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Workshop Program 

Wednesday, April 19 

Session 1 
8:35am - 10:05am

Demonstration of Automatic Data and Computation Decomposition Techniques 
Jennifer Anderson
�

, Stanford University 

Automatic Data Transformation for Shared Address-Space Machines 
Saman Amarasinghe, Stanford University 

�
An Affine Loop Transformation Algorithm for Parallelism 
Amy Lim, Stanford University 

Session 2 
10:30am - 12:00pm

The Subspace Model: A Theory of Shapes for Parallel Systems 
Kathleen Knobe, MIT 
William J. Dally
 

, MIT 

Efficient Distribution Analysis Via Graph Contraction 
Tom Sheffler, RIACS 
Rob Schreiber, RIACS 
Bill Pugh, University of Maryland 
John Gilbert, Xerox PARC 

�
Siddhartha Chatterjee, University of North Carolina 
�
Automatic Data Mapping And Program Transformations 

¡
Jagannathan Ramanujam , Louisiana State University 
�

Session 3 
1:30pm - 3:00pm

A Novel Approach Towards Automatic Data Distribution 
Jordi Garcia, Universitat Politecnica de Catalunya, Spain 
�
Eduard Ayguade, Universitat Politecnica de Catalunya, Spain 
Jesus Labarta, Universitat Politecnica de Catalunya, Spain 
�
Automatic Data Layout for High Performance Fortran 
Ulrich Kremer, Rice University 
¢
Ken Kennedy, Rice University 

Automatic Selection of Dynamic Data Partitioning Schemes for Distributed-Memory Multicomputers 
Daniel J. Palermo, University of Illinois at Urbana-Champaign 
Prithviraj Banerjee, University of Illinois at Urbana-Champaign 



   

Session 4 
3:30pm - 4:30pm

Pattern-Driven Automatic Parallelization 
Christoph W. Kessler, University of Trier, Germany 
£
Program Comprehension Techniques to Improve Automatic Parallelization 
Beniamino Di Martino, University of Naples, Italy 
Barbara Chapman, University of Vienna, Austria 

Reception and Computer Demonstrations 
5:00pm - 6:30pm 

Computer Demonstrations: 
Thomas Fahringer, University of Vienna, Austria 
Jordi Garcia, Universitat Politecnica de Catalunya, Spain 
�
Ulrich Kremer, Rice University 
¢
Harikumar Sivaraman, Washington State University 

Thursday, April 20 

Session 5 
8:30am - 9:30am

ADDT: Automatic Data Distribution Tool for Porting Programs to Distributed Memory Machines 
Harikumar Sivaraman, Washington State University 
Cauligis Raghavendra, Washington State University 
£
Automatic Mapping of Task and Data Parallel Programs 
Jaspal Subhlok, Carnegie Mellon University 
�

Panel Session on Automatic Data Layout 
9:45am - 10:45am

Panelists: 
Guang R. Gao, McGill University, Canada 
¤
Manish Gupta, IBM T.J. Watson Research Center 
Jagannathan Ramanujam, Louisiana State University 
�
Rob Schreiber, RIACS 
Jaspal Subhlok, Carnegie Mellon University 
�

Session 6 
11:00am - 12:00pm

P3T: An Automatic Performance Estimator for Parallel Programs 
Thomas Fahringer, University of Vienna, Austria 



   

Locality Analysis and Optimization for SMPs 
Guang R. Gao, McGill University, Canada 
¤
Vivek Sarkar, IBM Software Solutions Division 
¥

Session 7 
1:30pm - 2:30pm

Static Estimation of Communication Costs of Data-Parallel Programs
¦

 
Manish Gupta, IBM T.J. Watson Research Center 
Prithviraj Banerjee, University of Illinois at Urbana-Champaign 

Performance Prediction and Scalability Analysis for Data Parallel Programs 
Celso L. Mendes, University of Illinois at Urbana-Champaign 
£
Jhy-Chun Wang
�

, University of Illinois at Urbana-Champaign 
Dan Reed, University of Illinois at Urbana-Champaign 

Panel Session on Performance Prediction 
2:45pm - 3:45pm

Panelists: 
Thomas Fahringer, University of Vienna, Austria 
Arjan J.C. van Gemund Technical University Delft, The Netherlands 
Dan Reed, University of Illinois at Urbana-Champaign 
Vivek Sarkar, IBM Software Solutions Division 
¥

Friday, April 21 

Session 8 
8:30am - 9:30am 

A Cost Model and Flow Analysis Based Heuristic for Automatic Data Partitioning 
Jodi Tims, University of Pittsburgh 
�
Predicting Contention in Distributed-Memory Machines 
Arjan J.C. van Gemund, Technical University Delft, The Netherlands 

Session 9 
9:45am - 10:45am

Analyzing the Behavior and Performance of Parallel Programs 
Vikram Adve, Rice University 
¥
Dynamic Performance Prediction within the ESPRIT PPPE Project 
Alistair Dunlop, The University of Southampton, Great Britain 
(abstract) 
§

Wrap Up 
10:45am - 11:15am



 

Abstracts and Papers 
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Efficient Distribution Analysis via Graph Contraction
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bstract

Alignment and distributionof data by an optimizing compiler is a dream of bothmanufacturers and
u� sers of parallel computers. The distribution problem has beenformulated asan NP-complete graph
optim� ization problem. The graphsarising in applicationsare large, and theoptimization problem does
not	 lend itself to traditional heuristic optimization techniques. In this paper, we improve some earlier
re
 sults on methodsthat use graph contraction to reduce the size of a distribution problem. We report
on� an experiment using seven example programs that show these contraction operationsto beeffective
in

�
practice; we obtain from 60 to 99 percent reductions in problem size, the larger number being more

typic
�

al, without lossof solution quality.

1 Intr oduction

P



rogrammers expect that array parallel languages such as High-Performance Fortran (HPF) will provide
highperformanceon distributedmemory parallel computers,if they pay careful attentionto thedistribution
of� arrays to theavailableprocessors. Currently, array distributionmustbeperformed by aprogrammer, who
the

�
n annotates a program with distributiondirectives. This difficult task is further complicated by the fact

tha
�

t theoptimal distributionfor aprogram is dependent onthetarget machine. In theinterest of simplif ying
the

�
task of theprogrammer andenhancing theportability of array parallel programs,distributionshouldbe

handled by thecompiler.
U

�
nfortunately, distribution is a difficult combinatorial optimization problem [1]. Heuristic algorithms

c� an beeffective for small programs. However, for very largeprogramsor very detailed analyses(employing
i

�
nter-procedural analysis, for example) thesealgorithmsmay becomelesseffective or unacceptably slow.

In thispaper, weshow how to reduce thesizeof adistributionproblem. Werecall theformulation [1, 2]
of� thedistributionproblemasagraphlabeling problem, thenshowhowpartsof thegraph may beeliminated
thr

�
oughgraph contraction operations. Thecontraction operationsare based on identifying program regions

(thenodesof a subgraph) that may be performed under thesame distribution. Once identified, we collapse
the

�
se regions into a single nodethat captures all of the information present in the original problem. Our

c� ontraction operationsare lossless: they do notdiminishthequality of solutionsthat may befound.�
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W
�

eexaminedifferent strategiesfor applying thecontraction operationsand evaluatetheir relative merit.
Initial experimentsconducted with example programs show that these contraction operationsare effective
in

�
practice. It is possible, moreover, that stronger contraction operationscould further reduce problem sizes

to
�

thepointwhere they could be solved exactly.

2 The graph model

A data-parallel program may be modeled as a directed graph � � �  ! . Each node " # $ of% the graph
c& orrespondsto an array operation in theprogram. An operation consumesoneor morearrays,andproduces
o% ne or more arrays asa result. A directededge ' ( ) * + , - c& onnectsa definition of an array object in array
ope% ration . to

/
a useby operation 0 .

In ourrepresentation, therearealsothreespecial nodetypes. A fanout
1

nodeproducescopiesof an array
with2 many uses; abranc

3
h nodeproducescopiesof an array with mutually exclusiveuses,and ame4 rgenode

co& mbinesmutually exclusivedefinitionsof anarrayvalue(usually due to branchesto aparticularpoint in a
pr5 ogram).

A
6

w7 eight l
8
abelseachedge; it is (anestimateof) thenumber of elements in thearrayrepresentedby the

e9 dgemultiplied by an estimated trip-count of the edge in an execution of the program. In this way, the
we2 ight incorporates information aboutcontrol flow.

Alignment isspecifiedfor theheadand tail of eachedge, giving thealignment of an arrayat itsdefinition
and: use. Distribution must also be givenfor eachnode,specifying thedistribution that is applied to each
of% thearrays involved in thenodecomputation. Thegraph,alongwith these labels, is called an Alignment
Distribution Graph (ADG) [3].

W
;

e allow thesame mappingsas HPF: an array is aligned to a template, which is distributed over the
av: ailableprocessors. A templateisanabstractarrayused asa target in alignment directives. An alignment
is

<
specified by four separate components. These are ax= is, stride> , offse? t, and replication. Ax

@
is a: lignment

de
A

terminesthecorrespondenceof array axesto templateaxes. Stride
B

a: lignment specifiesthefactor bywhich
the

/
array is stretched acrossthe template. Offset i

<
s a vector specifying the distanceof an arrayfrom the

o% rigin of the template,and replicationspecifies certain axesof the template over which anarraymight be
c& opied.

An example of alignment and distribution as specified in an HPF program follows. The first two
d

A
irectivesdeclarethe template and describe the alignment of the array. The third and fourth linestogether

de
A

scribethedistribution. ThePROCESSORSd
A
irective describesthe allocation of arrays to the axesof the

te
/

mplate, while theDISTRIBUTE dir
A

ective specifies how thetemplate is divided over theprocessors. In
this

/
case, theBLOCKdir

A
ective saysthat thefirstdimensionof thetemplateis distributedin blocksof 25over

4 processors, and theCYCLIC directive specifies that theseconddimensionisdistributed in blocksof
10over 8 processors. Since theextent of thetemplate is 200in theseconddimension,theblockswill wrap
a: roundtheprocessors.

real :: A(100,100)

!HPF$ TEMPLATE T(100,200)
!HPF$ ALIGN A(i,j) WITH T(i,j+100 )
!HPF$ PROCESSORS P(4, 8)
!HPF$ DISTRIBUTE T(BLOCK, CYCLIC(10) ) ONTOP

2
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Thealignmentof an array object may changebetween itsdefinition anduse(asrepresentedby thetail and
head of anedgein thegraphmodel). A changein alignment effectively changesthedatamappingof an array
an: dresultsinrealignment communication. Thetypeof communicationneededtoimplement therealignment
is

<
determined by thecomponent of an alignment that changes. Axis or striderealignment requiresall- to-all

pe5 rsonalized communication (AAPC), offset realignment requires shift communication, and replication
realignment requires a spread (broadcast) communication operation. In general, redistribution requires
AAP

6
C.

In our model, eachnodein the graphis assigneda distribution. If an edgeconnects two nodeswith
dif

A
ferent distributions,then thearray carried by theedgeis redistributed between its definition at thetail of

the
/

edgeand its useat thehead.
W

;
echoosetoperformdistributionanalysisafter alignment analysis. In oursystem,wefirst optimizeaxis

a: ndstridealignment, thenreplication alignment, followedby shift alignment. Theorder of theoptimizations
is motivated by the relative costsof thecommunication required by thesetypes of realignment. It might
be

D
possibleto find a better alignment if distribution information were known, but distributionanalysis is

dif
A

ficult without some model of realignment communication costs. Consider the following example code
frag

E
ment.

integer, parameter :: N = 1000
real a(N), left(N-2) , right(N- 2), cl, cr
t1

F
= cl * a(1:N-2)

t2
F

= cr * a(3:N)
a(2:N-1) = a(2:N-1) + t 1 + t2

I
G
n oursystem, we would perform alignment first. Theaxis and stridealignments chosen here causeno

realignment, but thereis offset realignment in this typical finite-difference stencil computation. Because
of% the necessary offset realignment, which comes to light in the alignment optimization phase, we would
pr5 efer to give the arrays a block rather that a cyclic distribution,since this reduces data traffic when shift
c& ommunication if performed. It would be difficult to determinethis fact aboutdistributionwithout having
e9 stablished alignment information first.

2.1 Modeling redistribution cost

The Alignment-Distribution Graph (ADG) H I J K L M N may be used to model the effects of distribution
de

A
cisions.Our system first findsa set O of% candidatedistributions.Nodecostsare recorded in amatrix, P ,

an: d edgecostsare recordedin a matrix, Q . Entry R S T U V W e9 stimatesthetimerequired to perform operationX Y Z unde[ r distribution \ ] ^ . Realignment costsare also incorporated in this model by adding an
e9 stimate of the cost of performing the realignment, if any, on directed edge _ ` a b c , for eachdistributiond
, into the cost entry e f g h i j . Eachedge, k l m n o p q , hasan associated weight, r s t u v w , which is an

e9 stimate of the time required to redistribute thearray value communicated along the edge. Even though
this

/
singleweight is a simplistic measure of redistribution (since it is insensitive to theactual starting and

endi9 ng layouts) experimentshaveshownthatthisdiscrete metric accurately reflects thecost of performing
a: redistributionstep [7].

W
x

e seek to give eachADG nodea distribution in y , i.e., wez seek a mapping { : | } ~ . For a
pa5 rticular distributionmap, thecostof performingthecomputationof thegraph isthesumover thenodesof
the

/
costof performing their computation in thegiven distribution,plus thesum of theweightsof all edges

3



   

whosez endpointshave different distributions:

co& st � � � � �� � � � � � � � � � � � �
�� � � � � � � � � � � � ��   ¡ ¢ £ ¤

¥ ¦ § ¨ © ª
Thegoalof distribution analysis is to mapeachnodeto adistribution so thatthiscost isminimized.

Themodel’s nodecost componentis trivially minimizedby mapping eachnodeto its distribution of
smallest nodecost; this can result in many edges carrying redistributioncommunication. Edgecostsmay
be

D
avoided entirely by mappingevery nodeto someonedistribution,thebest of thesebeing thedistribution

tha
/

t minimizes thesum of thenodecosts. Theoptimal solutiontypically lies at neither of these extremes.
The

«
centrifugal tendencies toward reducing nodecosts(by labeling nodes independently) and eliminating

e9 dgecosts(by labeling nodes identically) arewhat maketheproblem difficult. Bixby, et¬ al. [1] in factshow
tha

/
t this formulation of thedistributionproblem is NP-complete.

2.2 The set of distr ibutions

A
6

distribution ­ ® ¯ specifiesboththedeployment of processorsto theaxesof thetemplateandtheblocking
factor with which eachaxis is distributed to the processors (in a cyclic fashion). Our analysis requiresa
set ° of% candidate distributions.1 The set may be specified by a programmer, or may be generated by a
c& ompiler as it analyzes theprogram. We adoptthelatter approach.

Thegenerationof aset of distributionsrequirescare.Theachievedcost isingeneralreducedby allowing
a: larger set of candidate distributions. But therunningtime of our optimization algorithms is sensitive to
the

/
size of ± . We have previously shownhow to select candidate distributionsand how to limit their

num² ber [2].

2.
³

3 Static and dynamic mappings

W
´

e introduce two terms to describe a distribution map for a subset of ADG nodes µ . Let ¶ be
D

a given
distr

A
ibution map. Then · is static under ¸ if ¹ maps eachelement of º to

/
the same distribution; » is

dy
¼

namicunde[ r ½ othe% rwise. We say that themap ¾ is
<

static if ¿ is
<

static under À . Since all nodes in a
static subset have thesamedistribution,noedges in a static subset carry redistributioncostsand thecostof
a: static distributioniscompletely determined by thenodecosts.

The way in which we attempt to reduce the size of the graph is to identify optimÁ ally static (O.S.)
subgraphsof thedistributiongraph.

D
Â

efinition 1 (Optimally Static) A
Ã

subset Ä Å Æ , iÇ soptima% lly static if for anymap È : É Ê Ë tÌ hereexists
a mÍ ap Î Ï sucÐ h that Ñ Ò andÍ Ó takÌ eidentical valueson Ô Õ Ö ,Ç × is staticunder Ø Ù andÍ costÚ Û Ü Ý Þ coß st à á â .ã
(Note the difference between this and the following definition: ä is

<
wå eakly optimally static if

<
there is a

minimumcost distribution map æ unde[ r which ç is static. Thestrongdefinition allows oneto identify a
f

E
amily of disjoint O.S. subsetsand collapsethem simultaneously, thelatter does not.)

Our
è

overall plan for finding a distribution map é is this. We first determine a collection of subsets
tha

/
t we require to bestatic under ê . This partially determines ë . Then, for thesesubsets,we can ignore

inte
<

rnal edges and aggregate them into a single"super" nodewhosenodecost is thesum of thenodecosts

1This approachdifferentiates our strategy from others. For example, Wholey employeda search strategy to determine the
optì imal distribution for a program[8], andGupta usedheuristic methodsto determine distribution parameters [6].

4
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of% its elements, thusreducing thesize of the graph. Clearly, any O.S. subset shouldbe so contracted, as
this

/
doesnot increase thecostof thebest distribution that can befound.Theremainder of thepaper will be

c& oncerned with findingO.S. subsets.
Gr

î
aphcontractionbasedonO.S. subsetsrequiresfirst findingacandidatesubset and then testingwhether

i
<
t is O.S. The next section develops a theory of O.S.subsets. A later section discusses heuristic strategies

for findingcandidate subsets.

3 Nodeamalgamation for the distribution problem.

An understandingof properties of thedistributiongraph allows us to develop theorems that describe how
subsets of nodes can becollapsed or amalgamated into super nodes, without changing theproblem in an
e9 ssential way. In this manner, we will reduce thesizeof theADG as afirst step in distributionanalysis.

3.
ï

1 Definitions

Eachcost matrix entry, ð ñ ò ó ô õ , givesan estimateof thetimerequired to perform thecomputation of nodeö unde[ r distribution ÷ . It is convenient to speak of thecost table of a node, which is simply thecolumn of
e9 ntries pertaining to thenode, denoted ø ù . We extend this term to sets of nodes, ú , where thecosttable of
a: subset is simply thevector sumof thecolumnsof thenodes in û , denoted ü ý . Thus, þ ÿ � � � is

<
thecostof

pe5 rforming all of theoperationsof � in
<

distribution � .
Recall thata set of nodes� is O.S. if someoptimal program distributionassignsthesame distribution

to
/

all nodes in � . We may alsospeak of a static cost of a set of nodes, which is simply thecost of theset
of% nodesif theywereto be placedat the same distribution. Because the cost table � � give	 s thecost of the
subset for eachcandidate distribution,we may obviously select the smallest value. Thestatic cost of a set
of% nodes 
 is

static � � 
 � min� � � � � � � � � � � � �
W

�
e will also occasionally be interestedin theworst static cost thata setcould incur:

worstz � � �  max ! " # $ % & ' ( ) * + ,
The difference between the maximum and minimum cost of a single nodeis called the rangeof% the

node² .
range- . / 0 max1 2 3 4 5 6 7 min8 9 : ; < = >

Le
?

t a subset @ A B be
D

given. We shall usea simple lower boundon the cost of a distributionmap
unde[ r which C is dynamic. Such a distribution map could potentially assignevery element of S to its
m� inimum costdistribution;or it couldavoid redistributioncostsonedges leaving D a: t theexpenseof some
rE edistributioncostinternally (assumingthat F is

<
connected). Ineither case, adynamicsolutiondivides G into

<
a: t least two partitionswith different distributions,andevery edgecrossingthepartition carriesredistribution
c& ommunication. This redistributioncost is at least as great as theweighted minimum-cut (min-cut) of the
undir[ ected subgraph induced by H . Thus,for a distributionmap I such that J is dynamic under K ,

dyna
A

micL M N O PQ R S min T U V mincutW X Y
is

<
a lower boundoncostZ [ \ .

5
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Many of ourproofsrequire consideration of theedges crossingfrom oneset ^ to
/

another set _ . Define
the

/
function weight̀ a b c d a: s follows:

wez ight e f g h i j kl m n o p q r s t u v w x y z { | } ~ � �
Thus,

«
weight� � � ¯� �

is
<

thesumof theweightsof all edgesentering or leaving � . Wewill alsoneed afunction
tha

/
t determines themaximumweight with which a set isattached to any particular neighbor.

m� axweight� � � � ma� x� �� � wez ight � � � � � � � �
3.

ï
2 Optimally static subsets

W
�

e present a number of tests that may be used to verify that a subset of nodes is O.S. Each of thelemmas
be

D
low gives an explicit construction showing,for a class of subsets � , how a map with dynamic � can& be

m� odified on � to
/

make � static and not increase thecost. A followingsection discussestheimplementation
of% the testsandtheexpectedrunningtimeof each.

Lemma 1 (Accretion) [2]
�

Let � be
�

O.S.andassume�  ¡ ¢
. Iã f

w£ eight ¤ ¥ ¦ § ¨ ¯© ª «
range¬ ­ ® ¯ w£ eight ° ± ² ³ ´ µ ¶

the
Ì

n · ¸ ¹ º » is O.S.

Pr
¼

oof: Any
6

map may, by assumption, be modified on ½ to
/

make ¾ static without increasing its cost.
N

¿
ow consider a map in which À is static with distribution Á an: d Â has a different distribution Ã Ä . Changing

the
/

distribution of node Å to
/ Æ

rE educes the cost of the mapping by Ç È É Ê Ë Ì an: d raises it by at mostÍ Î Ï Ð ¯Ñ Ò Ó
rangeÔ Õ Ö . By thehypotheses,thischangealsodoesnot increase thecost. Hence × Ø Ù Ú Û is O.S.Ü

Corollary 1 (Series) Given a node Ý w£ ith only two distinct neighbors, Þ andÍ ß , tà he set á â ã ä å æ ç is O.S.
if è é ê ë ì í î rangeï ð ñ ò ó ô õ ö ÷ ø .ã
Pr

¼
oof: Since any singletonnodeis an O.S. subset, thecorollary follows immediately from Lemma1. ù
This trivial corollary of Lemma1 turnsout to bevery useful in practice: it identifiespairsof nodes that

shouldbemerged. In particular, unary operationsrepresenting SPREADan: d REDUCEfunctionsoften have
small rangesandhave inputand outputedgesof very different weights.Elementwiseunary operationsmay
have zero rangewith equal weightson their two incident edges.

Lemma 2 (Mi n-cut) [2]
�

A set ú is O.S.if staticû ü ý þ w£ eight ÿ � � ¯� � �
dy

�
namic� � � .ã

Proof: Assumethat 	 is dynamic under a given distributionmap. If theinequality holds,then thecostof
this

/
map is not increased by assigning
 to

/
its best static distribution,incurring thestatic nodecost as well

a: spotential redistributionon all edges leaving � . �
The strategy of the previous lemma was to remap all of 
 to

/
its preferred single location. As an

al: ternative, we consider remapping all of � to
/

the distribution of oneof its neighbors, so as to make the
union[ of � a: nd that neighborstatic. Defineadj � � � to

/
bethosenodesoutsideof � withz oneor moreneighbors

in � .

6
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Lemma 3 (Adjacent Vertex) Let � � � . Iã f�
w� orst� � � � � ! " min # $ % & w� eight ' ( ) ¯* + ,

m- axweight . / 0 1 minc- ut2 3 4 5 6 1 7
theÌ n 8 is O.S.

Proof: Let 9 be
D

dynamicunder somemap : , and let ; be
D

as in thehypotheses. Remap all nodesin < to
/

the
distr

A
ibutionof node = . Thenodecostscan increase to theworst static costof > , thus increasing by no more

tha
/

n thefirst term of theinequality 1; theedgesfrom ? e9 xcept thosetouching @ ma� y nowincur redistribution
c& osts.By thehypothesis,theseadded costsare at least recompensed by theabsence of redistribution along
the

/
edges internal to A . B
Note

¿
that althoughthe construction in theproof guarantees that C D E F G is static after the relabeling,

wez cannotconclude that H I J K L is O.S., since we claimed a gain of mincutM N O aft: er relabeling a map for
whiz ch P is dynamic. Thefollowing reformulation allows usto concludethat Q R S T U is O.S.

Lemma
V

4 (Border) Let
W X Y Z

. Iã f[
w� orst\ ] ^ _ `a b c min d e f g w� eight h i j ¯k l m

m- axweight n o p q minc- utr s t u v w x y z 2 {
the

Ì
n | } ~ � � is O.S.

Node
¿

s that do elementwisecomputation often donot prefer any distribution to any other, as long as all
the

/
distributionsin � ba

D
lance theload (number of elementsper processor).

Definit ion 2 (Apathy) A set of nodes, � , i� sap: athetic if range� � � � 0
�
,� for all � � � .ã

Fo
�

r a set � of% apathetic nodes,worst � � � � � � � � min� � � , so thefirst term of inequalities1 and 2 vanish.
When

� �
isan apathetic singletonset. Lemma4holdswhenoneof theedgestouchingthenodeoutweighs

the
/

sum of all others. In this simplifi ed form, this lemma is useful for identifying singlenodes that should
be

D
merged with aheavily connected neighborinto an O.S. subset.

4 Locating subsets

The lemmas developedin the preceding section verify that a subset of nodesis O.S., but do not reveal
how

�
to find candidate subsets. It is clearly impractical to consider all possiblesubsetsof � , so we develop

he
�

uristics to help locate subsetswith thepotential to be O.S.
Lemmas2, 3and 4comparestatic coststodynamiccosts.Static distributionsmusttolerateredistribution

c& ommunication on edges leaving thesubsets, while thedynamic distributionsonly incur the min-cut cost
on% edges internal to theset. In order for a subset to passany of thesetests,it must behighly connected
inte

<
rnally (leading to a large min-cut value), with low-weight connections to nodes outsideof thesubset.

Using
�

this observation, we construct theconnected componentsof thesubgraph obtained by deleting from�
a: ll edges whosewieght is less than or equal to some specified threshold, � . The mincut of any such

c& omponenet is therefore not lessthan � , while theweight of eachexternal edge is less than � .
W

�
eexaminea set of thresholds,  , which is generated by histogrammingtheedgeweightsof thegraph

an: d dividing the histograminto buckets. The minimum value in eachbucket becomesa threshold value in

7
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the
/

set ¢ . To usethis algorithm, we work throughthethresholdsin £ from heaviest to lightest. We apply
t

/
heO.S. tests to eachconnectedcomponentat thecurrentthreshold.

T
«

his heuristic is effective because of the way in which the edge weights of the ADG arecalculated.
Recal

¤
l that the ADG incorporatesthe effects of control flow into its weight calculation by multiplying

8
the

wez ight of an edgeby its estimated trip count. In theADG, nodescorrespondingto operationswithin loops
a: re connected by high weight edges, and values are communicated into and out of loopsby low weight
edges9 (because they are traversed only once). The strategy abovetends to find connected components
e9 ncompassingtheoperationsinsidethebodiesof loops. Thebuckets tend to correspondto different levels
in loop nests.

The complexity of this subset finding algorithm is proportional to the number of edges, ¥ ¦ § , and
the

/
number of thresholds, ¨ © ª . The histogramming phase of the algorithm can be performed in time

pr5 oportional to « ¬ ­ , andconnected componentscan befoundin time ® ¯ ° ± ² ³ ´ µ b
D
y using depth-first search.

The
«

enumeration of all subsetsusingthis techniquecan beperformed in ¶ · ¸ ¹ º » ¼ ¼ ½ ¾ ¿ time
/

.

4.1 A slight modification

Theprocedure abovelocates subsets based only on edgeweights,but it alsobeneficial to incorporate cost
ta

/
ble information into theheuristic. If we lookat thecomponentsof thestatic and dynamic costsdueto the

c& ost tableentires, wenotethat we would like to minimizethefollowingdifference:

∆ À Á Â Ã minÄ Å Æ ÇÈ É Ê Ë Ì Í Î Ï Ð Ñ
Ò

Ó Ô Õ minÖ × Ø Ù Ú Û Ü Ý Þ ß
Else

à
where, we have called this quantity the“dissension”of a set of nodes[2]. A set has adissensionof 0 if

a: ll nodesagree on thebest distributon.
W

�
einitially tried modifying thesubset selection procedure to findsubsetswith adissentionof 0, but this

strict criteriondid notwork well in practice. Wealsotried heuristicsfor find subsetshaving low dissension;
the

/
seapproaches are still under investigation.

5 Implementing the O.S. testsand the contraction operation

Thi
«

s section suggests data structuresand algorithms for implementing the tests of the preceding section.
While

�
noneof thealgorithmspresented is difficult to implement, a naive implementation of thetestscould

le
8

ad to poorrunningtimes. In particular, denserepresentationsof thematrices á an: d â a: re inappropriate
n² ot only because of the waste of storage that would occur, but because suitable graph traversals arenot
supported. Sparsematrix algorithmsarenecessary because of thesparsestructureof theADG. Contraction
ope% rationsmaintain sparsity as well.

5.1 Data structures

The matrices ã an: d ä are: storedas sparse matrices. An element in a matrix is a record structure storing
its row, column, and value, and pointers threading it into two doubly-linked lists: a list of elements in the
samerow, and another list of elements in thesamecolumn. For eachmatrix, two vectorsof pointersrecord
t

/
hefirst element in eachrow andcolumn. Theelementsof the listsareunordered.

F
�

indingaparticular matrix element in thisdatastructurerequirespotentially searching throughan entire
row or column list. However, our algorithmsdonot require findingindividual elementsquickly, but rather

8



   

de
A

pend ona data structure that supports efficient traversals of varioustypes. Themain operationsrequired
a: re thefollowing.

i
å
nsert: G

î
iven a pointer to an matrix element, insert it into theappropriate row andcolumn lists. This may

b
D
eaccomplished in æ ç 1 è time

/
.

del
é

ete: G
î

iven a pointer to anmatrix element, delete it from both of its lists. This maybe accomplished inê ë
1 ì time

/
.

neií ghbors: Enum
à

erate theneighbors of a given node, î . Thesemay be enumerated by iterating through
the

/
row and column listsof ï in theweightedadjacency matrix, ð .

A
6

set of nodes ñ is
<

represented in asimple linked list structuresothat its nodesmay beenumerated. Our
al: gorithmsalso require two mark vectors, called ò ó ô õ an: d ö ÷ ø ù ú ø , eachof length û ü ý . Thesetwo vectors
a: re cleared once at thebeginningof theprogram. Some of theO.S. testswill set and clear marks in these
veþ ctors,butnonewill berequired to touch theentire vector.

Our
ÿ

algorithmsuseaSparseAccumulator (SPA) to add sparsevectors [4]. A sparsevector is asequence
of% <index,val ue> pa5 irs,wherethelargest possibleindex issomevalue � . TheSPA maintains3 internal
veþ ctorsof length � c& alled accum, flags an: d elts . At programstartup time,thesevectorsareallocated
an: d cleared. The vector accum holds

�
the values of all elements of a sparse vector, elts i

<
s used asa

stack that records the indicesof nonzeroelements in accum, and flags , a boolean vector, is set if the
c& orrespondingelement has been pushed ontoelts . A SPA is used to compute the sum of several sparse
veþ ctors in timeproportional to thenumber of nontrivial arithmetic operationsactually performed.

5.2 Contracting nodes

Thenodecontraction operation replacesa set of nodes, � , with a single node � in a reduced graph. The
nodecost vector � � of% thenew nodeis thesum of thenodecostvectors of its elements, and theweight of
each9 edge incident to � is thesumof theweightsof all edgesbetweentheadjacentnodeandelementsof � .
Precisely, this iswritten as� 	 
 � � 
 � �� � � � � � � � � � � � � � � �  

!
" # $ % & '( ) * + , - . / 0 1 2 3 4 5 6 7

8
9 : ; < = >? @ A B C D E F G

Our
ÿ

techniquecontracts H b
D
y adding the sparse vectors that encode the edge weight and adjacency

informationfor thenodesin I . Mergingthecosttableentriesfor thenodesrequiresaddingthecorresponding
co& lumnsof J . Thus,thecost tableentries for aset can becomputed in K L M N O P O Q R S time

/
.

Merging theadjacencytableentriesrequiresmergingboth therow and column lists for thenodesof T .
A

6
row or column is a sparse vector, and sowe may usea SPA to implement themerger. In therow merge

p5 hase, add eachelement of the U row lists into theSPA in unit time per element. Enumerate theelements
o% f the SPA, creating a new matrix element for eachand insert it into its row and column lists in unit time.
C

V
learthe SPA whendone.Column contraction proceedsin thesamemanner.

De
W

fine degreeX Y Z as: thenumberof nodesadjacentto node[ in thegraph,and let \ ] ^ _ ` a de
A

greeb c d .
Thetotal runningtimeof thecontraction of a set of nodes is e f g h i j i k l m n o .

9
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5.3 Seriestest

Theseries test iseasy to implement. Determineif anodeisaseriesnodeby traversingitsadjacencylist. If it
hastwo or fewer neighbors,record theedgesandtheweights.Computetherangeof thenodeby examining
its q r s c& ost tableentries. Theseries test can beapplied all nodes in t u v w x y x z { | time

/
.

W
�

e will show later that the seriestest is effective at reducing the size of the graph. Because it is so
simple to implement, this test shouldalwaysbeused.

5.4 Apathetic test

W
�

e only apply this test to single nodes,even thoughit is defined for sets. Determine if a nodeis apathetic
b

D
y examining eachof its } ~ � c& ost table entries. If thenodeis apathetic, then visit its neighbors, keeping

a: runningsum, � , of the weights of all edges encountered, and recording the heaviest edge, m� axweight.
If m� axweight � � � � m� axweight � , then merge the nodewith its most heavily connected neighbor. The
a: pathetic test can beapplied to all nodes in time � � � � � � � � � � � � � � time

/
.

5.5 Dynamic cost

Therest of thetestsrequirecomputingthedynamiccostof aset of nodes, � . Clearly, thesumof theminima
of% thenodecostscan becomputed in � � � � � � � � � � tim

/
e. Thedifficult part is computingthemin-cut value.

There are two options:usean easily obtained lower boundon themin-cut, or computeit exactly.
If � is connected, themincut �   ¡ is not lessthan than theminimumweight edgein ¢ . There areat most£ ¤ ¥ 2 e9 dges and we may find the lightest oneby examining all edges internal to ¦ . To be precise, we first

en9 umerate § setting ¨ © ª « ¬ ­ ® for each̄ in ° , and then look at all edges connected to verticesin ± . Any
whosez other endpointis marked in ² ³ ´ µ is

<
an internal edge. We mustalso clear ¶ · ¸ ¹ whez n weare done.

The
«

runningtimeof thiscomputation is º » ¼ ½ ¾ 2 ¿ .
In thesecondcase, we computetheglobal min-cut of theset exactly, usingan algorithm of Goldberg

an: d Tarjan which runs in À Á Â Ã Ä 4 Å tim
/

e[5]. In practice, when usingthisoption,we only invokethemin-cut
procedure5 whenthesizeof theset issmaller thansomepredefinedvalue – because therunning timeof the
m� in-cut procedure becomes unnaceptable for largesets.

In summary, an estimateof thedynamic costof a set of nodes may befoundin Æ Ç È É Ê Ë Ê Ì Í Î Ï Ð Ñ 2 Ò , orÓ Ô Õ Ö × Ø × Ù Ú Û Ü Ý Þ 4 ß time
/

. In estimating thetime of thefollowingtests,we will simply write à á â ã ä å as: the
rE unningtimefor findingthedynamic costof a set of nodes.

5.6 Best static test

Thestatic cost of a set of nodes is computed in æ ç è é ê ë ê ì í î t
/
ime by first creating the cost vector for the

set of nodes and then findingtheminimumvalue. Computingtheweight of edges leaving ï reqE uiresfirst
setting ð ñ ò ó ô õ ö for each ÷ ø ù an: d then traversing all edges adjacent to verticesin ú . This test may be
implemented in û ü ý þ ÿ � ÿ � � � � � � �

de
A

gree� 	 
 � � 
 � � � � � time
/

.

5.7 Border outsidetest

The
«

worststatic costof aset of nodesiscomputed aseasily ascomputingthebeststatic cost,andtheweight
of% all theedges leaving � can& be computedasbefore. This test is different in that all verticesexternal to�

m� ust bevisited in turn. When computingtheweight of edges external to � , set � � � � � � � � � f
E
or any edge

10



   

e9 ncountered connecting � to
/

an external node � . If �  ! " # ! $ % & waz s not set when encountered, then add '
to

/
the set of border nodes called ( . (The marks may be clearedby traversing ) a: t the end of theBorder

Out
ÿ

side test.) For eachexternal bordernode,compute the weight that connects it to * using[ the + , - .
veþ ctor to determine nodes in and out of / in 0 1 de

A
gree2 3 4 4 t

/
ime for eachbordernode. The running time

of% this test is 5 6 7 8 9 : 9 ; < = > ? @ A de
A

greeB C D E F G H I de
A

greeJ K L M N O P Q R S S . This test is not much more
e9 xpensivethan theBest Static test if T is not too big.

5.8 Border inside test

The
«

BorderInside test is similar to the Border Outside test except that for eachnode U in
<

the border we
must computeworstV W X Y Z [ \ an: d min ] ^ . This may bedonein the following way to make the test run
in

<
the same time as theprevious one. Initially, instead of computingworst_ ` a , record the cost vector for

the
/

set, b c . Find thebordernodesas before. Now, aseachbordernodeis visited, make use of the fact
tha

/
t worst d e f g h i j k max l m n o p q r a: nd computeboth this value and min s t in u v w x y z time

/
. The

rest of the implementation of the test is the same as the Border Outside test and can be implemented in{ | } ~ � � � � � � � � � �
de

A
gree� � � � � � � � de

A
gree� � � � � � � � � � � time

/
.

6 Experiments

W
�

e now present an experimental studyof theeffectiveness of thecontraction operationsdeveloped earlier.
The process of locating subsets and verifying that they are O.S. is heuristic; such a study is therefore
m� andated,and weview thedatabelow aspreliminary, pendingbetter toolsandalarger baseof experimental
pr5 ograms.

Using
�

program analysis tools we have developed earlier [3], we constructed the distribution graphs
for seven test programs and applied various combinationsof the contraction operations. The contraction
ope% rationsare sensitiveto theadjacen: cy structureof thegraph aswell asvaluesof thecost entries. For this
reason,it is important to understandhowthetest casesweregenerated. Webegin by describing theexample
pr5 ogramsandhow thecostvalueswere calculated. We then discusscontraction strategiesandexamine the
resultsof thesestrategies.

6.1 The example programs

W
�

echosesevenexampleprogramsthat represent typicalscientific applications. A brief description of each
o% f thesevenfollows. In addition, Table1 describespropertiesof thecost and adjacency tablesfor eachof the
pr5 ograms. Each of thegraphsis quitesparse. With theexception of BlockLU , eachprogramwasanalyzed
wz ith a relatively small number of distributions. Because BlockLU hasmany different feature sizes, a large
number of distributionsare generated by our automatic system.

ADI : A two-dimensional alternating-direction implicit (ADI) algorithm. Thisalgorithm usescyclic reduc-
tion

/
to solve tridiagonal systems.

BlockLU : A blockedalgorithm for � � factorization of adensematrix.

Erle
� : A

6
three-dimensional alternating-direction implicit (ADI) algorithm. Thisdiffers fromtheoneabove

in that it usesGaussian elimination to solvetherecurrences.

LU: The � � factorization on adensematrix.

11



    

T
«

able 1: Properties of the example program graphs. Each is quite sparse. In general, the number of
d

A
istributionsusedin theanalysisof eachprogramis relatively small, with the exception of BlockLU .

Propertiesof thePrograms

Program   ¡ ¢ £ ¤ ¥ ¦ § ¨
ADI 232 308 12
BlockLU 108 131 41
Erle 666

©
845 7

ª
LU 21

«
25

«
12

Shallow 445 545
¬

3
Tred 105 124 9

­
TwoZone 335 411 12

Shallow : A
6

benchmark weather prediction program; finite-dif ference approximation of the theshallow
waz ter equations.

Tred : Reduction of a densematrix to tridiagonal form usingHouseholder transformations.

TwoZone: Solutionof Poisson’sequation in an L shaped domain by Schwartz alternating procedure, using
a: JOR (Jacobi Over-Relaxation Method)for thesubdomain solver.

6.2 Cost tableconstruction

In Section 2, we differentiated between three communication patterns: all- to-all personalized communica-
tion

/
(AAPC), offset communication (shift), and reduction/replication communication. When analyzing a

pr5 ogram, we estimate thetimeof an elementwiseoperation to be proportional to theamountof data on the
m� ost heavily loaded processor. We estimate thetime of a communication operation to be proportional to
t

/
he maximum amount of data sent or received by any oneprocessor, with the constant of proportionality

de
A

termined by thetypeof operation. Thethreeconstantsare ® (for AAPC), ¯ (for reduction/replication)and° (for shift). (Thenamesrecall thenowancientanddisappearing Connection Machinejargon: router, scan,
NE

±
WS)

²
. High-level operations in HPF give rise to oneof these three types of low-level communication.

T
«

able2 showsthecorrespondance between high-level and low-level communication operations.
I

G
n general, it is impossibleto predict howvarying theparameters, ³ , ´ , and µ , will affect thecontraction

ope% rations. Even the interaction between this model of communication and the cost values generated is
quite¶ complex. Realignment costsare incorporated into the nodecost table, while redistribution costs
af: fect adjacency information. Varying the parameters by the same factor changes the relationship between
e9 lementwise computation and communication. Varying the parameter · can& affect valuesin both, while
vaþ rying ¸ or% ¹ can& only affectvaluesin the cost table. Because of these complex interactions, we rantests
of% thecontraction operationsfor a number of valuesof theparameters to see how theresults changed.

6.3 Contraction operation strategies

The contraction operations may be applied individually, or in combinations. In the discussionof the
c& ombinationsof contraction operations we will usea shorthand. The character “a” means an application

12



  

T
«

able 2: Mapping of high level HPF operations to low-level communication types. Each of the three
low-level operations is modeled as requiring time proportional to theamountof data communicated, with
the

/
constant of proportionality asshown.

C
V

oefficientsof Proportionality

High-Level Low-Level
O

ÿ
peration C

V
ommunication Type C

V
onstant

Redistribute AAPC º
StrideRealign AAP

6
C »

Axis Realign AAPC ¼
O

ÿ
ffset Realign shift ½

Replication Realign br
D

oadcast ¾
Subscript AAPC ¿
Reduction fan-in À

of% the Apathetic test, an “s” the Series test. The character “S” stands for the Best Static test, and “B”
for the Border tests. Each of the last two tests are parameterized by the subset selection method used,
“cc” or “ccc”, andthemethodof estimating themin-cut. The “cc” subsets are connected components of
edge-wei9 ght thresholdedsubgraphs. The“ccc” data employ a heuristic designedto improvethe dissention
of% these subgraphsby removingadditional edges before finding theconnected components. Thekeyword
“min” means theminimum weightedgein thesubset was used as a bound,and an integer Á means that an
ex9 actmin-cut wascomputedfor subsetsof size less than Â .

6.4 Results

For eachof the sevenprograms, we generated test data assuming a 64 processor target using threesets of
vþ aluesfor thecommunication parametersas shown below.

Cas
V

e1 Ã Ä 1 Å Æ 1 Ç È 1
Cas

V
e2 É Ê 10 Ë Ì 1 Í Î 1

Cas
V

e3 Ï Ð 100 Ñ Ò 10 Ó Ô 1

Cas
V

e 1 reflects a target architecture where communication costs asmuch ascomputation. Thereis no
such machine widely available today, but such a machine would tolerate a lot of redistribution, prefering
dyna

A
mic distributionsover static ones. Thus,thiscase shouldthwart many of ourcontraction operations.

C
V

ase2 reflects a case where communication is only slightly expensive. Scans and shifts are still very
inexpensive. Case3 is themost realistic model of current machines. Shift communication is very cheap,
but

D
any general AAPC communication isquiteexpensive. Wewouldexpect bothof thesecasesto enourage

static solutionsto thedistributionproblem, and thusexpect ourcontraction operationsto dowell.
Tables3, 4 and 5 show theresultsof thecontraction experimentsfor thethreedifferent cases. Thesize

o% f the original programis shown at the top of eachcolumn, and the results of applying nineteendifferent
c& ontraction combinations below. The combinations are divided into groups. The first group includes
only% the single-vertex tests (“a” and “s”). The next group showsthe subset tests (“S” and “B”) alone.
The next groupsshow the “S” or “B” tests precededby the “as” combination. It is clear from the data

13
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«

able 3: The sizeof the contractedgraphs with the communication parametersof Case1. With Õ set low,
wez expect to see graphsthat prefer dynamic distributions,thusit shouldbe difficult to proveany that any
subgraphsare O.S. Many of thetest graphsare contracted significantly.

C
V

ontraction Results for Case 1: Ö × 1 Ø Ù Ú 1 Û Ü Ý 1

method ADI Block Erle LU Shal Tred TwoZ
ORIGINAL

Þ
232 108 666

©
21 445 105 335

s 82 41 295 5
¬

125 32 150
a: 220

«
84 548

¬
16 339 77

ª
310

as: 82 41 289 5
¬

125 32 150
as: as 81 39 285

«
5

¬
125 29

«
150

S(cc,min) 232 57
¬

555
¬

3 445 80 73
ª

S(ccc,min) 232 84 552
¬

21 441 105 319
B(cc,min) 224 84 555

¬
13 445 80 273

B(ccc,m
ß

in) 224
«

72
ª

529
¬

11 425
à

79
ª

317
as: S(cc,min) 82 17 253

«
2

«
22

«
23

«
2

«
as: S(cc,25) 42

à
10 253

«
2

«
22

«
8 2

«
as: S(cc,50) 42 10 253 2 22 8 2
as: S(ccc,min) 82 29

«
253

«
4

à
125 29

«
74

ª
as: B(cc,min) 74

ª
27 253 4 37 23 105

as: B(cc,25) 74
ª

24 253 2 37 23 74
ª

as: B(cc,50) 74
ª

24 253 2 37 23 74
ª

as: B(ccc,min) 74
ª

30 253
«

3 125 23
«

105
as: B(ccc,25) 72

ª
27 253 3 114 21 102

as: B(ccc,50) 72
ª

27
«

253
«

3 114 21
«

74
ª

as: S(cc,min)B(cc,min) 72
ª

17 253 2 22 23 2

tha
/

t thecombination that nearly always achieves thebest contraction of all thosetried is the“asS(cc,50)”
co& mbination. The “asS(cc,min)” combination also faredwell many of the times, but occasionally the true
min-cut values were critical to obtainingfurther contraction.

Thecontractionprogramsthat involveonly theApathetic and Seriescontractionoperations(“a” and“s”)
are: actually very effective considering just how inexpensive they are to implement. Recall that these tests
e9 xamine only theneighbors of single nodes. These two contraction operations shouldalwÍ ays be

D
applied

firs
á

t, as they are e¬ nablingc& ontractions for themore powerful Best Static and Border contractions. Notice
tha

/
t in mostof thetest cases, theBestStatic or Border testsaloneare ineffective, while pre-contracting with

the
/

Apathetic and Series tests helps them considerably. Also notice that repeating theApathetic and Series
t

/
ests (“asas”) isnot worthwhile.

The
«

overall percentage of reduction achieved by the “asS(cc,50)” combination is shown in Table 6.
Initially, we did not expect to beable to contract thegraphsvery much for Case1 becau9 se redistribution is
fairly inexpensivein thiscase. With low edge-weights,wedid notexpect to find many O.S. subgraphs.The
resultsshowthat, on thecontrary, thetestsare effective even when â is

<
small.

I
G
n mostof thetrials,we used theBest Static and Border tests in a mutually exclusivemanner. Thefinal

c& ase chains thetwo together. In almostall of thetrials, we observe thetheresultsproduced by theBorder
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Table4: Thesizeof thecontractedgraphswith thecommunication parametersof Case2.

C
V

ontraction Results for Case 1: ã ä 10å æ ç 1 è é ê 1

m� ethod ADI
ë

Block
ì

Erle
�

LU Shal Tred TwoZ
ORIGINAL

í
232 108 666

©
21 445 105 335

s 68
©

35 283
«

5
¬

125 32 144
a: 220 84 548

¬
16 339 77

ª
310

as: 68
©

35 277
«

5
¬

125 32 144
as: as 67

©
33 273 5

¬
125 28 144

S(cc,min) 232 65
©

555
¬

3 445 16 73
ª

S(ccc,min) 232 84 552
¬

21 441 105 319
B(cc,m

ß
in) 232

«
62

©
555

¬
9

­
445

à
80 153

B(ccc,min) 226 54
¬

529
¬

7
ª

425 81 319
as: S(cc,min) 68

©
20

«
46

à
2

«
22

«
8 2

«
as: S(cc,25) 68

©
2 46 2 22 8 2

as: S(cc,50) 68
©

2
«

21
«

2
«

22
«

8 2
«

as: S(ccc,min) 68
©

24 241 4 125 29 70
ª

as: B(cc,min) 68
©

19 241 2 22 23 37
as: B(cc,25) 68

©
12 241 2 22 23 37

as: B(cc,50) 68
©

12 241
«

2
«

22
«

23
«

37
as: B(ccc,min) 66

©
20 241 3 125 21 70

ª
as: B(ccc,25) 66

©
11 235

«
3 114 21

«
70

ª
as: B(ccc,50) 66

©
11 235

«
3 114 21

«
70

ª
as: S(cc,min)B(cc,min) 68

©
19 46

à
2

«
22

«
8 2

«
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Table5: Thesizeof thecontractedgraphswith thecommunication parametersof Case3.

C
V

ontraction Results for Case 1: î ï 100ð ñ ò 10ó ô õ 1

method ADI Block Erle LU Shal Tred TwoZ
ORIGINAL

í
232

«
108 666

©
21

«
445

à
105 335

s 68
©

35 283 5
¬

125 32 144
a: 200

«
84 548

¬
16 339 77

ª
310

as: 68
©

35 277
«

5
¬

125 32 144
as: as 67

©
33 273 5

¬
125 28 144

S(cc,min) 232 87 555
¬

3 445 16 73
ª

S(ccc,min) 232 90
­

552
¬

21 441 105 335
B(cc,min) 232 81 555

¬
3 445 80 73

ª
B(ccc,m

ß
in) 226

«
60

©
529

¬
20

«
421

à
73

ª
335

as: S(cc,min) 5
¬

24 241 5
¬

22 8 2
as: S(cc,25) 5

¬
3 235

«
2

«
22

«
8 2

«
as: S(cc,50) 5

¬
3 235

«
2

«
22

«
8 2

«
as: S(ccc,min) 68

©
28 241 4 125 29 144

as: B(cc,min) 16 18 241 2 22 23 2
as: B(ccc,min) 66

©
18 241 3 125 21 144

as: B(ccc,25) 64
©

14 241 32 114 21 136
as: B(ccc,50) 64

©
14 241

«
32 114 21

«
136

as: B(cc,25) 16 3 241
«

2
«

22
«

8 2
«

as: B(cc,50) 16 3 241 2 22 8 2
as: S(cc,min)B(cc,min) 5

¬
18 241 2 22 8 2

Table6: Theamountof contraction asa percentageof thetotal size for thecombination “asS(cc,50).” This
pa5 rticular combination proved themosteffective overall.

Percentage Contraction using asS(cc,50)

ADI
ë

Block
ì

Erle
�

LU Shal Tred TwoZ
Cas

V
e1 82% 91%

­
62%

©
90%

­
95%

­
92%

­
99%

­
Cas

V
e2 71%

ª
98%

­
95%

­
90%

­
95%

­
92%

­
99%

­
Cas

V
e3 98%

­
97%

­
65%

©
90%

­
95%

­
92%

­
99%

­
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t
/
estsare worse than those producedby theBest Static test. This isnot surprising, because the Border tests

involvethewö orst static valuewhich is generally a loosebound.What is surprisingis that in somecases the
B

ß
order testsdo quitewell.

7 Conclusions

W
�

hen we began formulating algorithms for solving the distribution problem, we originally felt that so-
phistic5 ated optimization techniques would be needed. We now believe that contraction operations can
dr

A
amatically reduce the size of a distribution problem without losing information. With effective con-

t
/
raction operations, problemsizesbecome so small that less powerful optimization strategies may suffice.

I
G
ndeed, someproblemsbecome small enoughthat it may bepossibleto find optimal solutionsexactly.

Someissuesthat remain open arethese. Shouldonerelax therequirement that thecontractionoperations
remain lossless— contraction operationsmay beaccepted for subgraphsthatarenotnecessarily O.S. What
is thetradeoff, if this is done, between compile timeandrun-time? Is it better to do aheuristic optimization
of% a big but exact distributionproblem or an exact optimization of a small but approximate problem? We
al: so needto reexamine our subset selection procedure. It is interesting whether, in the few casesin which
the

/
contracted graph remains large, the reason is that we haven’t found the right subsets to test, or our

le
8

mmasare notpowerful enoughtto detect that thesetsweselect O.S., or simply that there aren’t any more
O.

ÿ
S. sets left to befound.
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Abstract
Data distribution is one of the key aspects that a parallelizing compiler for a distributed
memory architecture should consider, in order to get efficiency from the system. The cost of
accessing local and remote data can be one or several orders of magnitude difI ferent, and this
can dramatically afJ fect performance. In this paper , we present a novel approach to
automatically perform static data distribution. All the constraints related to parallelism andI
data movement are contained in a single data structure, the Communication-Parallelism Graph

K
(CPG). The problem is solved using a linear 0-1 integer programming model and solver. This
allows us to find the best solution for the problem for one-dimensional array distributions. TheI
solution is static in the sense that the layout of the arrays does not change during the executionn
of the program. An iterative approach is used to solve the multi-dimensional problem. WL e also
show the feasibility of using this approach to solve the problem in terms of compilation time
and quality of the solutions generated.I

1 Intr oduction
Data distribution is one of the key aspects that have to be considered in a parallelizing environment

for Massive Parallel Machines, in which each processor has direct access to a local (or close)

memory and indirect access to the remote memories of other processors. The cost of accessing a

local memory location can be more than one order of magnitude faster than the cost of accessing

a remote memory location. In these systems, the choice of a good data distribution can dramatically

affect performance because of the non-uniformity of the memory system. However, the data

distribution problem has been proved to be NP-complete in [Krem94].

Two different alternatives are currently offered to the user to address this problem. The first

one is to give him the responsability of deciding how data structures have to be aligned each other,

and distributed among the memory modules of the system. In this case, the sequential code is

annotated with directives and executable statements, offered by current languages such as
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Fortran D [FHKK90], High Performance Fortran [HPFF93], or V
M

ienna Fortran [ZBCM91]. The

second alternative is to leave this task to the compiler. In any case, classical aspects such as data

movement, parallelism, and load balance have to be taken into consideration in a unified way toN
efficiently solve the data distribution problem.

Once the data distribution strategy has been chosen, a sophisticated compiler must take care

of the explicit management of local name spaces, and generation of a message-passing single-

program multiple-data code for a given distributed-memory tarO get machine, where all processors

execute the same program, but operate on distinct data items. The basic compilation rule used by

most of the compilers is the owner computes rule, where the processor that owns a data item is theN
one that performs all the computations to update it.

Several researchers have targeted their research efforts to this topic. For instance, the Crystal

compiler and language project [LiCh90], the implementation of PARADIGM [Gupt92] on top of

Parafrase-2 and its continuation on the PTRAN II compiler [GMSS93], the compiler for the
P

ALEXI language [Whol92], the framework for the automatic determination of array alignment and
Q

distribution presented in [CGST93, CGSS94], or the automatic data layout strategy [BiKK94] for

use in the D programming environment.R

All these automatic or semi-automatic data distribution methods perform the job in two main
Q

independent steps: alignment and distribution. The alignment step tries to find appropriate
S

alignments between all arrays in a block of code, that is, to decide for each array the dimensions

that will be aligned into the dimensions of another array called the template (interdimensional
T

alignment), and for each aligned dimension, to decide whether it is better to shift the array with

respect to the template or not (intradimensional alignment). A good alignment will minimize theU
overhead of interprocessor communication. This goal could be trivially satisfied assigning all the

data to one processor, which minimizes the communication overhead. The distribution step decides

which dimension or dimensions of the template are distributed, and the number of processorsV
assigned to each of them. The mapping of the arrays is determined by their alignment with respect

to the template and its distribution. A good distribution maximizes the potential parallelism of the
T

code, and offers the possibility of further reducing communication by serializing. This goal could

be trivially satisfied assigning a datum to each processor
W

, which maximizes parallelism. The

distribution step depends on the alignment one, that is, once all arrays have been aligned, then they

have to be distributed. But there is a trade-of
X

f between communication and parallelism. The layout

that achieves the best performance could be one with a non optimal alignment. In other words, to
T

obtain the alignment strategy, some information about distribution should be considered.

Our approach builds the Communication-Parallelism Graph (CPG), a directed weighted

graph that holds information about both the data movement and parallelism inherent in a block of
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code. This information is used to formulate a minimal path problem with a set of additional

constraints, which is solved using a general purpose linear 0-1 integer programming solver. This

solver finds the optimal solution for both problems in a single step and in a small amount of time.

This allows us to minimize communication while maximizing parallelism, avoiding the use of
Y

heuristics and possibly wrong assumptions about distribution during the alignment phase. In
X

addition, the paper shows the feasibility of solving the problem using linear 0-1 integer

programming, which allows us to obtain more accurate solutions than other proposals. In theO
framework of automatic data distribution, the use of linear 0-1 integer programming solvers was

Z

proposed by [BiKK94] when looking for a dynamic solution for the data layout problem. ThisO
paper presents the method that finds the optimal solution for one-dimensional array distributions.O
The extension to multi-dimensional distributions is also outlined.

Y

Figure 1 shows the code that will be used as working example along the paper, and the

corresponding HPF [HPFF93] data mapping directives that are selected by our approach, after

performing the corresponding analysis and finding the minimal cost solution. The parallelizationO
directive in loop j has been specified using the syntax defined in [APR94].

The rest of this paper is or
Y

ganized as follows: in Section 2 we describe the Communication-

Parallelism Graph (CPG), the main structure of our approach. Section 3 shows how the constraints
P

in the CPG can be formulated as a linear 0-1 integer programming problem, when a single array
S

dimension is distributed. Section 4 gives some ideas about the extension of this work to multi-

dimensional distributions. Section 5 summarizes our implementation and shows our first

experimental results. Section 6 outlines some related work with special emphasis in the differences

between their and our approaches. And finally
W

, a few concluding remarks are given in Section 7.

CHPF$ DECOMPOSITION TEMPLATE(N, N, N)
CHPF$ ALIGN A(I,J,K) WITH TEMPLATE(K,J,I)
CHPF$ ALIGN B(I,J,K) WITH TEMPLATE(I,J,K)
CHPF$ ALIGN C(I,J) WITH TEMPLATE(1,I,J)
CHPF$ ALIGN D(I,J,K) WITH TEMPLATE(I,J,K)
CHPF$ DISTRIBUTE TEMPLATE(:,BLOCK,:)

do i = 1, N
CAPR$ DO PAR ON B<:,1~1,:>

do j = 1, N
do k = 1, N

B (i, j, k) = C (j, k) + i
A (k, j, i) = B (i, j, k) + 1

enddo
do k = 2, N

D (i, j, k) = D (i, j, k - 1)
enddo

enddo
enddo

Figure 1: Working example with data mapping directives.
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2 The Communication-Parallelism Graph
The main structure of our method is the Communication-Parallelism Graph (CPG). It is a directed

Y

graph that contains all the information related to communication and parallelism in a block of code.

The CPG is created from the analysis of all assignment statements within loops that contain one
Y

array in the left hand side of the assignment.

2.1 CPG Nodes

The nodes in the CPG are or
Y

ganized in columns. Each column represents an array, and it contains

as many nodes as the maximum dimensionality d of all arrays in the block of code. Each node in a

column, thus, represents one dimension of the array that will be mapped into one of the dimensions

of a common array called template with dimensionality d. If the array has dimensionality d’ < d,

then the column is padded with (d - d’) additional nodes. These nodes are included to allow an
T

embedding of the array on the template (sequentialization). As seen in the example in Figure 1,

array C is embedded into the first dimension of the template. Since four arrays are used in our

working example (three of them with dimensionality three, and one with dimensionality two) theV
CPG consists of 12 nodes (four columns with three nodes each). This is the basis of the CPG, over

which the communication and parallelism information will be added in terms of data movementV
edges and parallelism hyperedges.

2.2 CPG Data Movement Edges

Data movement information is obtained from the analysis of reference patterns. The meaning of
[

reference patterns is defined in [LiCh90], and represents a collection of dependences betweenU
arrays in both sides of an assignment statement. When the same array is used in both sides, the

reference pattern is called a self-reference pattern. For instance, consider the code example ofU
Figure 1. From the array assignment statements inside the loop nest, two reference patterns can be

M

extracted:

B (i, j, k)
\ ← C (j, k)

A (k, j, i)
] ← B (i, j, k)

and one self-reference pattern:

D (i, j, k)
^ ← D (i, j, k - 1)

For each reference pattern between two different arrays, (d * d) directed edges are added,

where d is the maximum dimensionality of all arrays. The edges connect all nodes of the array toV
be read (right hand side) to all nodes of the array to be updated (left hand side), and represent all

W

alignment possibilities between these two arrays. The weight that is assigned to the edge is a

symbolic expression that represents the cost of the data movement that has to be performed when

these two dimensions are aligned each other and distributed. This cost reflects the number of
T
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remote memory accesses that have to be performed, and it is a function of the number of processorsU
that will be assigned to this dimension, and the communication rate between two processors. When

T

a self reference pattern is found, d self edges are added in the column of the referenced array, one

in each node. As in the previous case, the weight is a symbolic expression that represents the cost
S

of the data movement that has to be performed when this dimension is distributed. Several edges

between a pair of nodes are replaced by a single edge with a weight equal to the sum of the original
W

ones.

In order to estimate data movement costs, reference patterns are matched with a set of

predefined data movement routines. The routines that have been used are listed in TO able 1, together

with the reference patterns that matches them. All the information in this table is machineV
dependent and should be tailored to the specific target machine [LiCh91].

In the example of Figure 1, when analyzing the first assignment statement, the following
_

edges between arrays B and C are inserted:

The communication primitive that is assigned as weight in the edge that connects the first
Y

dimension of array C to the second dimension of the array B (C[1]-B[2] for shorter) is alocal

memory access` . This means that if these two dimensions are aligned and distributed, when loading

the elements of array C to update array B all the memory accesses will be local. The same happens
T

if C[2]-B[3] are aligned. The cost of a
S

many-to-many`  data movement will be assigned to the edge

C[1]-B[1]. This means that if these two dimensions are aligned and distributed, a data movement

involving all processors will be performed while executing the loop. The same happens if
S

C[1]-B[3], C[2]-B[1], or C[2]-B[2] are aligned. And the cost of aone-to-many primitive will be

Pattern
a

Primitive

i p ≅ j p LOCAL MEMORY ACCESS

const (i p - j p) ONE-TO-ONE

const (i p) MANY-TO-ONE

const (j p) ONE-TO-MANY

i p ≠b  j p MANY-TO-MANY

T
c
able 1: Matching between reference pattern and communication primitive.

B C

dim 1
K

dim 2
K

dim 3
K

dim 1
K

dim 2
K

dim 3 (sequentialization)
K
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assigned to the edges C[3]-B[1], C[3]-B[2] and C[3]-B[3]. Distributing the third dimension of

array C means to sequentiallize it. So the processor owner of array C will have to send the whole

one

A similar set of edges and data movement information is added when analyzing the

assignment of B to array A. Finally, from the last assignment, a self-reference pattern is extracted.

The data movement edges added are self-edges. The communication primitive that is assigned as

weight to the self edge of the first and second dimensions of array D, is aV local memory access. A

one-to-one data movement is assigned to the self-reference pattern D[3]-D[3].

After adding the data movement information, the CPG (without weights) that is obtained is
Q

shown in Figure 2.a. In this graph, the edges due to the assignment of array B to array A, the

assignment of array C to array B, and the self assignment of array D can be seen. The cost functions

have not been represented.
X

Note that the CPG, when only filled with the data movement information, is not the
d

Component Affinity Graph (CAG) used by other authors [LiCh90, Gupt92]. The meaning of the

edges in the CAG is a preference for alignment, that is, how good is to align two dimensions. The

weight should reflect the extra communication cost incurred if those dimensions are not aligned.V
The problem is that one can not identify two unique alignment configurations under which the

Y

communication costs may be estimated and compared to determine the penalty. In our approach,

the meaning of one edge in the CPG is just the opposed, that is, how costly is (in terms of data
T

movement) to align and distribute the two dimensions. This cost is independent of any otherN
alignment strategy, and it will be useful to determine the distribution strategy.

A B
e

C
f

D

A B
g

C
f

D
h

loop i

loop jloop k1

(a)
i

(b)
i

Figur
j

e 2: CPG with (a) data movement edges and (b)  parallelism hyperedges.
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2.3 CPG Parallelism Hyperedges
Parallelism information is obtained from data dependence analysis. First, all loops that can be

executed in parallel are detected. In distributed memory machines you can fully parallelize one

loop when the loop does not carry any data flow dependence [Tsen93]. When all possible parallel

loops have been marked, the analyzer must only look at the left hand side of the assignments that

are inside any parallel loop. According to the owner computes rule, the processor that owns a data

element is the one who performs all the computations to update it. So if one loop is going to be

parallelized, it must be ensured for the arrays that appear in the left hand side of each assignmentO
statement inside the loop, that the dimension subscripted by the loop control variable of the parallel

loop is the one that will be distributed.

Concretelly, for each parallel loop, the analyzer searches for all the assignment statements

inside it with an array in the left hand side. If the array uses the loop control variable in any

dimension of its subscript, then the analyzer links the corresponding node to a hyperedge. The

hyperedge is a generalization of an edge, as it can connect more than two nodes, and in this case,

it is undirected. Each parallel loop has a hyperedge in the CPG. If all the nodes connected by a

hyperedge are aligned and distributed, then the corresponding loop can be parallelized. But if one

of the nodes connected by a hyperedge is not aligned, then the loop can not be parallelized, and

guard expressions must be inserted before each assignment in that loop [Tsen93].

The weight of a hyperedge represents the execution time that is saved when the loop is
Y

parallelized. This time is a function of the sequential execution time of the loop, the number ofO
processors that will be assigned to that dimension and the overhead due to the parallel executionO
itself.

S

In the example of Figure 1, after performing the data dependence analysis, one can see that
_

there is a single flow dependence carried by the second k-loop. This means that the i, j, and the first
T

k loops can be executed in parallel. So the parallelism information that the analyzer will add to the
k

CPG is shown in Figure 2.b. Three hyperedges have been added: one linking B[1], A[3], and D[1];

this one is associated to loop i. Another hyperedge links A[2], B[2] and D[2], and it is associated
T

to loop j. The last one links A[1] and B[3], and it is associated to the first loop k.
T

2.4 Problem Formulation
Once the CPG is built, it contains all the necessary information regarding data movement and

parallelism in the block of code analyzed. The weights in the CPG are expressed in a symbolicO
form, function of the number of processors that will be assigned to that dimension. If all symbolic

expressions in the CPG are replaced for its constant value assuming P processors, then the weights

in the edges will represent the cost of aligning and distributing the corresponding dimensions. In

this section, the CPG can be considered as an undirected graph, and all pairs of edges connecting
T
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two nodes in dif
T

ferent direction, can be replaced by a single undirected edge with weight sum of

the original edges. So if one node (dimension) of each column (array) is selected, the sum of the
T

weights of all data movement edges that connect any two nodes inside the selection is the total dataV
movement cost of the block of code when distributing the selected dimensions. SimilarlyN , the sum

of weights of all parallelism hyperedges whose nodes remain completely inside the selected set is

the total execution time saved when parallelizing and assigning P processors.
T

It can be assumed that there exists a path between any pair of columns in the CPG. If any set
_

of arrays is not connected, then this set will be analyzed independently, and assigned a different

template. The reason is that a relation (alignment) between two unrelated sets of arrays should not
T

be imposed. If an array is connected to the CPG but only through a hyperedge, then all nodes of
W

this array will be connected to all nodes of any other array with a data movement edge, and
T

assigned a null weight.

Now
d

, it can be ensured that the CPG is an undirected connected graph, where every pair of

columns are connected by a path, and all edges and hyperedges have constant weights. The

problem to solve is to find the set of nodes (one for each column), that minimizes the totalO
execution time. The total execution time can be computed as the sequential execution time plus the

cost in time due to data distribution and parallelization; according to the weights in the CPG, this

cost is the data movement overhead minus the time saved due to the parallel execution of the loops.

The problem is formulated as a linear 0-1 integer programming problem, where the objective
Y

function to minimize is the total execution time.
Z

3
l

One-dimensional Distribution

Linear integer programming is a tool for solving optimization problems. As stated by [BiKK94]

data layout problems can be very efficiently solved using linear integer programming. In this case,

the problem to solve is to find a path in the CPG that includes exactly one node of each column, so
T

that the sum of weights of the edges (data movement edges) minus the sum of weights of the
T

hyperedges (parallelism hyperedges) that connect nodes inside the selected path, is minimized.

This problem can be formulated as a linear 0-1 integer programming problem, that is, a linear

integer programming problem where each variable has two possible values: 0 or 1.

The model that we have selected is a shortest path problem with a set of additional

constraints. When formulating it, two dummy nodes are considered: a source S and a sink T. All

edges going from the dummy source S to each node in the first column, plus all edges going from

each node in the last column to the dummy sink T, must be defined as well. In addition, all columns

C with self-edges will be replaced by two columns named C and C’, and each node in column C

will be linked by an edge to each node in column C’. The weights of the new edges will be the sameV
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of the self-edge if it links two nodes of the same level, or infinite otherwise. This infinite weight

prevents from selecting two nodes of difO ferent level from the same column. Figure 3 shows the

graph that finally will be considered to solve the problem for the working example of Figure 1.

Neither infinite weighted edges are present, nor hyperedges.
d

As it is usual in this kind of problems, one 0-1 integer variable associated to each edge, plus
Q

one 0-1 integer variable associated to each hyperedge are defined.

Let Y
m

PQ
n  denote the set of edges connecting nodes in column P to nodes in column Q. When

YPQ
n  is not empty, it contains (d x d) elements. If S denotes the column associated to the source, the

sets YSP
o  are all empty, except when P denotes the first of the columns, and it has d elements.

Similarly, if T denotes the column associated to the sink, the sets YQT
p  are all empty except when

Q denotes the last of the columns, and it has d elements. Let YPQ[i, j] be the variable associated to

the edge connecting node i in column P to node j in column Q. Its value will be one if the
T

corresponding edge belongs to the path, and zero otherwise. Note that, as the graph is undirected,

YPQ[i, j] is the same than YQP
p [j, i]. Finally, if an index is assigned to each hyperedge, Zm will

denote the 0-1 integer variable associated to the m-th hyperedge. Similarly, its value will be one if

the nodes it links belong to the path, and zero otherwise.
T

To ensure the correctness of the solution, some constraints must be defined. There are four

types of constraints:
T

C1: The solution is a path.

C2: The path goes through one node in each column.

C3: All edges connecting selected nodes, must be included as well.

C4: If a node of a hyperedge is not selected, neither it is.

Constraints C1 ensure that the solution is connected. That is, for each column Q conected to more

than one column P and R, if one edge leading to a node in Q is selected in the set Y
T

PQ, one edge

leaving this same node must be selected in the set YQR
p . This can be graphically seen in the left

hand side of the next figure. In the right hand side there is a wrong case:

A B
e

C
f

D D’
h

S T

Edges added to connect
column D linked only

by a hyperedge
q

Edges added to
replace a self-edge

SinkSource

Figur
j

e 3: CPG with all the data movement edges that fulfils the properties mentioned in Section 3.
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In terms of the variables and their values, it can be stated that at each node of each column
_

Q (except S and T) connected to more than one column P and R, the sum of the values of the edges

that connect this node to column P
T

, must be equal to the sum of the values of the edges that connect

this node to column R. This must be accomplished for each pair of sets Y
T

PQ
n -YQR

p  with a column

in common.
S

Constraints C2 and C3 can be specified together. They ensure that only one node can be

selected in each column, and that all edges connecting two selected nodes, must also be included.

These can be accomplished forcing that, for each non empty set of edges YPQ, exactly one edge

must be selected. An example of this constraint can be seen in the left hand side of the next figure.

On the right hand side there is an example where the selection is wrong:

This can be stated, in terms of variables and their values, that the summatory of a non empty

set of edges YPQ must equal one. This set of constraints, must be accomplished for each non empty

set of edges.

As a consequence of these constraints, the path found in the solution can be not simple. This means

that it could contain cycles, or that the same node could be more than once in the path. Note that
T

this is not contradictory with the 2nd constraint, since exactly one dif
T

ferent node in each column

belongs to the path.
W

P Q R
r

PQ R
r

wrongscorrectt

YPQ
u j i

v ,[ ]
j

w
1=

ncolsx
∑ YQR

y i j,[ ]
j

w
1=

ncols

∑= i; 1…ncolsz=

P Q P Q

wrongscorrectt

YPQ i j,[ ]
j

w
1=

ncolsx
∑

i
{

1=

ncols

∑ 1 PQ; 1…nsetsz==
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Finally
M

, constraints C4 ensure the correct behavior of the hyperedges. A hyperedge m

belongs to the selection if all nodes linked by it have been selected. One node n of column P
W

belongs to the selection, if the value of one of the edges that connects it to any other column Q
W

equals one. Or in other words, if the summatory of the values of the edges that connect it to column

Q equals one. This can be stated, in terms of variables and their values, that the sum of the values

of the edges that connect the node n of column P to any other column Q, is greater or equal than

Z
|

m} , where Zm}  is the 0-1 integer variable associated to the m-th hyperedge.

This must be accomplished for each node linked by the hyperedge. For instance, in the CPG

corresponding to the example code of Figure 1, the hyperedge labeled i links nodes B[1], A[3] and

D[1]. Column A is connected to column B, column B is connected to column C, and column C is

connected to column D. This set of constraints, can be stated as:

The 0-1 integer variable associated to hyperedge labeled i is Z
Y

i
~ . In this case, if any of the three

summatories are zero, then Zi
~  will also be zero. This constraint must be formulated for each

hyperedge m in the graph.
X

Once all constraints have been formulated, the objective function to minimize must be

specified: the sum of the weights of all selected edges, minus the sum of the weights of all selected

hyperedges. Let p be the total number edges in the CPG. The sum of the weights of all selected
X

edges can be expressed as the scalar product in the space Rp�  of Y and C:

where Y represents the vector of all 0-1 integer variables associated to edges, and C represents theirV
respective weights.U

Similarly, let m be the number of hyperedges in the CPG. The sum of the weights of all

selected hyperedges can be expressed as the scalar product in the space Rm}  of vectors Z and T:

where Z represents the vector of all 0-1 integer variables associated to hyperedges, and T representsV
their respective weights.

T

Finally
M

, the objective function can be expressed as:

YPQ
u n jz ,( )

j
w

1=

ncols

∑ Z
�

m≥

YBC
� 1 j

v,( )
j

w
1=

ncols

∑ Zi≥ YAB
� 3 j

v,( )
j

w
1=

ncolsx
∑ Zi

{≥; YCD
� i 1,( )

i 1=

ncolsx
∑ Zi≥;

CostOfEdges Y C⋅=

CostOfHyper Z T⋅=

Cost CostOfEdges CostOfHyper−=
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The objective function must be minimized. When all constraints and the objective function
Y

have been specified, the integer linear programming solver finds the optimal solution (minimum)
X

subject to the specified constraints.

In the Appendix, the full description of the constraints set for the working example of Figure

1 can be found, using the syntax specified by the LINGO optimization modeling language

[LIND94].

4 Multi-dimensional Distribution

This section introduces some ideas to adapt this framework to the multi-dimensional problem. The

introduction will be made in two steps. In the first one we will assume that the number of

processors that is assigned to each dimension is known. In the second step, the problem will be toO
find the combination of processors that achieves the best performance.

4.1 The Number of Processors is Known

In this step, it is assumed that the number of processors that will be assigned to each dimension is

known. This means that if the template is a d-dimensional array, then a set (N1, N2, ..., Nd
� ) is known

beforehand, where (N
W

1 x N2 x ... x Nd
� ) = P, the number of available processors. This general case

includes the trivial one, when (N1, N2, ..., Nd
� ) is the set (P, 1, ..., 1). Data movement and parallelism

cost expressions are function of the number of processors assigned to each dimension, and the

block size. In the worst case, all N
W

k are different each other, so d different constant costs must be

computed. To do this, the original CPG is replicated d times, and the cost expression in the k-th

copy replaced for its corresponding constant value assuming Nk processors.

Now the problem is to find a path in each copy of the CPG that includes exactly one node in
d

each column, with the additional restriction that paths can not have any node in common. The sum

of the values in the data movement edges minus the sum of the values in the parallelism hyperedges

that remain inside all paths must be minimized. This is also modeled as a linear 0-1 integer
T

programming problem. SimilarlyO , one 0-1 integer variable is associated to each edge, and one 0-1

variable is associated to each hyperedge. Now� , each variable has a new index k, specifying the copy

of the CPG it corresponds to. In this case, let Yk
PQ[i, j] be the variable associated to the edge that

connects node i of column P to node j of column Q, in the k-th copy of the CPG. The same notation

is used for the hyperedges, where Zk
m represents the m-th hyperedge in the k-th copy of the CPG.

In order to ensure the correctness of the solution, the sets of constraints of the previous

section must be specified for each copy of the CPG, and an additional constraint must be added:

C5: Dif ferent copies of the same node can not be in different paths.
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This set of constraints ensures that paths will not have nodes in common. That is, for each
Y

non empty set of edges Y�
PQ
n , the number of selected edges that enters to each node and the number

of selected edges that leave from each node in all copies must be one. An example of a valid

selection of a non empty set of edges YPQ
n  can be seen in the next figure:

In terms of variables and their values, it can be stated that at each node i of column P
_

, the

summatory of values of the edges that connect different copies of this node to a non empty column

Q must be 1. And at each node of column Q, the summatory of values of the edges that connect

different copies of this node to column P must also be 1:

This model can be simplified in some cases. If the same number of processors is assigned to
Y

several template dimensions, a single copy of the CPG for them is enough, in which case two

different paths must be selected in this copy. Another simplification is to eliminate any copy k of

the CPG when its associated N
T

k
�  is 1. In this case, as the corresponding dimension is not distributed

but it is sequentialized, its cost does not af
W

fect the overall performance. In both cases, the set of

constraints must be slightly modified.

The problem that one can find with this formulation of the problem is that the weights in the
Y

different copies of the CPG are not related. For instance, the execution time of a parallel loop is its

sequential time divided by the number of processors assigned to that loop. But if this loop has a

nested one, and it is also parallelized, then the execution time of the outer loop is its sequential time�
assuming that the inner loop has been parallelized, divided by the number of processors. This

means that there is a relation between costs of the paths selected in each copyN . We are currently

working in this direction to have a more accurate model.V

4.2 Finding the Number of Processors
In this section we outline two different alternatives to the problem of finding the number of

processors that should be assigned to each dimension of the template. The most naive alyternativeO

P Q
�

P Q
�

P Q
�

COPY #1 COPY #2 COPY #3

Y1
PQ

�  [1, 2] Y2
�
PQ

�  [3, 1] Y3
�
PQ [2, 3]

YPQ
k i j,( )

j
w

1=

ncolsx
∑

k
�

1=

ncopiesx
∑ 1 i; 1…ncolsz==

YPQ
k i j,( )

i
{

1=

ncolsx
∑

k
�

1=

ncopiesx
∑ 1 j

v
; 1…ncolsz==
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would be to generate iterativelly all difV ferent sets (N1, N2
� , ..., Nd

� ) of processors, where

(N1 x N2
�  x ... x Nd

� ) equals the number of processors P; for each combination solve the 0-1 problem

and finally choose the best combination.

The second alternative tries to solve the problem in a single step. If P is a power of 2, then

log P different number of processors power of 2 (different than 20
�
 = 1) could be assigned to any

dimension. This is the number of copies of the CPG that we require. Cost expressions in the k-th

copy are replaced by its constant value assuming 2k processors, for each k = 1 ... (log P). Some

additional constraints have to be added to ensure that only d copies out of the (log P) copies of the

CPG are selected, and that these copies belong to a valid set (N1, N2, ..., Nd
� ) of processors such

that (N
T

1 x N2 x ... x Nd
� ) = P.

For instance, if the number of processors P equals 8, and the dimensionality of the template
M

is 3, then all valid sets of processors are: (8, 1, 1), (4, 2, 1), and (2, 2, 2). In this case 3 copies of
S

the CPG are required, the first one with 2 processors, the second one with 4 processors, and the
T

third one with 8 processors. The set of additional constraints, must ensure that:
T

• If one of the selected paths belong to the third copy (8 processors), then no other

path can be selected in any other copyO .

• If one of the selected paths belong to the second copy (4 processors), then one more

path in the first copy (2 processors) must be selected.O

• Otherwise, three paths must be selected in the first copy.

5
�

Some Experimental Results
The main elements of our tool are described next. The parsing of the code is performed using the

parser module of DDT [AGGL94], a tool to analyze reference patterns in Fortran programs, andO
built on top of ParaScope [KeKT90], an interactive parallel programming environment. DDT

W

obtains all reference patterns after performing some well known optimizations, like expression

substitution, subscript substitution, and induction variable detection that improve the quality and

quantity of reference patterns analyzed. A profile of the sequential execution is used to estimate the

costs of the parallel hyperedges in the CPG. Machine specific information is used to estimate the

costs of the data movement edges. The analyzer creates a data file with the set of constraints and

the objective function to minimize. This file is the input of a general purpose linear programming
T

solver, which minimizes the objective function, and generates an output file with the final value for

each 0-1 integer variable. The general purpose solver used is LINGO [LIND94].

The solution file is used to annotate the original sequential Fortran file with the data mapping
Y

and loop parallelization directives. This file is compiled using the xHPF [APR94] compiler form

APR Inc, which generates a message-passing Fortran parallelized program. Finally, the Forge
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Performance Simulator is used to predict performance, and to validate the solutions generated. All
P

parallel simulations have been done assuming 8 processors.O

The set of programs and routines selected1 to measure this proposal is listed in Table 2.

Routineeflux has been extracted from the FLO52 program in the Perfect Club, andtred2 is a

routine taken from the Eispack library. These have been analyzed in [Gupt92].rhs is the more time

consuming routine in the APPSP NAS benchmark, included in the xHPF benchmark set. From

program BARO, also in the xHPF benchmark set, routinesO intba1 andcomp have been extracted.

And finally, theerlebacher benchmark is a 3-dimensional tridiagonal solver that uses Alternating

Direction Implicit integration (also used in [BiKK94] to illustrate their dynamic layout techniques

and selected here because of its complexity).

The static characteristics of the set of programs analyzed are summarized in T
Y

able 2. This

includes the number of valid code lines in each program (this is, the number of lines once all
S

comment and null lines have been removed), the number of loops that can be executed in parallel

in our model of architecture (this is, loops without any loop carried flow dependence), the total
S

number of reference patterns (in brackets the number of reference patterns between dif� ferent pairs

of arrays), the number of arrays used in the programs, and finally the maximal dimensionality.

The complexity of the method is a function of the 0-1 integer variables required in the model,

and this is a function of the number of different reference patterns, the maximal dimensionality of

the arrays, and the number of possible parallel loops in the program. T
T

able 3 summarizes all this

characterictics, and the time spent in finding the optimal solution in a Sun SuperSparc 20.

As a summary
Q

, one can see that the analysis of programerlebacher is the one that requires

more time, as it is also the one that defines more number of 0-1 integer variables. RoutineN comp

spends 1.3 seconds, and all other analyses spend less than one second.

1. If the programs selected contain routine calls, these have been inlined. And if the code selected is a routine,
it has to be transformed into a program, replacing parameters and arguments by local variables.

Name
�

# lines # parallel loops # patterns # arrays Max Dim

eflux 58 11 161 (4) 5 3

tred2 96 11 38 (8) 4 2

rhs 353 37 346 (5) 4 4

intba1 71 10 30 (15) 10 2

comp 174 18 162 (43) 24 2

erlebacher 288 72 153 (56) 25 3

T
c
able 2: Characteristics of the selected programs.
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Finally
M

, Table 4 summarizes the run-time behavior of the selected programs. In the second

column the sequential execution time is listed. The third column reflects the simulated execution

time, when parallelizing the programs and assuming a default mapping. The default mapping for
T

each program is the distribution of the first dimension of all arrays, except for routinerhs, where

the first dimension only contains five elements, and the second one has been selected as default.
T

The speed-up achieved with this distribution is listed in the fourth column. The fifth column shows

the simulated execution time when evaluating the solution suggested by our tool, and its respective
T

speed-up can be seen in the last column. All times are expressed in miliseconds.

From this table one can see that the mapping selected by the tool for the first routine is the
M

default one. The same was selected in [Gupt92]. For routinetred2, the mapping selected achieves

a poor speed-up of 1.3, although the simulated execution time for the default one is more than 3

times the sequential execution time. In [Gupt92] the mapping selected was the default one, but in
T

a cyclic manner. Our tool does not yet generate cyclic distributions. However, the simulated

execution time for the cyclic distribution is very close to the default one. Routinerhs results in a

speed-up of 4.2 with the suggested mapping, this is, distributing the third dimension of all arrays;

while a speed-up of 3.6 is achieved with the default one. The parallel version of this routine givenV

Name
�

# 0-1 variables # constraints time

eflux 47 24 0.2 secs

tred2 43 31 0.3 secs

rhs 117 63 0.5 secs

intba1 70 73 0.5 secs

comp 190 180 1.3 secs

erlebacher 576 318 3.4 secs

Table 3: Complexity of the selected programs.

Name
�

Sequential time
Default

parallel time� Speed-up
� Suggested

�
parallel time� Speed-up

�

eflux 1727.6 282.6 6.1 282.6 6.1

tred2 707.3 2473.0 0.3 546.8 1.3

rhs 4371.6 1218.0 3.6 1053.0 4.2

intba1 400.9 138.7 2.9 81.3 4.9

comp 3618.6 1624.7 2.2 653.5 5.5

erlebacher 2571.1 4798.1 0.5 1795.5 1.4

Table 4: Run-time behavior of the selected programs.
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in the xHPF benchmark set suggests a distribution of the fourth dimension of all arrays; the run-
S

time behavior of these two alternatives is very similar
T

. Routinesintba1 andcomp also increase the

simulated performance with respect to the default mapping, doubling its speed-up. The selected

parallelization strategy is the same than the one suggested in the hand coded parallel version ofO
these routines included in the xHPF benchmark set. Finally

T
, programerlebacher reduces by 30%

the sequential execution time when distributing arrays as suggested by the tool, while the simulated
T

execution time of the program with the default distribution is almost twice the sequential one. The

selected mapping strategy parallelizes almost all outer loops in the program. The reason for the

poor speed-up is the amount of communication involved, in particular some reductions notO
detected by the parser module of our tool.

6 Related Work

Most of the fully automatic data distribution methods [LiCh90, Gupt92, Whol92, CGST93]
�

perform the job in two main steps: alignment and distribution. The main difO ferences between

different methods, is the kind of structure selected to represent the problem, and the way used to

formulate and solve it.
Z

For the alignment step, [LiCh90] proposal defines and uses the Component Af
M

finity Graph

(CAG) to represent alignment preferences, and it uses a heuristic algorithm to solve it. [Gupt92]

proposal uses the CAG, but weighted with data movement costs. TO o do this, a default distribution

has to be assumed. This proposal is more accurate than the previous one when weighting the edges
X

of the CAG, but the solver is based in the same heuristic algorithm. [Whol92] proposal uses the

preference graph defined by [KnLS90] in the framework of SIMD machines. This graph includesO
alignment preferences to preserve parallelism, but the resolution when the graph is in conflict is

also based in heuristics. [CGST93] defines the Alignment Distribution Graph (ADG) where nodes

represent computations, and edges represent the number of data items being communicated alongU
that edge. The alignment is found using a compact dynamic algorithm as a heuristic to determine

T

the minimum cost. In all cases, the alignment is solved independently of the distribution, and the
T

method used to find the solution is a heuristic algorithm.N

Once the alignment has been decided, a distribution must be selected. [LiCh90] generates the

communication routines involved in the program in a parametrized general form. Then, assuming

a specific target machine, more accurate data movement cost functions can be obtained. Finally,

this cost function is minimized and a particular distribution strategy is selected. [Gupt92] decides
T

what dimensions to distribute (maximum two dimensions), assuming a default number ofV
processors in each one and minimizing the total communication plus computation time. Then, ifO
more than one dimension must be distributed, it decides what number of processors to assign toN
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each dimension generating all possible combinations. [Whol92] uses a hill climbing search

method. Initially assigns all array elements to one processor and estimates this cost. Then it doublesN
the number of processors and chooses the dimension to assign the new ones, until all available

T

processors are utilized or until distribution no longer reduces the total cost. This method considersO
the case in which data is distributed through less processors than available. [CGSS94] selects a set

T

of candidate distributions based on the characteristics of the array objects, but not on any

parallelism consideration. Then, using the divide-and-conquer paradigm, a dynamic distribution isO
determined. In all cases, the distribution is selected after the alignment has been fixed, and except

for [LiCh90], an iterative method is used.
Z

In our approach, the CPG is built, a graph with information about both the data movement
_

and parallelism inherent in a block of code. The alignment and the distribution problems can then

be solved in an unified way
W

, and in a single step. This allows us to minimize communication while

maximizing parallelism. The solution found is optimal, as it uses a general purpose linear 0-1N
integer programming solver

S
. In the framekork of automatic data layout, the use of linear 0-1 integer

programming solvers was proposed by [BiKK94] in the frame of dynamic data layout.O

There are some works done that consider dynamic layout, like [BiKK94, CrPe93], or mobile
Y

alignment like [ChGS93], but this is out of the scope of this paper. Some other approaches try to

find a communication free data layout [RaSa91, HuSa91, ChSh93]. The alignment and distribution

problems are solved together by using linear algebra and the solution, when found, is optimal. ButO
most scientific code is not communication free, so these methods can not find a valid solution.N

7 Conclusions and Future Work

In this paper we have presented a novel approach to perform automatic data distribution for

distributed memory architectures. The novelty of the approach resides in the following two

aspects: problem formulation and problem solving. Most of the current approaches to perform

automatic data distribution work in two steps: first they solve the alignment problem (how arrays

are aligned each other) and then they solve the distribution problem (which array dimensions are

distributed and how many processors are allocated to each of them). In this paper we use the

Communication-Parallelism Graph (CPG), a data structure able to hold all the information required

to solve the two problems altogether
T

. The CPG contains edges that show communication

constraints and edges that show parallelization constraints in the program. Edges are weighted

according to their cost, in terms of data movement and computation time. Constraints in the graph

are formulated using a linear 0-1 integer programming model, where the problem to solve is to find

a path in the CPG that minimizes the overall execution time of the application. A general purpose

linear programming solver has been used in our experiments.
�



  

19

The preliminary experimental results show the quality of the data distributions generated by
Y

the tool, and the feasibility of using linear 0-1 integer programming models to solve these kind of
T

problems. In addition, it allows us to find an optimal solution in a small amount of time. WO e have

compared the solution generated by the solver with a default solution that would be generated by

a naive tool.

W
�

e have shown all the details about how the problem can be solved for one-dimensional

array distributions. The main ideas about multi-dimensional array distributions have been outlined.

A lot of additional aspects should be considered in the problem formulation in order to improve the
Q

accuracy of the model and therefore the quality of the solutions generated, such as integrating

communication optimizations [HiKT92] (detection and elimination of redundant communication,

overlapping of computation and communication, or combination of communication messages) or

control flow analysis.

W
�

e are also working in the direction of extending this approach to dynamic data mappings,

where a set of computational intensive phases are detected, the mapping for each of them isV
obtained, and remapping actions (realignment and redistribution) between phases introduced.
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Appendix
In the implementation, nodes source and sink are not considered. An integer identifier n has been assigned to each non
empty set of edges. In the example there are four dif� ferent sets of edges:YAB, Y BC, Y CD and� YDD’  respectivelly.
The set of all 0-1 integer variables is represented byY, and it is declared as an array of dimensionality  [n x d x d] , 
wheres n is the number of patterns between different pairs of arrays, andd is the maximal dimensionality of all arrays.
C is the array of the same dimensionality that holds the weights for each edge.Z represents the set of hyperedges and
is declared as a vector of dimensionality[m] , where  m is the number of parallel loops. V ector T holds the
corresponding weights associated to hyperedges.t

! Constraints f ile for example routine;
! 1-D DISTRIBUTION. EDGE BASED MODEL;
MODEL:

SETS:
! Declaration of variables;
maxdim /1..3/ : ;
numedg /1..4/ : ;
numhyp /1..3/ : ;
edges (numedg, maxdim, maxdim) : Y, C;
hyper (numhyp) : Z, T;

ENDSETS

DATA:
! Communication cost values;
C = ...list of (numedg x maxdim x maxdim) constant values...

! Parallelization cost values;
T = ...list of (numhyp) constant values...

ENDDATA

! Declaring all variables as 0-1 integer;
@FOR (edges: @BIN (Y); );
@FOR (hyper: @BIN (Z); );

! 1st constraint: the solution is a path, all edges are connected;
@FOR (maxdim(i):

@SUM (maxdim(j): Y(1, j, i) ) = @SUM (maxdim(j): Y(2, i, j))
);
@FOR (maxdim(i):

@SUM (maxdim(j): Y(2, j, i) ) = @SUM (maxdim(j): Y(3, i, j))
);
@FOR (maxdim(i):

@SUM (maxdim(j): Y(3, j, i) ) = @SUM (maxdim(j): Y(4, i, j))
);

! 2nd and 3rd constraints: exactly one edge must be selected;
@FOR (numedg(n):

@SUM (maxdim(i):
@SUM (maxdim(j): Y(n, i, j) ) ) = 1

);

! 4th constraint: correct behavior of hyperedges;
@SUM (maxdim(j): Y(1, 1, j) ) >= Z(1);
@SUM (maxdim(j): Y(2, 3, j) ) >= Z(1);
@SUM (maxdim(i): Y(3, i, 1) ) >= Z(1);

@SUM (maxdim(j): Y(1, 2, j) ) >= Z(2);
@SUM (maxdim(j): Y(2, 2, j) ) >= Z(2);
@SUM (maxdim(i): Y(3, i, 2) ) >= Z(2);

@SUM (maxdim(j): Y(1, 1, j) ) >= Z(3);
@SUM (maxdim(j): Y(1, 3, j) ) >= Z(3);

! Objective function to minimize;
CostOfEdges = @SUM (edges: Y * C);
CostOfHyper = @SUM (hyper: Z * T);
Cost = CostOfEdges - CostOfHyper;

END
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      list R such that element in pos. i 
      is in the right place, elements at
      its left come before, and elements
      at its right come after in the
      ordering>

     <reorder sublist R(left)..R(right) of 

 .......
 end program Quicksort

<initialize "stack" to empty>
<initialize "problem" to "initial problem">

    <split "problem">
    <push "a subproblem" onto "stack">
    <set "problem" to "other subproblem">

    <solve "problem">

      <pop "problem" from "stack">

repeat

  else

    endif
  endif
until* <"stack" is empty>

<"stack" is not empty>    if then
+

<"problem" is not "trivial problem"> then
+

  if

    flag       : boolean;
    K          : integer;
    RR         : data;

 type (data), dimension(limit) :: R
 type (stacknode), pointer :: top head of stack

 integer M,n
 type (boolean) :: notempty

 type (stacknode), pointer :: node, temp

problem,

 .......

   enddo
   <execute a straight sort on sublist
    R(left)...R(right) >

solve "problem"

"stack" is not empty
   if (.not.associated(top)) then

set "problem" to "other subproblem"

push "subproblem" onto "stack",subproblem
     node%left = i+1
     allocate(node)

     node%right = right
     node%next => top

     right = i-1
     top => node

initialize "stack" to empty

repeat until "stack" is empty

initialize "problem" to "initial problem"

"problem" is not "trivial problem"

 nullify(top)
 left = 1
 right = n
 notempty = true
 do while (notempty == true)

   do while ((right-left)>=M)

split "problem"

pop "problem" from "stack",
     left = top%left
     right = top%right
     temp => top
     top => top%net
     deallocate(temp)
   else
     notempty = false
   endif
 enddo

 integer left, right

 type stacknode
   integer left
   integer right
   type (stacknode), pointer :: next
 end type stacknode
 integer i,j

Program Quicksort

(a)

(b)
-

stack
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log2(NPROC)
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proc tree_node:±

end proc

depth_max = log2(NPROC)
if root node then
  depth = 1

else
  recv depth from parent

endif
if depth < depth_max then

  spawn a_son
  send depth+1 to a_son
  send "a subproblem" to a_son
  spawn other_son 
  send depth+1 to other_son
  send "other subproblem" to other_son
  recv "a subresult" from a_son
  recv "other subresult" from other_son
  join "result"   
else

endif   
if root node then

else
  send "result" to parent
endif 

  <prologue>
  <initialize "problem" to "initial problem">

  <split "problem">

  <tree traversal>

  <epilogue>

  recv "problem" from parent

coordinator

workerworker worker

(b)
²

(c)
²
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plan MATRIX-MATRIX-MULTIPLY ( ARRAY1: @array1ident,é
                              SC-PR-POS-IN-ARRAY1: @scPrPosInArray1,

                              MM-POS-IN-ARRAY1: @mmPosInArray1,

                              ARRAY2: @array2ident,

                              SC-PR-POS-IN-ARRAY2: @scPrPosInArray2,

                              MM-POS-IN-ARRAY2: @mmPosInArray2,

                              RESULT-ARRAY: @resArrayIdent,

                              MM-POS-1-IN-RES-ARRAY: @mmPos1InResArray,

                              MM-POS-2-IN-RES-ARRAY: @mmPos2InResArray)

consist of

  matr-vec-mul: MATRIX-VECTOR-MULTIPLY(ARRAY1: @array1ident,

                              SC-PR-POS-IN-ARRAY1: @scPrPosInArray1,

                              MV-POS-IN-ARRAY1: @mmPosInArray1,

                              ARRAY2: @array2ident,

                              SC-PR-POS-IN-ARRAY2: @scPrPosInArray2,

                              RESULT-ARRAY: @resArrayIdent,

                              MV-POS-IN-RES-ARRAY: @mmPos1InResArray)

          loop: COUNT-LOOP(CNT-VAR: @indexIdent, INIT-VAL: @@, LAST-VAL: @@, STEP-VAL:1)

such that

         scalar-prod: SCALAR-PRODUCT(@@)

                      PARENT(scalar-prod,matr-vec-mul)

  sc-pr-update-accum: ACCUM-PROD(@@)

                      PARENT(sc-pr-update-accum,scalar-prod)

                      CONTROL-DEP(sc-pr-update-accum,loop,true)

             mv-loop: COUNT-LOOP(@@)

                      PARENT(mv-loop,matr-vec-mul)

                      CONTROL-DEP(mv-loop,loop,true)

                      MEMBER(@SubScrExpArr2,@SubScrListArr2,@mmPosInArray2)

                      ANCESTOR(@indexIdent,@SubScrExpArr2)

                      MEMBER(@SubScrExpResArr,@SubScrListResArr,@mmPos2InResArray)

                      ANCESTOR(@indexIdent,@SubScrExpResArr)
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Program Version
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1 DO 5 I = 1, N

2 DO 3 J = I, N

3 Z(J,I) = A(J,I)

4 D(I) = A(N,I)

5 CONTINUE

6 IF (N .EQ. 1) GO TO 82

7 DO 63 II = 2, N

8 I = N + 2 - II

9 L = I - 1

10 H = 0.0D0

11 SCALE = 0.0D0

12 IF (L .LT. 2) GO TO 16

13 DO 14 K = 1, L

14 SCALE = SCALE + DABS(D(K))

15 IF (SCALE .NE. 0.0D0) GO TO 23

16 E(I) = D(L)

17 DO 21 J = 1, L

18 D(J) = Z(L,J)

19 Z(I,J) = 0.0D0

20 Z(J,I) = 0.0D0

21 CONTINUE

22 GO TO 62

23 DO 25 K = 1, L

24 D(K) = D(K) / SCALE

25 H = H + D(K) * D(K)

26 CONTINUE

27 F = D(L)

28 G = -DSIGN(DSQRT(H),F)

29 E(I) = SCALE * G

30 H = H - F * G

31 D(L) = F - G

32 DO 33 J = 1, L

33 E(J) = 0.0D0

34 DO 45 J = 1, L

35 F = D(J)

36 Z(J,I) = F

37 G = E(J) + Z(J,J) * F

38 JP1 = J + 1

39 IF (L .LT. JP1) GO TO 43

40 DO 43 K = JP1, L

41 G = G + Z(K,J) * D(K)

42 E(K) = E(K) + Z(K,J) * F

43 CONTINUE

44 E(J) = G

45 CONTINUE

46 F = 0.0D0

47 DO 50 J = 1, L

48 E(J) = E(J) / H

49 F = F + E(J) * D(J)

50 CONTINUE

51 HH = F / (H + H)

52 DO 53 J = 1, L

53 E(J) = E(J) - HH * D(J)

54 DO 61 J = 1, L

55 F = D(J)

56 G = E(J)

57 DO 58 K = J, L

58 Z(K,J) = Z(K,J) - F * E(K) - G * D(K)

59 D(J) = Z(L,J)

60 Z(I,J) = 0.0D0

61 CONTINUE

62 D(I) = H

63 CONTINUE

64 DO 81 I = 2, N

65 L = I - 1

66 Z(N,L) = Z(L,L)

67 Z(L,L) = 1.0D0

68 H = D(I)

69 IF (H .EQ. 0.0D0) GO TO 78

70 DO 71 K = 1, L

71 D(K) = Z(K,I) / H

72 DO 78 J = 1, L

73 G = 0.0D0

74 DO 75 K = 1, L

75 G = G + Z(K,I) * Z(K,J)

76 DO 78 K = 1, L

77 Z(K,J) = Z(K,J) - G * D(K)

78 CONTINUE

79 DO 80 K = 1, L

80 Z(K,I) = 0.0D0

81 CONTINUE

82 DO 85 I = 1, N

83 D(I) = Z(N,I)

84 Z(N,I) = 0.0D0

85 CONTINUE

86 Z(N,N) = 1.0D0

87 E(1) = 0.0D0

88 END
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