating an
integral by the given rule, i.e. Ep(q,r) = (q,r)— (q,r)7. The error in approximating an
integral by either the trapezoidal or the trapezoidal by midpoint rule is [3],

(5) [Eq(a.v)|<C D) Y Haxa Q- v)llz sh*.

EcT, |a|=2

For any ¢ € L*(Q) we let b denote the L? projection of ¢ onto Wy, i.e.

(6) (¢, w) = (g, w), Yw € W.

This L? projection operator has the following approximation property for ¢ € Hj(Q),
(7) 166 — Il < Clloll;ke, 0 < j <1,

for k=h or H.

Associated with the RTN mixed finite element spaces is the projection operator II :

HY(Q))? — Vj, such that
8) (V-1llq,w)=(V-q,w), Yw € W,

9) la — Tql| < Cllqll:k,
10) IV-(q—1q)|| < CIV -q]1k.

We will use the estimate [5]

(
(
(
(

(11) ™ — u”|lpy + [[ITE" — & rm < CE?,

where, again, we let k = h or H.

We will also make use of the following lemma proven in Arbogast, Wheeler and Yotov
[1].

LEmMMA 2.1. For the lowest order RTN spaces on rectangles, for any q = (¢%,¢%) €
HYQ) and E € Ty,

0

(12) I Ma) os < H HOE,
0

(13) 15, (M)l < H HOE
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In the following arguments, C' will represent a generic constant independent of H, h and
At. We will use the standard inequality,

6 1
(14) ab§§a2—l—%b2 a,b,6 € R, 6§ > 0.

3. A Coarse Grid Nonlinear Finite Difference Scheme. In this section we de-
velop and give convergence estimates for a nonlinear cell-centered finite difference scheme
on the coarse grid. For simplicity we consider two dimensions and note that extensions to
three dimensions are straightforward.

3.1. Definition of the Scheme. The variational formulation for (1) at time ¢" is to
find (p*, 0", u") € (W x V x V") satisfying

(15) (s w)+ (V-u",w) = (f*,w), Yw € W,
\Y

‘u )
(16) (", v)=(p",V-v), ¥veV’,
(17) (u",v) = (K(p™)u",v), ¥vev,

—_

We choose cell-centered finite difference approximations P € Wy, ~”H € Vg and
U% € V}; to the functions p(¢",.),u(¢",.) and u(¢",.), respectively, for each n = 1,..., N,
satisfying

(18) (PR w) 4+ (V- U, w) = (f*,w), Yw € Wy,
(19) (U%,v)m = (PR, V -v), ¥v € V§,
(20) (U, v)rm = (K(Pu(PR) 0%, v)1, Vv € Vg,

and we take P = pg(t°,.). This scheme is based on an expansion of the standard mixed
finite element method that was formulated for linear elliptic problems in [1].

We define Py (p) from the values of p;; for i = 1,.. .,Nz and 7 = 1,.. .,1\7y as fol-
lows. For points (z,y) such that z; < & < z;4q,¢ € {1,...,N,} and y; <y < yjt1,J €
{1,.. .,Ny}, we take Py(p)(z,y) to be the bilinear interpolant,

Tip1— 2 T — x; Yi+1 — Y
Pup)(z,y) = (pi; i o + pit1;
(P)(z,y) ( 2]($i+1—$i) Z+1J($¢+1—$i))(yj+1_yj)
(pu-l-l(xi_'_l _ l'z) p2+1]+1(1‘i+1 —Z; Y41 — Y5

Fori:l,...,NI_—l,We set

(QHi/ + Héy)]?il - prﬂ
H{ + H) '

’PH(p)(-Ti, yl/?) =

This is a two point extrapolation, and by Taylor’s theorem we have |(Pr(p) —p)(zi, y1/2)| =
CH?. For points (z,y) such that z; < 2 < ;47 and vi/2 <y <y, we define Py(p)
as the bilinear interpolant between p;1,piy1,1, Pa(p)(%i,y1/2) and Py(p)(®iy1,91/2)- By
interpolation theory |Pg(p) — p| = CH? for these points. In a similar way we can define
Pu(p) for (z,y) such that z; < & < z;41 and YN, <y< YN, 112 35 well as for points

(z,y) where 21/, <z < zyorzy <o <

< TN, 412 and y; < y < y;j41 for j such that
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1<5< Ny. Lastly, we define Pr(p) at the corners of the domain. Here, we use three point
extrapolation,

Pu(p)(@1j2:9172) = PPz + Pr(P)1/21 — P11
= Pi1i/2 T P1j21—Pia+ O(H?).

By Taylor’s theorem, [(Py(p)—p)(®1/2, ¥1/2)| < C H?. For points (z,y) such that T3 <a <
zy and yy/5 <y < y1, we define Pg(p)(z,y) as the bilinear interpolant of Py (p)(z1/2, ¥1/2)s
Pr(p)(z1/2,y1), Pr(p)(x1,91/2) and py 1 which is an O(H?) approximation to p(z,y) within
this “corner region”. Similarly, we can define Pg(p) as an O(H?) approximation to p in
the other three “corner” regions.

We have just proven the following lemma,

LemMmaA 3.1. If p is twice differentiable, then for Py(p) defined above,

| Pr(p) — pllec < CH?.

If a uniform mesh is used and K is a diagonal tensor, equations (18)-(20) reduce to a
standard nonlinear finite difference procedure. Denoting Pj; by P", we have in the interior

of Q:

H? 1 , i
LH® + Pl il 5[“‘11(77H(Pn))i+1/2j+1/2 + K11(Pu(P"))iz1/2i-172)(FP — Pliaj)
(K11 (Pu(P"))ic1y254172 + K1i(Pa(P"))ic1y2j-172) (B — Ply;)
+(Ko2(Pu(P"))iv1j2j4172 + Koo Pu(P"))ic1j2j4172) (P — Pliq)
+(K22(Pu(P"))iz1/2i-1/2 + Koo Pu(P"))iz1y25-172)(Fj — Pij_1)]
H? "
—I—EP”

Existence and uniqueness of a solution to this discrete nonlinear problem is given in
the following theorem.

THEOREM 3.2. For lime 1" and Al sufficiently small, there exists a unique solulion to
equations (18)-(20).

Proof. We are seeking a unique solution to the nonlinear equation F(P") = 0, where
F(P™) =b" + P+ 5 £t A(P”)P” Here, b™ is a vector whose entry corresponding to grid cell
(z,9;)1s fQ P” 1. P is a vector whose ijth entry corresponds to the value of the
scalar Varlable P” and Al 1s a matrix function of P™ given by the stencil above. By Theorem
5.4.5 of Ortega and Reinbolt [7], if F is continuously differentiable and uniformly monotone
on IR"™, then a unique solution to F(P") = 0 exists. It is easily verified that the F' defined
above is continuously differentiable. In order to prove that F’ is uniformly monotonic we
note that uniform monotoncity is equivalent to positive definiteness of the Jacobian, J = F’,
and that a real matrix J is positive definite if and only if its symmetric part, (J +J7)/2, is
positive definite [2, Lemma 3.1]. Furthermore, we know that if a matrix is stricly diagonal
dominant with positive diagonal entries, then the eigenvalues of the matrix have positive
real parts [2, Theorem 4.9]. Now, J = I + £LA(P") + §LA/(P")P". Thus, with 5
sufficiently small, we have that the symmetric part of J has positive real eigenvalues and,
hence, is positive definite, making J positive definite and F uniformly monotonic. D
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3.2. Preliminary Estimates. Before we show convergence estimates for this finite
difference scheme, we show convergence for a related linear scheme. The arguments given
below closely follow those of Arbogast, Wheeler and Yotov [1] except that we extend their
work to time differenced time dependent problems.

TuroREM 3.3. For eachn=1,...,N, let (P, Uy, UY) € (Wy x Vi x V) satisfy

(21) (V-Uh,w) = (b",w), Vw € Wg,

(22) (U, v)tm = (P}, V-v), Vv e V§,

(23) (Ui, V) = (K(Pu(p™) Uy, v)r, Vv € Vi,
with b = f* — pi and PY; = p%. Then,

(24) 0% — wllrm + |0 — @fltw < CH?,

(25) Py —p"lm < CH?,

(26) |dePY — dp™|ly < C(H® + At).

In order to prove this theorem, we will first prove two preliminary lemmas.
LEMMA 3.4. Assume for each n = 1,..., N, that p*,p} € WH(Q). Then, there exist
U~" e Vg, P e Wy, Z*" € Vi, Z"" € Vi and W*" € Wg such that

(27) (ﬁ*7n7V)TM = (P*JL?V ' V)? Vv e ‘/]37
(28) (Z*",v)rv = (W™, V -v), Vv € Vg,
(29) (2" Vv = (K ()2, v)r + (K () 07" v)r, ¥ € Vir,

and there exists a constant C' independent of H such that for all i, 7,

(30) |Pr = pl| < CH?,
(31) W —pi sl < CH?,
(32) CT;,’Zrl/zj — Uy iy1/05] |CT;’Z+1/2 — @y i41y0] < CH?,
(33) |Z;:?+1/2j — Uy i1 /25 |Z;,’Z+1/2 — Gy 12| < CH?,
(34) |22 25— Wi il TG ge = Wyiiapal < CH.

Proof. Arbogast, Wheeler and Yotov [1] present a lemma which gives the desired P*™
and U™ above. In order to derive (31) and (33), we apply a lemma due to Weiser and
Wheeler [9] to the solution pair (0}, p}’) satisfying the elliptic problem

V.uy = F"in Q,
ay = —Vpi,in Q,

a n
pf=G" = ()_f laq, on 04,
where I = fi"+pf;. This result gives a W™*" satisfying (31) and through (28), Z*™ satisfies
(33) in the interior of ©. Define Z on I' by,
;:?+1/2j = a?,a:,i—i—l/Zj?

Z¥ M ~n

vij+1/2 = Ytyeit1/2
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Then, (33) clearly holds on I'.
Choosing v in (29) to be the basis function associated with node (z;11/2,¥;), we have

fore=1,...,N,—1,

*,7

1 - n - n 7%, T
Z@H_l/% = §[B11(P )z’-|—1/2j-|—1/2 + IXn(P )i+1/2j—1/2]zz7¢+1/2j
1 - n - n CT%, T
—|—§[I§11(p )t,z’+1/2j+1/2 + K11(p )t,i+1/2j—1/2]UI72'+1/2]’-

Since uy = K(p™)a} + K(p")a", Taylor’s theorem gives for i = 1,.. LN, —1,

n 1 4 7 7 7 ~n
Wit1/2; = 5[1‘11(17 Jit1/2i+1/2 + K (p )i+1/2j—1/2]ut,z,i—|—1/2j
1 4 7 e 72 ~n
(P )eivr/2i41/2 + Kia(P")itrsaj-1/ol8z,ip1 05 + O(H?).
Therefore,
*,N n 7%, 1 ~n 2
| zi+1/25 ut,zz,i+1/2j| < C|Zx,i+1/2j - ut,az,i+1/2j| + O(H )

7
Aj+1/2

We can now extend a corollary from Arbogast, Wheeler and Yotov [1] to give: For the
u*n pn 250 2" and W™ in Lemma 3.4, there exists a constant C', independent of H,

such that

. . * n
In a similar manner we can bound |Z, uy iii1/)> and (34) follows. O

[T — @"|]tm < CH?,
1Z*" = @[l < CH?,
12" — uf||m < CH?.
LeMMA 3.5. There exists a constant C' independent of H and At such that
(35) IV - (da”™ = d:Ugy)|| < CH,
(36) i — Oyl + ldew” — d: Ul < C(H? + A,

Proof. To prove this lemma, we consider the time difference of (15)-(17),

(37) (V-du™, w) = (db",w), Yw € W,
(38) (i@, v) = (dp",V V), VveVP,
(39) (dpu™,v) = (d(K(p™)@",v)+ (K(p" Hda",v), Vv €V,

and the time difference of (21)-(23),
(40)(V . dt_T]'L{, w) = (dtbn, ’U)), Yw S WH,
(41) (d: Uy, v)rm = (deP},V-v), Vv e Vy,
(42) (dUf,v)rm = (d(K(Pu(p) Uy, v)r + (K(Pa(p*"))d: Uy, v, Vv € Vi,
We subtract (40) from (37), and we subtract (41) and (42) from (28) and (29) to give
(43) (V . (dtun — dtH”H),w) = O, Vw € WH,
(44) (Z*m - dtﬁnHvV)TM = (W*m - dtﬁ?{v V- V)v Vv € ‘/]37
(Z2"" = U, v)om = (K(p")Z™" = K(Pu(p*™"))d:Tp, v)x
(45) H(K(p"), 0" = di(K (Pr(p™)) Ty, v)1, ¥v € Vir,
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Using (43) and applying the Cauchy-Schwarz inequality we have,

”V . (a’.tun — dtHnH)”Q = (V . (dtun — dtHT]'L{), V . (dtun — Hdtu”))
IV - (den”™ — d,Ug)|[|V - (dyu™ — 1ldyu")]].

IN

Thus, by (10) the first part of the lemma is obtained.
Now, let v = [ld;u” — d,U% in (44) and v = Z*" — d, Uy in (45), use (43) and combine
to get

(K(p™)Z*" — K(Pu(p""))d Uy, 2" — dUy)1 =
—(Z*" — d, Uy, den" — d,U% )y + (277 — d, U, 25" — d, U ) rm
(46) —(K(p™), 0" — d; K (Pu(p™)Uy, 2™ — d,0" )7

Adding (K(Py(p"=1)Z*",Z*" — d;Uy )1 to both sides of (46), using the boundedness
assumption on K, Taylor’s Theorem, the Cauchy-Schwarz inequality and (14) we have

127" — d,Uplltn < C(|Mdpu” = 27" |xy + At Ty
Hd(K (p") = K(Pu(p")))U™"||lx
H|de K (Pr(p™))(U™" = Up)llr + (h* + A Z"|1).

Taylor’s theorem, the estimate (11) and Lemma 3.4 imply that |[Ild;u™ —Z*"||tm < C(H?*+
At). By Lemma 3.4 ||[U*"||rm and ||Z*7||7 are bounded. Thus, by Taylor’s theorem, the
Lipschitz condition on K, the boundedness of K; and the approximation properties of Py,

(47) 127" — d Oy llrm < C(H? + At + ([0 = Tylr).

By results from Arbogast, Wheeler and Yotov [1], Hﬁ*’” - QT;IHT < CH?. Hence, by the
triangle inequality and Lemma 3.4,

;o™ — d;Ugllrm < C(H? + At).
Now, let v = Z*" — d;U% in (45) and use the Cauchy-Schwarz inequality to get

|1Z" — dUllew < K (pMZ™" — K(Pr(p"™)dDyllx
K (p") U™ — de( K(Pu(p™)))Upyllr-

By the Lipschitz assumptions on K and K, Taylor’s theorem, the approximation properties
of Py and the boundedness of K,

127" —d:Ugllrm < [J(K(p") — K(PH(P”_I)))Z*THT + HK(PH(P”_l))(Z*’f - dtQE)HT
HICE (p7)e = deK (Pr(p™) O |1 + (| de K (Pr(p™)(0*" = Tpy)[|v
< C(H*+ Ab).

The triangle inequality and Lemma 3.4 result in,

| dyu™ — dUT||Tv < C(H? + Al).
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REMARK 3.1. By the inverse assumption, the definition of 11 and (11) we have

1T5lloe < 1[0% = H&" oo + [TE" — &"[|oo + [[7"]|oo
CH™?| Uy — Ma" g + [T — 8" [|o + |00

C(H™*H?*+ H +1),

AN VAN VAN

where d is the space dimension. Thus, we know that |[Uy| s is bounded.

Proof. (Of Theorem 3.3) Results (24) and (25) have been proven by Arbogast, Wheeler
and Yotov [1].

In order to derive (26), we subtract (41)-(42) from (38)-(39) and use the definition of
the L? projection to give

(48) (diii” — dUjy,v) + Era(diUpy,v) = (dipfy — deP}y,V-v), v € Vi,
(du" = d,U%,v) + Erm(dU0%,v) = (d(K(p")0" — dy( K(Pr(p™) U, v)
+HK (p)deid" — K(Pp(p™1)d: U, v)
+Er(dy( K (Pu(p™))) Uy, v)
(49) +E7(K(Pg(p")d Uy, v), v € Vu,
(50)

Let ¢ satisfy the auxilliary problem with p™ € L?(2)

(51) ~V - K(Pu(p")Ve™ = p", Q,
(52) ~K(Pg(p"')Ve"-v =0, I.

Elliptic regularity implies that

(53) 167112 < Cllp™ I
By equations (51) and (48) and the definition of II,

(dtﬁnH — di Py, Pn)

= —(dpfy — dPY, V- LK (Pu(p"~"))Ve™)

= —(dii" — d Uy, LK (Pu(p"™))Ve")
—Erm(d: Uy, LK (Pu(p"))Ve™)

= —(dii" — &, U, WK (Py(p"))Ve" — K(Pu(p"")Ve")
—(K(Py(p" 1)) (da" — d,Uy), Vo™ — IIV™)
—(K(Pu(p""))(dii* — dTg), V")

(54) —Erm(d Uy, K (Pr(p™~1))Ven).

By (49)

—(K(Pa(p"™")(di" — d;U), V") = ((K(p"™") = K(Pa(p"™)))di", IV 4")
—(dyu" — 4, U, 1IVe")
+Hd( K (p*)0" — dy( K(Pu(p™)) U, IVE")
—Erm(d: U, 11V e™)
+E1(d( K (Pr(p")) U, IV")

(55) +Er(K(Pa(p*~"))d,Up, V")
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We also have by integration by parts, (43) and (45)

—(dtu” — dt_T]'L{, HVQS”)
= —(dtun — dt_nH,HV¢n — qun) — (dtun — dt_T]'L{, qun)
(56) = —(du" — Uy, 1IVe" — V") + (V- (dyu" — dU%), 0" — o).

Furthermore, we can write

(de K (p")8" = de K (Pr(p™) Uy, V") = ((deK(p") — de K (Pr(p")))8", IIVG")
(57) +(deK (Pr(p™)(@" - Upy), V"),

Using (5) gives

|Erm(d: Oy, LK (p") V™)

IN

0 77 o n
O X My @y MK V™| p 1

E |a|:2

040}y,
CE(H%HOEH—mA( VE ) los
E

0,07,

(58) =, ’yHOEH—(HA( M)V o) H.

By Lemma 2.1 and the inverse inequality we have

ad, Uy, d . en
T He < ||=—(d.0 d,&" Hd ”
I—5, llog < [l (dUp, - 1@ )HoE+H 1|05
< C|d Ty, — Md, g onH ™" + Ha—xdtﬁZHo,E
(59) < Clld0y — i o g H ™ + || |11,5-

Since dtﬁ;f and IIK(p")V¢™ are in Vi, by (58) and the Cauchy-Schwarz inequality,
| Erm(d O, MK (p)Ve™)| < CY (14 0y - Ndi@* o5 + |d: 0" |15 H)||¢" |2, H
E

(60) C(l|d:Dg — M@ o + [l || H)|[ 6" H

IN

As done above and noting that K has bounded second derivatives,

(61) |Erm(di Uy, V") < C(||d: Ul — 1ldiu”|jo + [|dyu™[[1 H)[| 6|2 H
(62)| Br(de( K (Pr(p") Ty, V™) < (C+ AO([[Tyy — LG [lo + |81 H)||¢7]|2 4
(63) Ex(K (Pu(p*~")dly, IVe™)| < C(|d:Uy — Udi"[|o + || " |1 H)||¢" || H

where C' in the second and third inequalities depends on K*.
Combining (54) with (55)-(63), applying approximation properties of the L? and II
projections, using Lemma 3.5, and equations (24) and (11) gives

(dtﬁ?[ — di Py, Pn)
< |ldi@™ — dUgll||[ILK(p")Ve" — K(p")Ve"||
HIK (Pr(p™™ ) (ded” — dT)||[|[Ve" — IV ||
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+(de K (p") — d K (P (p™))) " ||| LIV e" ]

+|deK (P (p™)) (0" — U )||[|IIV "]

HI(K (1) = K(Pa(p™~1)))da"[|[TTVe™|

+|den”™ — &, Ug ||| IVe"™ — Vo™ |

H|V - (deu™ — dUF)|||¢" - S| i

H|d (K (p")) 8" ~ di(K(Pu(p™) Oy IV

+HErm(dOyy, LK (p")Ve™)| + | Exm(d: Uy, V4]

+H Er(dd K (Pu(p™) U, IV™)| + | Ex(K (Pu(p""))d U, V™)
< C(H?+ AD[|¢")2-

H(p"
H'rL

Applying equation (53) and taking p™ = d;p"™ — d; P we have
(64) deply — deP| < C(H?+ At).
O

3.3. Convergence Estimate of the Nonlinear Scheme. We now prove the follow-
ing theorem about the convergence of the above finite difference scheme:

THEOREM 3.6. Let Pﬁ,ﬁnH and UY,n = 1,...,N be defined as in (18) - (20) with
initial values Pgy = pu(1°,.). Then, there exists a positive constant C, independent of H
and At such that

N
(65) 1P = oMl + {AL Y B[O — @ |3)2 < ¢ + Av).

n=1

Proof. Let v* = Pi — Py, " = U} — Uy, & = Uy — U} and o = Py — p".
Subtracting (d¢P%, w)+ (V- U, w) from both sides of (18) and using equations (21) and
(15) we have

(dy™,w) + (V- &4 w) = (f*w)=(V w) = (diPly, w)
= (v, w)- (dtp w) (dia”™, w)
(66) = (", w)— (™, w), w € Wg,

) -
where € is a time truncation term. Subtracting (22) from (19) results in
(67) (" v)m= (", V-v), ve VH
and subtracting (23) from (20) gives

€V = (K(Py(P")U%,v)r — (K(Pu(p™) T, v)r

K(P
= (K(Pu(Pp)n",v)r + (K(Pu(PR)) — K(Pr(Ph)) Uy, v)r
(68) ~((K(Pr(p") — K(Pu(LE)) Uy, V)1, v € Vi,
Letting w = 7™ in (66), v = £" in (67) and v = 1™ in (68) gives
(69) (dn"7") = —(V-€"7") + ("7 )M = (dea”,7"),

(70) (0", &")tm = (", V-E£"), i
& 0" = (K(Pa(P)m",n")r + (K(Pu(Ph)) — K(Pu(Pi) g, n")r
(71) ~((E(Pu(p™) — K(Pa(P4)) T, n")r.
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Combining equations (69)-(71), applying the Cauchy-Schwarz inequality and (14) we
have

1 n n— 7 n n
S R = 11" IR + I (Pa (P 0™ 1
< (de” " I (Pr(PR)) 0|7
< (€57m = (dea”, v ) + (K(Pr(p") = K(Pa(Ly)) Uy, )1
—((K(Pu(Pp)) = K(Pa(£E))Up,n")r
1 n n 1 n 7 V0 7 n T
< sl 78+ Slldia”ll3n + CIE (Pu(p™) = K (Pu(P)Usli

+C\(K (Pu(Ph)) — K(Pr(£4))UgllE + 61" [y,

where § < K, /2.
Now,

n e n 1
le;| = E' /tn_l P,y O = 7)dt| < |pe(@iy g5, )| 21 40y (A1)
So,

(72) €18 < ALY HY H e, g5 )| T2 (nr gm-

]
By the triangle inequality and Theorem 3.3,
™3 < C(H*+ At?).
By the Lipschitz assumption on K, the definition of Py and Theorem 3.3

(73) (K (Pr(p™) = K(Pa(P5) U
(74) (K (Pr(Ph)) — K(Pr(LH)Tx i

< Clp" - Pyl < CH?,
< ClIRw,
where we have used the boundedness of ||Uy]|- as per Remark 3.1.

Multiplying by 2At, bringing the é||n™||%,; term to the left-hand side, summing on
n,n=1,...,N, using (72)-(74) and applying Gronwall’s Lemma gives,

N
MR = 17003+ A 1K (Pa(PE)) 01}
n=1
N N
CALY (€ Ry + lldea™ (I3 + lla”[[R) + CH* + CALY - {177 (I
n=1 n=1

< C(A* + HY).

IN

The proof is completed by applying the initial conditions on P§ and PY;, Theorem 3.3 and
the triangle inequality. O

4. Fine Grid Linear Scheme. We now consider a linear cell-centered finite difference
scheme on the fine grid where we make use of the nonlinear solution on the coarse grid.
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We solve the following problem for P’ € Wh,sz € Vi and U} € Vj; at each n =
1,...,N,

(75) (dePptyw) = —(V-Up,w)+ (" w),w e Wy,
(76) (ﬁZaV)TM = (P}?,V-V),V € Vf?v
(Up,v)tm = (K(Pu(Py) 0%, v)r
(77) +(K'(Pu(PR)Qu(TH)(Pu(FL) — Pu(P)), V)1, v € Vi

We define Qp (1) as a vector quantity with entries Q% (@”) and QY (aV¥). The entry

QF(a”) is defined from the values of @7, , /,;

For points (z,y) such that ; 1/, < 7 < 444y, € {1,...,N,} and Y <y < yjt1,J €
{1,..., Ny}, we take Q% (4") to be the bilinear interpolant of Wy /250 Ui 2,5 U1 9,441
This leaves a strip half a cell in height along the top and bottom of the

for ¢ = O,...,NI and j = 1,...,]% as follows.

and ¥

+1/2,54+1" R
domain. We will consider the bottom strip. For : = 0,..., N, we set
(2H{ + H))u?* - Hlu*
Q3 () (14121 j1/2) = 1 2 ;-1/2,1 ] 1%i41/2,2
H{ + H]

Now, for points (z,y) such that z;_; /5 <& < @i49/9,7 € {1,.. .,N.} and Y12 <y < yp, we
let QF(a”)(z,y) be the bilinear interpolant of QF (4%)(%;_1/2,91/2), QH (T ) (T it1/2,Y1/2),
ﬁf_l/m and af+1/2,1' An analogous defintion is made along the top strip of the domain.
The definition of QY,(@¥) is similar to the above, except that the strips are along the left
and right sides of the domain.

We have the following lemma for the approximation error of Qpy,

LeEmMA 4.1. If each component of @ is twice differentiable, then for Qn(u) defined

above,

19 (1) — il < CH?.

Proof. By Taylor’s theorem we have that the two point extrapolation for the boundary
points described above is O( H?) accurate. Thus, since bilinear interpolation is also O( H?)
accurate, the lemma is proven. 0O

We now prove the following theorem about the convergence of the above linear finite
difference scheme,

THEOREM 4.2. Let Pf,sz and U},n = 1,...,N be defined as in (75) - (77) with
initial values PY = pp(1°,.). Then, there exists a positive constant C, independent of h, H
and Al such that

N
(78) 1PN = PN+ {AL Y] K| OF - a()3}2 < C(H*2 + 1?4 Av),

n=1

Proof. By Section 3 we can define P} € W}UQZ € Viyand Uy € Vi*ateachn =1,...,N
satisfying equations (21)-(23) and Theorem 3.3 on the fine grid.

Let v* = P} — P}, " = ﬁz — ﬁz,ﬁn = U} — U}y and o = P} — p". As done in
Theorem 3.6, we subtract (di P}, w) + (V - Uy, w) from both sides of equation (75) and
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combine with equation (21) applied to the fine grid. We also subtract (22) and (23) from
(76) and (77) to give the error equations,

(79) (dey",w) = —(V-€" w)+ (", w) — (da", w),
(80) (n"v)im = (7", V-v)
(€ v)mm = (K(Pu(PE)OR, v)r — (K(Pu(p") Ty, v)1
(81) +(K'(Pu(PR)Qu(UR)(Pu(P) = Pu(PR)), V).

Using Taylor’s Theorem, K (P(p™)) can be written as

K(PA(p") = K(Pu(PA) + K/ (Pl P)(Pu(o") - Pra( )
2 )~ Pt

where 6" is between Pp(p") and Py(Pf). B
Using this expression in (81), adding and subtracting (K'(Pu(Pf;))Qu(U%)Pr(p™), v)T

we have
(&"v)rm = (K(Pua(Pg))n*,v)r i
+H(K'(Pu(Pg))(Q ( i) = Tu)(Pu(p™) = Pu(P)), v)r
+(K'(Pu(PR) Qu (TR ) (Pu(P) = Pu(p™)), V)1

() ) — PPy ).

Let w = 7", v = £" and v = 0" in (79), (80) and (82), respectively, and combine to
give
- n||2 _ n—1(2 - n||2
S 712 = 172+ Kl
< (dey™ ") + 1K (Pa(PE)) 0™ (1}
1 n n 1 n Vel
< Il + 0P+ Slde™ (1P + 6]l
+CHK"(PH(PH))(QH(I~J”H) U)(Pu(r™) = Pu(Pi)%
)
Py

+CIE (Pu(Pip)) Qu (U )(Pu(Fy) = Pr(p™)It

(82) o (PP TR,

(Pr(p"*) =

where § < K, /2.
We will consider the last three terms of (82). The first of these can be bounded as
follows.
1" (Pr(Pi))(Qu(Ufy) = T)(Pu(p") = Pu(Pii) A
(83) < Cl1Qu(U%) = U lamIPu(p™) = Pu (Pl

where we can write,

198(0%) - Uslin < 12u(0%) — Qu(d")||iym + [|Qu(d") — &"|Fu
+H@" = Uy [|fu-
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Since Qi (U%) is a bilinear interpolant of terms that can be expressed in terms of nodal

values of U}, on the coarse grid, it can be shown that,
1Qu(UY) - Qu(#")|im < ClIUE — & im u,

where || - ||7m, iz denotes the midpoint by trapezoidal norm on the coarse grid. We also have
|Qu(@™) — a"||5y < CH* by Lemma 4.1. In order to bound the second term in (83) we
write it as,

1Pu(p™) = Pu(PlZ < Pa(Ph) — Palp™)% + [IPa(p") - p"|I2
HIp" = Pu(p™)%-

By the definition of Py, the quasi-uniformity assumption on the coarse grid and Theorem
3.6, we have

C a3 72
WHPH - D ”?\4H
< CH™YH*+ At?),

1Pa(P) = Pr(p™)%

IN

where d is the space dimension. By Lemma 3.1, we have ||Pg(p") — p"||2, < CH* and
| Pr(p™) — p"||%, < Ch*. Thus,

1 (P (Pi))(Qu () = Ti)(Pa(p™) = Pa(Pip)lI
(84) < OO = @[ + 18" — O 3w+ H(H + HAL 4 h%),

The second to last term in (82) can be bounded by,
1 (Pr (Pi) Qu (U3 (Pu(PE) = Pu(p™)II7
ClIOENZNPa(PE) = Pr(p™)l%

CH™|T = & + I8 1Z)EE = PRI+ 125 = p"130)
CH™NUY — i + ONI"I1* + A%

VAN VAR VAN

(85)

The last term in (82) can be bounded by,

Ko . . ~n
152 o) - Pt P T 1

< CIPU") — P(PRIIPHE") ~ Pu(PRIE

< O™+ HTIAZ + WA+ B + " = Pl n)

C(H* + HAZ + ) (h* + H* + A1?)
C(H® 4 4 p* + AL? + HR*A + HOALY),

[VANVAN

(86)

Combining equation (82) with equations (84)-(86), taking the é||n"||? term to the left
side, multiplying by 2At and summing over n,n = 1,..., N* where N* is the time step at
which ||7"|| achieves its maximum value gives,

N*
N* - n
712 = 10+ A Y K0 iw

n=1
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N* N*
< ALY (€ + ldea™1P) + CALY D I
n=1 n=1
N* N —r
+CH 4 HOA? + ALY (10 - & g + 18" - Uy llia + HY)
n=1

N*
+C(R + NP A Y B U - at)?
n=1

FC(HE 4+ h* + A + HORAALZ + H4A.

Recalling the bound on €", using Theorem 3.3 and recalling the initial conditions on
P9 and P gives,

N*
Y124 A, KBy < COH® ™+ h* + A2 + B4R A2 + H4AL)
n=1
N* ) .
+CALY 1P+ Cly ™ IP(H -+ B AR,
n=1

We can choose H and At such that H* 944+ H 2A# < %, and the last term can be moved
to the left-hand side. Applying Gronwall’s Lemma gives
N*
N1 + ALY K.

n=1

73 < C(HE T4+t 4+ A1?).

Applying Theorem 3.3 and the triangle inequality give the desired result. O

5. Conclusions. We have presented and derived error estimates for a two level finite
difference scheme for nonlinear parabolic equations. Through the use of the P, Py and
Qp operators, we have taken advantage of superconvergent node points and have shown
optimal order convergence in both H! and L? for the coarse and fine grids.

We remark that we have only considered the case of Neumann boundary conditons and
a diagonal tensor K. The expanded mixed method employed here was developed in order
to handle a full symmetric tensor for K. However, in the case of a full tensor, convergence
may be lost on the boundary. In this case we can show a coarse grid estimate of H" + At
and a fine grid estimate of A" + H?—d/2 At, where r = 2 if K is diagonal and no Dirichlet
conditions are enforced, r = 3/2 if K is diagonal or the grids are generated by a C'? map,
and r = 1 otherwise for 2 dimensions and no convergence otherwise for 3 dimensions.
These estimates for a full tensor use the inverse estimate and may be improved through the
derivation of explicit L™ estimates. The loss of convergence due to the boundary is shown
for the expanded mixed method in [1].

The two level scheme described above could be extended by adding more levels and
expanding about the next coarser solution in the nonlinear term at each new level. This
corresponds to adding more Newton-like iterations with each iteration taking place on the
next finer grid. We are currently investigating this possibility. Computational results for
the scheme described here are also in progress.
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