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Abstract. We present an expanded mixed finite element approximation of second order el-
liptic problems containing a tensor coefficient. The mixed method is expanded in the sense that
three variables are explicitly approximated, namely, the scalar unknown, the negative of its gradi-
ent, and its flux (the tensor coefficient times the negative gradient). The resulting linear system is
a saddle point problem. In the case of the lowest order Raviart-Thomas elements on rectangular
parallelepipeds, we approximate this expanded mixed method by incorporating certain quadrature
rules. This enables us to write the system as a simple, cell-centered finite difference method, re-
quiring the solution of a sparse, positive semidefinite linear system for the scalar unknown. For a
general tensor coefficient, the sparsity pattern for the scalar unknown is a nine point stencil in two
dimensions, and 19 points in three dimensions. Existing theory shows that the expanded mixed
method gives optimal order approximations in the L? and H ~*-norms (and superconvergence is
obtained between the L2-projection of the scalar variable and its approximation). We show that
these rates of convergence are retained for the finite difference method. If A denotes the maximal
mesh spacing, then the optimal rate is O(h). The superconvergence rate O(h?) is obtained for the
scalar unknown and rate O(h3/?) for its gradient and flux in certain discrete norms; moreover, the
full O(h?) is obtained in the strict interior of the domain. Computational results illustrate these
theoretical results.

Key words. mixed finite element, finite difference, tensor coefficient, error estimates, su-
perconvergence

AMS(MOS) subject classifications. 65N06, 65N12, 65N15, 65N22, 65N30

1. Introduction. We consider mixed finite element approximations of second
order elliptic problems with Dirichlet, Neumann, and Robin boundary conditions.
In mixed form, the problem is to find (u,p) such that

(1.1a) Vou=f in €2,
(1.1b) u=-KVp inQ,
(1.1c) p=gP on I'P,
(1.1d) u-v=g" on I'V,
(1.1e) u-v—glp=gL on T'%,

. . . =D =N =R
where ) is a bounded domain in R? (d = 2 or 3) with boundary 80 =T UT UT
(TPNTN =TPNTE =TV NTE = ), K(x) is a symmetric, positive definite second
order tensor with components in L>(2), v is the outward, unit, normal vector on
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9Q, and ¢gf(x) > 0. In applications to flow in porous media, p is the pressure, u is
the Darcy velocity, and K is the conductivity tensor (permeability divided by fluid
viscosity ); moreover, such boundary conditions arise naturally [5]. Generally, K is
a full tensor, either as measured directly or as homogenized from microscale data
to the grid-scale [6], [17], [20].

For simplicity, we assume that the problem has a unique solution; however, our
results carry over to the semi-definite, pure Neumann problem where I'V = 9Q and
f(x) and ¢V (x) satisfy the compatibility condition Jo f(x)dx = [, gV (x) ds(x).

We use affine mixed finite elements for approximating the solution of (1.1). We
concentrate on the case of the lowest order Raviart-Thomas spaces [27], [25], since
these are widely used in practice, though many of our results will be more general.

The usual mixed formulation requires the solution of a linear system in the
form of a saddle point problem, which can be expensive to solve. An alternate
approach was suggested by Arnold and Brezzi [4] (see also [10]). They used the
hybrid (or Lagrange multiplier) form of the equations. In their method, one elimi-
nates the velocity unknowns in terms of the pressures and the Lagrange multiplier
pressures that live on the element edges if d = 2 or faces if d = 3; furthermore, one
can easily eliminate the pressures to leave a system for the Lagrange multipliers
alone. Although there are more overall unknowns, it is simple to implement and
requires the solution of a sparse, positive definite linear system; that is, it is a face-
centered finite difference method. The lowest order Raviart-Thomas spaces have
one Lagrange multiplier unknown per edge or face.

In the case that K is a diagonal tensor and one uses the lowest order Raviart-
Thomas spaces defined over a rectangular grid, Russell and Wheeler [28] showed
that the system could be simplified by an appropriate use of quadrature rules. They
were able to approximate the usual mixed formulation so as to require the solution
of a sparse, positive definite linear system for the pressure unknowns. There is only
one such unknown per element, so the system is substantially smaller and therefore
easier to solve than in the hybrid method. Moreover, Russell and Wheeler showed
that in fact their quadrature rules turned the mixed method into a cell-centered
finite difference scheme with a five point stencil (or “computational molecule”) if
d =2, or seven if d = 3. Weiser and Wheeler [31] showed that the modified scheme
converges at the rate of the unmodified scheme. This is true also of the super-
convergence that is obtained for the velocity u and pressure p in certain discrete
norms [24], [16], [18]. If h denotes the maximal mesh spacing, then the optimal
convergence rate is O(h), but O(h?) superconvergence is obtained in these discrete
norms for the pure Neumann problem.

The main goal of this paper is to derive and exploit a connection between the
expanded mixed method and a certain cell-centered finite difference method. Using
approximate integration, a cell-centered finite difference stencil for the pressure will
be obtained after eliminating the velocity when K is not diagonal, without any
loss in the rate of convergence, and retaining the superconvergence phenomenon.
This has two advantages, first, a sparse, positive definite linear system results, and,
second, the method can be relatively easily incorporated into existing standard cell-
centered finite difference reservoir or groundwater simulators that handle diagonal
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K [26]. We also address another computational difficulty, namely, that in practice
the conductivity K can be zero in a subdomain of 2. The standard mixed vari-
ational formulation requires inverting K, an impossibility in this degenerate case.
Although our theory does not extend to the degenerate case, our scheme is at least
computationally well defined.

We consider the following expanded mixed formulation of (1.1) by explicitly
introducing the negative pressure gradient. We find (u, u, p) satisfying (1.1) with
(1.1b) replaced by

(1.2a) ua=-—Vp inQ,
(1.2b) u

Let V% and V¥ be the subspaces of V = H(Q; div) consisting of functions with
normal trace on 'V (weakly) equal to zero and g%V, respectively, let V= (L2(Q)),
let W = L*(), and let A = H'/2(9Q). Let (-,-)s denote the L?(S)-inner product
(i.e., integration over the set S), or the duality pairing, where we omit S if S = Q.
We have the following equivalent variational formulation of the expanded system

(1.1a), (1.2), (1.1c)(1.1e): Findue V¥, @€ V,p€e W, and )\ € A such that

(1.3a) (V- -u,w) =(f,w), we W,
(1.3b) (a,v)=(p,V-v)—(¢P,v-v)ro —(\,v-v)pr, veV
(1.3¢) (u,¥) = (K1, ¥), vev,
(1.3d) (u-v,w)re = (g3 + g1' A, )rs, pe A

One of the authors described the use of the expanded mixed formulation briefly
in a practical setting in [32]. A similar formulation was considered by Chen [11] to
approximate a nonlinear problem, using only the BDM spaces [9]. He also presented
a convergence analysis (see also [12]), but did not discuss implementation. Koebbe
[21] used the expanded mixed formulation to solve problems with a tensor coefficient.
He was concerned with implementation, but he did not attempt to obtain a finite
difference stencil. Rather, he solved a saddle point problem. We consider a more
general set of test and trial functions than either [11] or [21], since they both took
V=V.

The rest of the paper is organized as follows. In Section 2 we formulate the
discrete approximation of (1.3). Stability and solvability are shown, and a conver-
gence theorem is given in Section 3. The cell-centered finite difference stencil for
the pressure on rectangles is derived in Section 4 and analyzed in Section 5, showing
convergence at the optimal convergence rate O(h); moreover, our superconvergence
results for both u and p are presented in this section. It turns out that super-
convergence for p and A is of rate O(h?), but for u and 1 it is only O(h3/2?), being
degraded somewhat by the treatment of the boundary conditions; however, we show
that full superconvergence of rate O(h?) is obtained for u in the strict interior of the
domain. Finally, in Section 6 we discuss some numerical results demonstrating our
convergence results. We also present a modification of the finite difference scheme
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that apparently achieves the full O(h?) superconvergence even up to the domain
boundary.

2. The expanded mixed finite element method. Let {7} },5¢ be a quasi-
uniform family of finite element partitions of {2 such that no element crosses the
boundaries of TP, T'N or T'®, where h is the maximal element diameter. Let Vj, x W},
be any of the usual mixed finite element approximating subspaces of H(2; div) x W;
that is, the RTN spaces [29], [27], [25]; BDM spaces [9]; BDFM spaces [8]; BDDF
spaces [7], or CD spaces [13]. Let A, C L*(99Q) be the corresponding hybrid space of
Lagrange multipliers for the pressure [4], [10] restricted to 9. Define V! = V;,NV?,
VN ={veVy:(v-v—g¢gV u)ry =0for all p € Ay}, and AF = Ah‘FR'

Let V, be a finite element subspace of V satisfying VhN C Vi. Generally
speaking, V, should have full flexibility on T'V. Note that we do not require Vj, C
H(Q;div), since continuity of the normal component across the edges is not needed.
Thus we can think of V}, as a possibly discontinuous version of V}, with full degrees
of freedom near 992 (although later we will simply take Vi = Vi).

In the mixed finite element approximation of (1.3), we seek u, € V', 1), € Va,
pp € Wi, A € Af such that

(2.1a) (V-up,w) =(f,w), w e Wy,
(2.1b) (g, v) = (pn, V-v) = (¢P,v - v)pp — (Ap,v-v)rr, veEVL,
(2.1¢)  (up,¥) = (K, V), v €V,

(21d)  (up v, p)re = (955 + g1 An, p)re, pe AR

We have many families of methods for various choices of Vj,.

We find it convenient for the analysis and for finite differences below to for-
mulate the scheme without explicit reference to the Neumann boundary condition.
Both Neumann and Robin conditions affect the flow or flux, so let I'Y" denote the
interior of IV UT® and define

JF = 0 onI¥ oF = gV onTV
! gf‘ on FR, 2 gf‘ on FR,

and Af = Ay An equivalent formulation is to find u; € Vi, uy, € ‘N/h, pn € Wy,

-

Ap € Af such that

(2.2a) (V-up,w) =(f,w), w € Wy,
(22b) (ﬁh,V):(ph7V'V)_(gD7V'7/)FD _(/\’HV'V)FFJ VEVh,

(2.2¢)  (up,¥) = (K, V), ¥ €V,

(2.2d)  (wp-v,p)rr = (95 + 91 An, p)rr, pe .

It is easy to see that this modification does not change the scheme (2.1).

3. Convergence of the expanded mixed method. In this section we
present some error estimates for the approximate solution. For a domain S, let
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| - |l;.q.5 denote the norm of W/4(S), the Sobolev space of j-times differentiable
functions in L4(S), and let H’(S) = W72(S), || - ||;.s denote its norm, and || - | ;s
denote the norm of its dual space H7(S) = (H’(S))". We may omit S if § = Q.
Our error will be measured in the norms of L? and H~*. We let C' denote a generic
positive constant that is independent of the discretization parameter h.
We make explicit the following five hypotheses:
(H1) the problem (1.1) is 2-regular, i.e., given f, ¢, and ¢f', there exists a
unique solution p € H*() such that

Iplla < C{llfllo + HEIDH?)/z,FD + ||92F”1/2,FF}7

where C' depends only on Q, K, and ¢

(H2) V-V, = Wy,
(H3) V- 1/|39 = Ap;

(H5) K is uniformly positive definite in 2, and ¢gf* > 0.

Sufficient conditions for (H1) can be found in standard references on the theory of
elliptic partial differential equations (such as [22] and [19]; e.g., Grisvard [19] gives
the result for a two dimensional, convex domain with a pure Dirichlet or Neumann
boundary condition). The second and third hypotheses hold for the usual spaces
defined over triangles, tetrahedra, prisms, and rectangular parallelepipeds.

We need four projection operators and their approximation properties. Let Py,
denote L2?-projection of W onto W},: For ¢ € W, Pro € W}, is defined by

(Pre —p,w) =0, weW,.
For p e W,
(3.1) [Pag — oll—s < Cllgl; W, 0<s<l,0<)<1,
where [ is associated with the degree of the polynomials in W). Similarly, let I
denote the L%-projection of V onto V}, and Qj, denote L*(9)-projection onto Ay
(or more often L%(T't")-projection onto AL). For q € H’(Q) and v € H?(99Q),
(3.2) la — gl < Cllall; /**, 0<s<k 0<j<k,
(3.3) 191 — ¢l —s.00 < Cll¢]lj00 B, 0<s<m, 0<j<m,

where k£ and m are associated with the degree of the polynomials in V}, and Ay,
respectively, and where in (3.3) we can restrict to I'"".

Each of the mixed spaces we consider has a projection operator IT : (H*(2))? —
Vi, with the four properties

(3.4) (V-lIq,w) =(V-q,w), weW, (ie, V- -IIq="P,V-q),
(3.5) Mg —qllo < Cllall; »*, 1<j <k,
(3.6) (Hq-v,p)e =(q-v,p)e, p €Ay (ie,lq-v=0rq v),

where e i1s any element edge or face. The divergence and normal fluxes are well
approximated by (3.1) and (3.3).



6 T. ARBOGAST, M. F. WHEELER, AND I. YOTOV

REMARK. For all our mixed spaces, [ < k and m = k. For the RTN and
BDFM spaces, [ = k, and for the BDM and BDDF spaces, [ = k—1. The CD spaces
generalize these spaces on prisms. The lowest order RTN spaces have k =1 =m = 1.

Before considering convergence, we show that the solution exists and is both
unique and stable.

THEOREM 3.1. Assume (H1)—(H5). If (up,Qp,pn, An) is a solution to (2.2),
then

(3.7a) [V -unllo <[ £lo,

larllo + l[@nllo + llur - vllo.re + llpnllo + |[\/9f Arllg e + IARI 1 j2,rr
< C{lIfllo + HEID”l/z,FD + H92F||1/2,FF}7

where C depends on Q, | K||1,00, and ||gf ||o,co.r-
Proof. In (2.2), take w = V - u, € W), to see (3.7a), and v = u;, € Vi, and
p=1up v e AL to see that

(3-8) [arllo < Clltnllo,

(3.9) lup - vllorr < C{|lg3 llo.rr + I gf/\hHo,FF}'

Now let v =uy, v =0y, w = pp, and p = Ap. Together, the four equations of
(2.2) imply that for any € > 0,

(3.7b)

(K, n) + (91 An, An)rr
= (fpn) = (g7, wn - v)ro — (g5, An)re
< CLIFIS + g™ N3 jo00 + g2 113 o pe )
+ellpnll + llanlls + IV - walls + lwn - v[I§ v + [A0l12 )2 0 }s

(3.10)

where we use the following argument to handle T'P. Let EgP” € H'(Q) denote an
extension of ¢ such that

(3.11) IEg”lls + 1Eg” 11 /2,00 < Cllg®ll1j2,r0
(first extend onto 02, and then extend into Q). Then for any v € V},,
(312) (gDav ' V)FD = (E9D7V ' V) + (VEgD,V) - (EgD7V ' U)FF'

We use a duality argument to control the pressures. Given p € L*(Q) and
o € HY/3(T'F), solve the problem

(3.13a) —V-KVp=p inQ,
(3.13b) =0 onTP,
(3.13c) —KVy-v—gfp=9 onT¥F,

By elliptic regularity,
(3.14) lellz < C{llpllo + ¢l 2,07 }-
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Let v=—IIKVy € V},. Then (3.4), (3.6), and (3.5) show that V-v = Ppp € Wy,
v-v =0+ gfp)on Tt and

(3.15) [vllo + IV - vllo + [[v - vllo,re < C{llpllo + 1111 /2,07 }-

Now (2.2b) implies that

(P> p) — (Ar,¥)rr = (g, V) + (9D7V “V)ro + (/\hvgfﬁﬁ)rF

< C{|ltnllo + HEIDH1/2,FD + H glFAhHO’FF}{HPHO + 1% ll1 /2,07 }

using the argument of (3.11)—(3.12) above. Therefore, first with p = pj, and ¢y =0
to obtain an estimate of ||pp||o, and then with p = 0 and a supremum on @ having
unit norm to obtain an estimate of |[Ax||_1 /5 rr,

(3.16) lpallo + 11Aull -1 /2,0 < C{llTnllo +llg”ll1jz,r0 + [\ o1 Allg pr }-

For e small enough, the theorem follows from (3.10), (3.7a), (3.8)—(3.9), and
(3.16). [

Since (2.2) is a finite dimensional, square, linear system, uniqueness is equiva-
lent to existence. To see uniqueness, let f = ¢” = ¢" = 0.

COROLLARY 3.2. Assume (H1)—(Hb5). There exists a unique solution to (2.2).

The next theorem expresses the error in approximating (1.3) by (2.2).

THEOREM 3.3. Assume (H1)-(H5). There exists a constant C, independent of
h and dependent on 2, p, u, | K||o,00, and Hgf”o’oo’pp such that

lu—uyllo + [0 — @gllo + H\/ gf (A = /\h)Ho,FF
(3.17) < C{|lu = Tullo + & — Tiflo + [|A — QuAllo.rr }

< Ch, 1<j <min(k,m),

IV-(u—up)l-s = V- (u—Tu)| -,

(3.18) 4
<CHTE, 0<s<1,0<j<I,
(3.19) (= un) - vllorr < C{fly/of' A = M) pr + 11(0 = TTw) - v]jo pr }

<CKW, 0<j< min(k, m).

Moreover, if 0 < s <min(k,l[,m)—1, Q is (s + 2)-regular, and C depends also on
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| K || s+1,00 and HngH_LOO’FF, then for any 0 < j <min(k,l,m),

[Prp — prll-s + |1QnA — /\hH—s—l/z,FF
(3.20) < Ol —dnllo + flu —wnllo + IV - (w—wp)llo + [(w —wp) - o rr

+ H\/ glF(/\ - /\h)HO,I‘F + HQh/\ - /\HO,FF}hS+1 < Chj+8+17
(321) |lp— pall-s < CRIT?,
(3-22) H/\ - /\hH—s—l/Z,FF < ChHSH/za

lu—up|[— + [0 — @y
< C{[lla—danllo + lu—upllo] 2*
+ [IPwp — prllo + 190X = Anllore] 22
+ | Php — pall—s41 + Q1A = Aull _sy1jorr } < CRITE

(3.23)

REMARK. This theorem implies optimal order convergence for ||p — pn|—s,
|lu — upl|—s, |0 — An||=s, and ||V - (u — up)||—s. Moreover, Pyp and p;, are super-
close in the H ™ *-norm.

Proof. The theorem can be shown using techniques that have been developed
for the analysis of the usual mixed method. For example, using the four projection
operators, the proof is a relatively simple extension of that presented by Douglas and
Roberts [15]. Chen [11], [12] also analyzed a similar expanded mixed method. We
present briefly the proof here for completeness and for later analysis of the finite
difference scheme (see also [1], where a somewhat more general expanded mixed
finite element method is studied).

From (1.3) (with (1.3b) and (1.3d) extended to I'f") and (2.2) we get the error

equations

(3.24a) (V- (Iu —uy),w) =0, w € W,
(3.24b) (T — Gy, v) = (Pap — pa, V- V) — (QuA — A, V- v)pr, v E Vi,
(324c) (u—u,, V)= (K(d—1s),V), v e Vi,
(3.24d)  ((Hu—wp) v, @)rr = (g1 (A = An)s p)rr, pe Ay

Take w = Ppp — pp, v=lu —uy, v=1Iu — ay, and p = QA — Aj, to obtain
the error estimate

I~ Gl + 3/af O~ M)l < Ol — Tuo + 1 — 6o + A~ QuAllrr ).
and take v = IIu — uy, to see that
lu — w0 < C{llu—ullo + [|& — @xlo}-

Together with the approximation error estimates, these give (3.17). Now take w =
V - (ITu — uy,) to see that in fact

(3.25) V.- (Ilu —uy) =0
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thus, (3.18) follows. Finally, take = (ITu — uy, ) - v to see that

lta = wp) - vllo,rr < C{[ly/gf" (A = M)l e + ll(w = Tw) - vflo,pr },
giving (3.19).

The estimates (3.20)—(3.22) of the pressure errors are more involved. Let p €
H3(Q), ¢ € HSTYXTF), and ¢ € H*T2(Q) solve (3.13), and set v = —IIK Ve € Vj,.
Then Vv =Pup, v-v = Qu(gF ¢ + ) on 'Y, and (3.14)(3.15) hold. In fact, by
the (s + 2)-regularity,

(3.26) lells+2 < C{llplls + 1% llot1 /2,00 }-
Now (3.24Db) gives
(Prp = phyp) = (LA — A, )rr
(3.27) =—(a— 1, [IKVe - KVp) — (K(a - ), Ve —1IVyp)
= (K(0 = @), [IVe) + (QnA = Ans g1 @)

and, using (3.24c¢), integration by parts, (3.24a), and (3.24d), the last two terms are

— (K (it — 11,), TIV) + (Qr A — An, g @)rr

u—u,, Ve — Vo) — (u—up, V) + (67 (QnA — An),@)rr
u—u, IVe = Vo) 4+ (V- (u—up),¢)

u—up) - v,0)rr + (g1 (QrA — Ar),@)rr
w = w, IV — V) + (V- (u = i), ¢ — Pag)

(w—wp)-v,0 — Qup)rr + (91 (A= An), o — Que)rs
+(QrA = A, g1 0 — Qu(gf @))re.
Therefore,
(php —Phyl)) - (Qh/\ - Ah7¢)FF
< C{llt — anllo + llu— upllo + |V - (w —up)|lo + [[(u —up) - v|lo rr
+ ol A =2)lg e + 190X = Allo.rr }
(3.28) x {IIKVe —IEVelo + [[Ve = IVe|o
+ [l — Prello + lle — Qrellorr + gt — Qulgl @)llorr }
< C{l[a— o+ lu—upflo + IV - (u—wp)llo + [[(u —up) - v|[grr
+ V9 A = 2A0)[[g e + 1Q0A = Allo,re Hllls2h* .

Take 1) = 0 and a supremum on p € H*(2) having unit norm to obtain an estimate
of |Prp — pa||—s, and then take p = 0 and a supremum on ¢ € H*T'/2(I'F') having
unit norm to obtain an estimate of || QA — Ap||—s—1/2,77.

(
(
(
(
(
(
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We finally obtain the estimates (3.23). Take v € (H*(Q2))? and v = I3 in
(3.24b) to see that

(@ —up, ) = (0 —0p, ¢ — 1Y) + (Pap — pr, V- (Il — )

—(QrA = A, (I — ) - v)pr
+ (Prp = pr: V- ¢0) = (@A — A, ¥ - v)pr

<@ —anllo | =g lo + |Pap — pallo IV - (1 — 4)]fo
+1QuA = Anllorr (T — ) - v]fo,rr
+ [I1Pap = pall—st1 + 1Q0A = Ml o1 y2,0e ] 91l

< C{lIla —anllo 2 + | Prp — pallo + 1Q0A = Arllorr]p*7!
+ |1Prp — pall—s41 4+ |QnA = Anll—sg1 /2,07 S0 ]]s-

This gives the second part of (3.23). The rest of (3.23) is similar, starting from
(3.24¢). [

4. A cell-centered finite difference method. In this section we derive a
finite difference stencil for the pressure in the case of the lowest order RTN spaces
on rectangles [27], [25]. Recall that on an element E € 7y,

Vi(E) = {(041351 + 31, agxy + B, azx3 + 53)T cag, B € R},
Wi(E) ={a:a € R},

and on an edge or face e,

An(e) = {a ta € R},

where the last component in Vj, should be deleted if d = 2. We use the standard
nodal basis, where for V}, and Aj the nodes are at the midpoints of the edges or
faces of the elements, and for W the nodes are at the midpoints of the elements
(cell-centers). We choose Vi, = Vj in (2.2).

Our goal i1s to express approximately u; and uy in terms of p, and A, from
(2.2b)—(2.2d); then (2.2a) will give us an equation for the pressures. To do this, we
use numerical quadrature rules for evaluating some of the integrals in (2.2). The
approximate problem is to solve for uj, € Vj, @, € Vi, pr € Wy, and A, € AL such
that

V.up,w)=(fw), w € Wy,

ﬁhav)TM = (phav : V) - (gD7v : V)FD - (A’Hv ' V)FF7 v E Vh7

(
(
(up, V)rm = (Kap, V)T, v e Vy,
(un - v, p)rr = (95 + 91 An, e, peAy.

In this paper, (-, )m and (-, -)r mean an application of the midpoint and the trape-
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zoidal rule, respectively (in each coordinate direction), and for v, q € RY,

(vi,q1)TxM + (v2, G2 )MxT if d =2,

(v,q)t™m = {

(v1,q1)TxMxM + (v2,¢2)MxTxM + (v, g3 )MxmxT if d = 3.

In other words, for computing an integral of the :th component of the vectors,
i = 1,2(,3), we apply the trapezoidal rule in the ith direction and the midpoint
rule in the other directions. This choice of quadrature rules is compatible with the
nodal basis functions for Vj,; it gives diagonal coeflicient matrices for @ in (4.1b)
and for uy in (4.1c¢). This technique is sometimes referred to as a lumped mass
approximation. It happens that for v,q € Vj,

(v,d)tm = (v, q)T.

Also, the matrix given by (v;,Vv;)1rm, where ¢ and j run over a nodal basis of Vj,
is diagonal, independently of whether K is diagonal or not. This explains why the
expanded mixed method was used.

With the aid of Fig. 1, we now describe the meaning of (4.1). Equation (4.1b)
expresses the normal component of u;, at any nodal point as a difference of the
pressure at the midpoints of the two adjacent elements (see Fig. 1 (a)), or, near the
boundary, as a difference of a pressure and either a Lagrange multiplier pressure or
a Dirichlet pressure. This corresponds to a finite difference approximation of the
equation u = —Vp.

Equation (4.1c) expresses the normal component of u; at any node by the
normal components of @1, at the nodes of the adjacent elements as in Fig. 1 (b).
Note that u; does not depend on the components of Gy, on the far left and right
edges. Thus we get a relatively compact finite difference approximation of the
equation u = Ku.

Finally, substituting (4.1b)—(4.1d) in (4.1a), we obtain a finite difference stencil
for the pressure, an approximation of the elliptic equation —V - KVp = f, (see
Fig. 1 (¢)). We get a nine point stencil in two dimensions and a 19 point stencil in
three dimensions.

If K is a diagonal tensor, the stencil is reduced to five or seven points, and
we recover the scheme of Russell and Wheeler [28], except that K is evaluated at
somewhat different points. The difference is that in [28] the TM rule for the last
integral in (4.1c); whereas, here we use the trapezoidal rule to maintain symmetry
in the case that K is not diagonal.

If a uniform mesh and a constant K are used, we obtain a standard finite
difference procedure. In the strict interior:

fij h? = 2(K11 4 Ko2)ph,ij — Ki1(phyi—1,j + Phi+1,5) — Ko2(Phyij—1 + Phij+1)
+ %K12(ph,i+1,j—1 + Phyi—1,j+1 — Phyi—1,j—1 — Ph,i+1,j+1),

and the local truncation error is O(h?), except near the boundary. Many other
O(h?) finite difference schemes can be constructed that vary mainly in how K is
treated and the second order derivatives are approximated (see standard texts of
finite difference methods, e.g., [30] or [23]). We show in the next section that our
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® = uy, and uy &
(a) 3
X = up only . . °
® = Dn 2
o
° ° °

(b) (c)

Fig. 1. Nodal points for the standard basis functions (d = 2).
(a) Stencil for the dependence of @, on py,.
(b) Stencil for the dependence of uj, on @y
(c) Stencil for the pressure py,.

scheme has global convergence properties. Moreover, it is symmetric and locally
conservative, and it has a compact 9 or 19 point stencil and connections to mixed
finite element methods. Moreover, it can be extended easily to nonrectangular grids

(see [1], [3], and [2]).

5. An error analysis of the finite difference method. For either quad-
rature rule Q, let xs denote the characteristic function of the set S and extend the
definition of the discrete inner products to

(w, w)Q,S = (w, 'LUXS)Q
Forw e WNC%Q), v e VN (CO(Q))d, and h implicitly fixed, let
lwlih,s = (w,wims, IVITms = (v.V)rm,s, and  [[V[Ts = (v, V)15,

where again we omit S if S = (2; these can also be defined on W}, or Vi, where they
are norms. Clearly for v € V},,

1
(5.1) clvlle < lvllesm = [Ivilr < Clivllo,

that is, these three norms are equivalent.
THEOREM 5.1. Assume (H1)—(H5). There exists a unique solution to (4.1). If
(up, Up, pr, An) 18 the solution to (4.1), then (3.7a) and (3.7b) hold.
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The proof is analogous to that given for Theorem 3.1 and its corollary, using
(5.1).

Let us proceed with our error analysis of the finite difference scheme. We
present proofs only for the case d = 2; the generalization to d = 3 is straightforward.

We use relatively standard cell-centered finite difference notation. Let the grid
points be denoted by

(:ci—|—1/27yj—|—1/2)7 i:()a"'leH .j:07"'7Ny7

and then define

T = %($i+1/2‘+'$i—1/2)7 1=1,Ng,
5 = K + v J = 1N,
hi =112 — Ti—1/2, 1=1,Ng,
h? =Yj+1/2 —Yj-1/25 J=1Ny,

h = max(hy, hj).
Z’]

We write q = (¢%,¢?) for q € R?, and for any function g(z,y), let ¢;; denote
96,55, let giga s denote g(zigr /a5, ete.

Before stating our results, we need the following definition.

DEFINITION 5.2. An asymptotic family of grids is said to be generated by a
C? map if each grid is the image by a fized map of a grid that is uniform in each
coordinate direction, where each component of the map s strictly monotone and in
C?(Q).

Denote this map by F(z,y) = (Fl’(x), Fy(y)) and note that in this case

d*F*(z)

hf+1 - hf = i$-|—3/2 - 2Fi1—:|—1/2 + Fiz—l/z = 7(?@17)27

where = is between x;_;/, and x;43/9, and h* is the uniform grid spacing. This,
together with the smoothness of F, implies

(5.2) |hfy, — hi| < CR*  and, similarly, |hY, — kY| < Ch.

5.1. An auxiliary estimate.
LEMMA 5.3. Assume that p € C*1(Q), u € (CI(Q) N Wz’m(ﬂ))d, and K €

(Cl(Q) N WZ’OO(Q))dXd. There exist U € Vi, U € Vi, P € Wy, and \* € AY such
that

(5.1.1a) (U, v)rm =(P,V-v) = (¢P,v - v)ro — (N, v-0)pr, v E TV,
(5.1.1b) (U, ¥)rm = (KU, ¥)7, Ve,
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and there exists a constant C, independent of h, such that, for alli,j,

(5.1.2) |Pij — pij| < C1*,

(5.1.3) Ui1y2s = Giaya gl + 105102 = W g ol < OB,
(5.1.4) Uayzg = wivaja gl + 105102 = W gl < OB,
(5.1.5)

AT — QA < O,

where \* is given by (5.1.6) below, ¥ = 2 for all points not on T'P and otherwise
r =1, and r =1 in general but r = 2 in special circumstances. If K 1s diagonal,
then r = 2 for all points not on T'P. If the grids are generated by a C? map, then
r = 2 for points strictly in the interior of Q0 that lie on an edge or face e such that
en?P =9.

Proof. We apply a result due to Weiser and Wheeler [31; Lemma 4.1 and
appendix| to (@, p) satisfying the elliptic problem

V- F=V-Vp inQ,

—Vp in €,

e
Il

e
Il

p:GEp|aQ on 89

This gives a P satisfying (5.1.2) and, through (5.1.1a), U satisfies (5.1.3) for 7 = 2
strictly in the interior of 2.
We define \* by the requirement that on the boundary

z _ ~z 7Y Y
(5.1.6) i+1/2,5 = Uigryey and Uiy = U550,

and then (5.1.3) holds for # = 2 on I'F" as well. Moreover, (5.1.5) holds easily by
Taylor’s Theorem and (5.1.2). Finally, 7 = 1 on I'P.

It remains to show (5.1.4). Choosing v in (5.1.1b) to be the basis function
associated with node (¢ +1/2,7), we have in the strict interior of

T 1 e a ~I
+1/2,5 — 9 [(I‘ll)z‘+1/2,j—1/2 + (I‘ll)i+1/2,j+1/2] Uiti2,5
YTl
2(hY + i)
(5.1.7a) {(Kw)i+1/2,j—1/2ﬁz%r1,j—1/2 + (I{n)i+1/2,j+1/2(71?l—|—1,j+1/2} hiya

+ {(KH)i+1/2,j—1/2ﬁiy,j—1/z + (K12)i+1/2,j+1/2ﬁi?{j+1/z} hf}7
1=1,...,N, — 1,
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and on 9

z 1 - ~ 7
+1/20 = 5 [(E1)itr/2,j-172 + (Ki)ivryz jarse] Ui o,

5.1.7b - ~ - ~
( ) + {(1‘12)i—|—1/2,j—1/2U5y_|_1’]‘_1/2 + (1‘12)i+1/2,j+1/2U§/+1,j+1/2} }7

1=1=0Qorz2=1+1=DN,.
Since u = K1, Taylor’s theorem gives

z 1 - g ~F
Uit1/2,5 = 5 [(1111)1‘4-1/2,]‘—1/2 + (I\ll)i+1/2,j+1/2] Uit1/2,5

1
+ -
2(h§ + hf+1){

.1. 7 -~ 7 -~ xr
(5.1.82) {(AU)i+1/2,j—1/2u?+1,j—1/2 + (1\12)i+1/2,j+1/2‘“?+1,j+1/2} hi

+ {(KU)i+1/2,j—1/2ﬁ?,j—1/2 + (K12)i+1/2,j+1/2'f‘?,j+1/2} hf+1}

+0(h*), i=1,...N, —1,

z 1 - - ~ T
Uit1/2,5 = 5{ [(K11)iv1/2,5-172 + (Kin)ivi/2,41/2] U1 o

5.1.8b - . - .
( ) + {(1‘12)i+1/2,j—1/2u?+1,j—1/2 +(1*12)i+1/2,j+1/2“?+1,j+1/2} }

+O(h), i=i

Qorz=14+1=N,,

where the last O(h) becomes O(h?) if K is diagonal. The coefficients in (5.1.7a)
and (5.1.8a) differ only in the weights Af and A, ,.
If K is diagonal,

|Uili|—1/2,j - uf—|—1/2,]‘| < C|ﬁili|-1/2,j - 'af+1/2,]‘| + O(hz)a

and so (5.1.4) follows in this case.
If K is a full tensor, we add and subtract h{,, and & to the weights of the

second and third term on the right side of (5.1.8a), respectively. Subtracting from
(5.1.7a), we have

|Uz‘x-|-1/2,j - uf+1/2,j|
<O+ |Ula )2, — Uiay2,)
y

+ ‘614-1,]‘—1/2 - ﬁ?+1,j—1/2‘ + ‘ﬁz‘?{j—l/z - ﬁ;{j—l/Z‘

(5.1.9) + ‘ﬁz?{kl,j+1/2 - 'a?+1,j+1/2‘ + ‘Ui?{j-i-l/? N ﬁiy,j-l-lﬂ‘}

1 . ou¥
+ Z{ (K12)it1/2,5-1/2 E(xlayj—l/Z)
- ou? —n z x .
+ (I‘lz)z‘ﬂ/z,]‘ﬂ/zW(JIj Yjrrge)| plhipn —hi i=1,0, Ny = 1,
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where z' and &' are points between z; and x,41. We now combine estimates (5.1.9),
(5.2), and (5.1.3) to conclude (5.1.4) in the strict interior of Q with r = 2 if the
grids are generated by a C? map and e NT” = {), and otherwise r = 1. On 99,
(5.1.7b) and (5.1.8b) imply the estimate (5.1.4) only for r = 1.

In a similar way we estimate |Ulfy’j_|_1/2 - u?,j—|—1/2|' O
COROLLARY 5.4. For the U € V), U € V,,, P € Wy, and X\* € AL in
Lemma 5.3, there exists a constant C', independent of h, such that

|0 —ii]ltm < CR™ and  ||U —ulltm < CH",

where 7 = 2 if 'Y = () and 7 = 3/2 otherwise, and where r = 2 if K is diagonal
and TP =0, r =3/2 if K is diagonal or the grids are generated by a C* map, and
r =1 otherwise.

The proof is immediate, since 0€ is a set of dimension one less than that of 2.

5.2. Estimates for the vectors u and u.
LEMMA 5.5. If 0 <a € WhH(TE) e HY(TE), and u € AE, then
((Qre — ), wrre < Cl|Qre — ¢llorr l|1llo,r= A

Proof. Tt is well-known that the difference of two weighted L?-projections are
super-close. In our case, for any xi1, x2 € A, x1x2 € AZ; therefore,

(a(Qry — @), p)re = ((a — Qra)(Qry — @), p)rr
< Clle = Qrallo,co,rr | — @llo,rr ||l llo,r=
< Cllafly sorr 121 — @llorz |1l B,

since Qj, approximates optimally in L® as well as in L?. [
THEOREM 5.6. Assume (H1)-(H5) and that gt > v > 0 on T'E. There exists
a constant C, independent of h, such that

IV (u—wp)lfo = V- (u—Tu)llo < Ch,

and, if g € Who(TF), p e C*4(Q), u e (CI(Q)OWZ’OO(Q))d, and K € (CI(Q)O
W22o(Q)) Y, then
lu—wpllem + [0 — Wpllem + [ QA = Anllo,rz + [[(TTu —up) - vl[o rr < CR,

where r = 2 if K is diagonal and TP =0, r = 3/2 if K is diagonal or the grids are
generated by a C* map, and r = 1 otherwise.

Proof. Subtracting (4.1) from (1.3a), (5.1.1), and (1.3d) extended to I'F" gives
the error equations
5.2.1a
5.2.1b
5.2.1c

5.2.1d

(V-(u—uh),w) =0, w e Wy,

—’ N

U —ﬁh,V)TM = (P—ph,v-v) — (/\* — /\h,V-I/)FF, vV € Vh,
U - uh,f/)TM = (I{—(ﬁ — ﬁh),\”z)T, vV E Vp,

~—

(
(
(
(

(Hu_uh)'yaﬁL)FF = <gf(/\_/\h)7/~L)FF7 [IAS Ag

(
(
(

~—
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Equation (5.2.1a) and (3.4) imply V - (Ilu — u) = 0, giving the first part of the
theorem with (3.1).

Continuing, let v = IMMu—uy, v = U=y, and g = A\*— ), in (5.2.1b)~(5.2.1d),
and combine to obtain

(K(O — @), U —1in) p + (97 (A = i), A" = Ai)pr
— (0 = @, U — u)ew + (95 (O — M) A* = Ao
The last term above is estimated as
(gF (A" = X\), \* — A\p)re

= (91 (QuA — N, N = Ap)pr + (g1 (A = QrA), A" — M\p)pr
< C{|QrA = Mlorr b+ ||A* = QuAllo,rr HIA* = Asllo,r=,

using Lemma 5.5. Thus, applying the Schwarz inequality, using that ¢ft > v > 0,
and hiding some terms,

10 — @ lltm + |QrA — Anllo.re
< C{||U —Tullrm + [|QuA = Ao rr b+ [N — QuAllorr }-

Now, v =U — uy, in (5.2.1¢) gives
IU — wallrm < CJ[0 - @ullrm,
and p = (IIu — uy) - v in (5.2.1d) gives
(T vl e = (97 (QuA— ), (T )w)pm +(gF (A= Qi A), (T )
and thus with Lemma 5.5,
(T — w) - llorr < C{IQuA~ Aullors + A — QuAllore A},

An application of Corollary 5.4, (5.1.5), (3.3), and the known estimates

(5.2.2) T — ullrm + |G — @fjrm < CR?

(see [24], [16], [18]) completes the proof. O

REMARK. Theorem 5.6 states that, in the case of a full tensor, both u; and
u;, are superconvergent to the true solution in the discrete seminorm defined at
the nodal points (for each velocity component, in its direction at the centers of
the edges or faces) under our mild assumption on the grid. We also recovered the
superconvergence result for diagonal K [31] (extended to Robin conditions).

5.3. Estimates for the scalars p and A\. We now consider bounding the
error in pressure for the finite difference method. From (1.3) and (4.1) we get the
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error equations

(5.3.1a) (V-(u—up),w) =0, w € Wy,

(@ —1p,v)=(Prp—pr,V-V) = (QrA — A,V - v)pr
— Erm(tip, v),

(5.3.1c) (u—up,v)= (K(ﬁ —1p), v) Erm(up,v) 4+ Ex(Kuay,v), v eV,

(5:31d) ((u—wa)- v, e = (9P — M), prr, pe AL,

where

(5.3.1b) v €V,

Eq(q,v)=(q,v) —(q,V)q, Q=TMor T.

It is well known [14] that the error in approximating an integral by either of these
rules is of order h?:

(5.3.2) Eqlav)| <Y Y

FE |a|:2

h2
0,1,F

We will need the following lemma.
LEMMA 5.7. For the lowest order RTN spaces on rectangles, for any q =
(¢.¢") € H(Q) and E € T,

0 dq*
|5

Ox
Proof. Without loss of generality, assume that E is the unit square. By defini-
tion, II satisfies on each edge e of E

/(q-y—Hq-y)ds:O.

Writing this for the two vertical edges, we have

|

and H%(Hq)y

<[,

0,F

/0[qz(lvy)—(ﬂq)w(lyy)]dyz() and /0[qz(Ovy)—(Hq)“j(Ovy)]dy=0-

Subtraction of the above equations and the fundamental theorem of calculus imply

/ / [a ) ai(ﬂq)x(way)] %i

Therefore (IIq)* is the H]-projection of ¢* in the x direction. Similarly, (IIq)Y is
the H{-projection of ¢” in the y direction, which proves the lemma. [
THEOREM 5.8. Assume (H1)-(H5) and that g& > v > 0 on TE. If the grids

are quasi-uniform, p € C*1(Q), u € (Cl(Q) N WZ’OO(Q))d, and K € (Cl(Q) N
W ()

v e V.

, then there exists a constant C, independent of h, such that
H,Php - Ph”o + HQh/\ - /\hH—l/Z,I‘F < Ch2.

Proof. To estimate the pressure error, we use a duality argument. Again, let

p € L*(Q), v € HY*(I'F), and ¢ € H*(Q) solve (3.13), set v = —IIKVy, and
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note that V-v = Pup, v-v = Qu(¢) + gF'p), and (3.14)(3.15) hold. We have with
(5.3.1b),

(Prp = phyp) — (QuA = A, p)rr
— (@ — @, IIK Vg — KVy) — (K(ii — @), Vo — TIV)
— (K(t —0,),TIVy) + (Qu A — An, 98 ©)rr + Brm(in, MK V),
which is analogous to (3.27). Thus, as in (3.28) for s = 0,
(Prp = P, p) = (QrA — An, ¥)rr
< C{lla—aullo + lu—wpflo + IV - (u = wp)llo + [[(a = wp) - vlo rr
+ A= Mallo,rr + 1QrA = Allo,re Hlll 7
+ |Erm(up, V)| + | Ex(Ky, IVe)| + | Exm(tin, IK V).

(5.3.3)

Using (5.3.2) and the fact that the functions are in the discrete space, we have

| Exm(iin, K V)| < C Z {H O aa (MK V)
X
(5.3.4) a oF
H duj 5, MKV }hz.
0.E

We observe by the inverse inequality (valid for quasi-uniform grids) and Lemma 5.7
that

aah _ 0 ST ~N\T g ~Nz
52, .= gz -], +[azmor],
e ou*
< Ol — (M8 fo,ph ™ + || 5
0,F

< Oty — alo.gh™ + |01, &

A similar expression holds for the y-direction. Now, from (5.3.4) and again using
Lemma 5.7,

|Erm (g, IIK V)|

<0 {lwn —Tillo k™ + @]y, 2 }IK Vel h’
E

(5.3.5)
<Y Al — Tiflo,g + [ifl,p b} el2eh
E

< C{Jlty, — Iaflo + [[ll 2} llell2 A
We bound the other two quadrature error terms similarly:

|Erm(ur, IVe)| < C{|lup — Iuljo + [Jully 2 }[e]l2 h
|Ex(Kuy, V)| < C{|lay — Il + ||y A}le|l2 2
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noting that the constants depend on || K||2,00. From (5.3.3), then,

(Prp = phyp) — (QuA = A, p)rr
< C{lla —@nllo + [lu — anllo + [[@r — Miljo + [fup — ullg
+IV-(a—wp)lfo + [[(w—wap) - vlorr
+ A = Aullo.or +11QrA = Allo.pr + 1} llell2 7,

(5.3.6)

which, combined with Theorem 5.6, the projection error estimates, (5.1), (5.2.2),
and (3.14), proves the result. [

5.4. Interior estimates for the vectors u and u. We finally establish
interior estimates of u — u;, and u — uy that show in all cases essentially second
order superconvergent rates of convergence. We will need Iy, the element-by-
element trapezoidal (i.e., corner) interpolation operator into Vj,. We will need the
following lemma.

LEMMA 5.9. If ® € C>®(Q) and v € V},, then
11 =ID(@v)[lr < Cllv]Tm A,

where C depends on .
Proof. By (3.6), for any edge or face e with unit normal v,

I(®v) - v|. = <|%|/e@ds(x)>v-y|e,

where |e| is the length or area of ¢; thus, at an element corner point ¢ € Oe,

(1= I)(@v - 1)(€) = (@(5) _ L @ds<x>)v (E)

le] Je
1s first order accurate. 0l

THEOREM 5.10. Assume (H1)-(H5) and that g > v > 0 on TE. Let Q' be
compactly contained in ). For any € > 0, there exists a constant C¢, independent of

h, such that if p € C*1(Q), u € (CHQNWE=(Q))?, K € (C1(Q)nW2>())
and either K is diagonal or the grids are generated by a C* map, then

2

|lu—up| Mo + |6 — @ llemo < Ch*C

LemMmA 5.11. If Q" is compactly contained in Q0 and either K is diagonal or
the grids are generated by a C? map, then

|U — u|m,0r + [|U - @ rm,00 < CH?,

where C 1s independent of Q.
This is a corollary of Lemma 5.3.
Proof of Theorem 5.10. For : = 1,2, ..., fix domains €2; such that

Q' cCc Qi1 CC Qi CcCQ =9,
and let 0 < ®,44 € C§°(Q;) with ®,4; =1 on Qiy;.
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We will analyse the error equations (5.2.1). First note that (5.2.1) holds with
the TM quadrature rule replaced by the T rule. We have, using (5.2.1¢), for some
c >0,

1/2 lad ~
| @30 — i)} g, < (K(0 =), @0 (0 — 1)) g,

< (K(
= (K(U — i), D1 (®i41(U — 1)) p .
= (
= (

(5.4.1) U — @ h
U — uy, HT (®i41(U — uh)))T,Qi
®,11(U —uy), fj - ﬁh)T,Qi'

Now (5.2.1b) with v = II(®,4;(IIu — uy)), the fact that V- (Ilu — uy) = 0, and

Lemma 5.9,
<(I)i-|-1(U - llh), ﬁ - ﬁh)T,Qi
= (CI)Z‘_H(U - Hu)a ﬁ - ﬁh)T,Qi
+ (1= M)(@ig 1 (Tu = uy)), U = i) g
+ (P = pn, VOig1 - (Tu — up))

. 1/2 2671 _ =
(542) < [@}[3(U -TIu) L0 =)o,
1+ C; U — i ||t™m 0.7+ ||P — pallo}
1/2 ~
< Le|@}A(0 —an)lh g,
+ Cipa{||U — |l g, + |ITu — upllpg.0,
+]0

Thus, using (5.1), (5.1.2), Corollary 5.4, Theorem 5.6, (5.2.2), and Lemma 5.11,

543 1230 — @)l r.0; < Cisi h{h+ U — upl|¥nr g,
< Cipr h{h + |2} (U —wp) |15, -
Likewise, (5.2.1c) gives for any n > 0,
|30 = wn)lp g,

= (U —up, O (2i41(U —up))) p o

= (K(U (@01 (U —wp))) g g,
= (K(O ®1(U — ) a
< Ol19;5(0 — )l o, + 1215 (U — w0,
therefore, with (5.4.3)

(5.4.4) _

)
K ),

—

1/2 1/2 5~ ~
12;7%(U — wp)|lr.0, < C®15(0 - )| 1.0,

(5.4.5) 1/2 1/2
< Cig1 h{h+ @,/ (U - up)lria,_, ;-
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Since Theorem 5.6 and Lemma 5.11 give

122U — w0y < CillU = wpllomg,_, < Cih®/2,

=~ P

applying (5.4.5) recurrently, we see that
U — up||eaaer + ||U — tn||ovor < Ceh?7°,
and the theorem follows from Lemma 5.11. 0

6. Some numerical experiments. In this section we present the results of
some numerical tests on the cell-centered finite difference method defined in Sec-
tion 4, which confirm some of the theoretical results from the previous section. We
solve a problem on the unit square with either a Dirichlet or a Neumann boundary
condition. To stabilize the Neumann condition, we add p to the left-hand side of
(1.1a).

The numerical tests are divided into three subsections. First, we consider a
relatively simple example, for which the loss of superconvergence due to the bound-
ary conditions is only very slight. Second, a relatively hard example, with a loss
of h'/? superconvergence near the boundary, is shown. Third, the harder example
is solved with a nonsymmetric variant of our cell-centered finite difference method,
that recovers most of the superconvergence near the boundary.

6.1. A relatively simple example. In these numerical experiments, the
conductivity tensor is either diagonal or full (nondiagonal) with variable compo-

Kep= (100 o gon=(@H2 +y" sin(zy))
0 1 sin(zy) 1

nents:

The true solution is
p=a"y+y" +sin(z)cos(y),

with f and g? or ¢%V defined accordingly by (1.1).

Convergence rates are established by running cases for 6 levels of grid refine-
ment, starting with o~ = 1/5 on level 1 and refining by a factor of 2 for each successive
level until » = 1/160 for level 6. Assuming that the error takes the form Ch®, C
and « are determined to give the best least squares fit to the data. We consider
three types of grids, a uniform grid, a C?-grid generated by a C? mapping of the
uniform grid, and a nonuniform grid that is a random perturbation of the uniform

grid. The C? map is defined by

. em2¢ 1 25 — (5 — 4y)?

e"2 1"

The results for the Dirichlet and Neumann problems are presented in Tables 1

and 2, respectively. Quadrature rules are used for calculating the error; that is, the
results presented are for the norm || - ||m for pressure and || - |[rm for velocity. The
convergence rate for the pressure is O(h?) in all cases. The Neumann problem’s
velocity is also O(h*) convergent for both the diagonal and nondiagonal tensors.
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Table 1. Convergence rates for the relatively simple, Dirichlet problem:

[P — prllm < Cp A% and ||u— up|rm < Cy RO,

Tensor Grid ) ay Cu ay
D uniform 0.367 1.948 0.331 1.788
D C?-grid 0.050 2.127 0.104 2.069
D nonuniform 0.275 1.997 0.186 1.625
N uniform 0.394 1.950 0.287 1.762
N C?-grid 0.040 2.104 0.091 2.065
N nonuniform 0.291 1.993 0.161 1.542

Table 2. Convergence rates for the relatively simple, Neumann problem:

[P — prllm < Cp A% and ||u — up|lrm < Cy RO,

Tensor Grid ) ayp Cu Qy
D uniform 2.091 2.005 0.069 1.996
D C?-grid 0.564 2.107 0.012 2.089
D nonuniform 1.370 2.081 0.047 2.063
N uniform 7.565 2.005 0.182 1.946
N C?-grid 1.565 2.105 0.022 2.072
N nonuniform 5.194 2.094 0.097 1.892

A slight loss of convergence is observed for the Dirichlet problem for all but the
C?%-grid, but it is still at least O(h3/2).

The C%-grid provides the best results since we refined more where the solution
is large (near the corner at (1,1)). Thus, the map induces a somewhat better than
halving of the grid size where the solution is difficult to approximate. The loss of
superconvergence for the velocity in these examples due to the boundary conditions
is slight, since the boundary flux is nearly in the normal direction.

6.2. A relatively hard example. In the following experiments, we show
that the loss of a half power of h is genuine if the tangential component of the flux
through the boundary is large, and that this loss occurs strictly on the boundary.
The problem has the true solution

p=(z—2*)(y—y*),

- (11 9
Ix_<9 13>.

Note that this conductivity causes a large diagonal component to the flow (see
Fig. 1); that is, there are significant tangential fluxes on the element boundaries.
The rates of convergence on uniform grids are shown in Table 3. They are
computed by a least squares fit to the data from the 7 levels of refinement starting
with A = 1/10, and also to the data from only the last 2 levels. The results indicate
that a relatively fine mesh is needed for this problem to be in the asymptotic

and the conductivity tensor
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Fig. 1. The computed pressure and velocity for the relatively
hard problem with a large tangential flux (h = 1/20).

range of convergence for the velocity. This can also be seen in Fig. 2, where the
velocity convergence rates are plotted, computed by comparing the error from any
two successive levels. Fig. 3 shows that the velocity error is concentrated near the
boundary.

Table 3. Convergence rates for the relatively hard problem:

P — prllm < Cp A% and ||u — up|rm < Cy R,

BC Levels C, ayp C. Wy
Dirichlet 1-7 2.339 2.000 0.759 1.445
Dirichlet 6-7 2.346 2.000 1.005 1.496

Neumann 1-7 2.416 1.936 0.386 1.333
Neumann 6-7 3.340 1.998 0.839 1.472
1.5 — 1.5
o1d 914 o
A ‘ s |
S13 S13
c c
5120 ‘ 5121
> >
c ‘ c
g1 811 1
10 10 ° H
01 2 3 4 5 6 7 01 2 3 4 5 6 7
refinement level refinement level
A. Dirichlet problem B. Neumann problem

Fig. 2. Velocity convergence rates for the relatively hard problem.

We did not compute interior estimates for a fixed domain Q'; rather, we used
), the full domain less the elements touching 9€2. In Table 4, these interior esti-
mates for the velocity nearly show the full O(h?) superconvergence.
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A. Neumann problem B. Dirichlet

Fig. 3. Magnitude of the velocity error in the relatively
hard problem with a large tangential flux (h = 1/20).

Table 4. Interior convergence rates for the relatively hard problem:

|lu—up|rm o < Cuh®.
»ih

BC Levels C. Oy
Dirichlet 1-7 0.464 1.818
Dirichlet 6-7 0.959 1.950

Neumann 1-7 0.471 1.587
Neumann 6-7 1.897 1.836

6.3 A nonsymmetric cell-centered finite difference method. In this
subsection we present a nonsymimetric variant of our finite difference method that
appears to be superconvergent even at the boundary of the domain. We define
it only for Dirichlet or Neuman boundary conditions (i.e., assume ' = {}). The
nonsymmetric method is based on an extension of the domain. The method is
unmodified in the interior; thus, the nonsymmetry appears only near the boundary.
We begin with some notation.

We assume explicitly that €2 is a rectangular parallelepiped. Let Q) denote
the extension of by one element beyond 92. This extension should respect any
underlymg C? map that genelates the grid. Let 5, be decomposed into the union
Qn =QuU QP U QY U QY disjoint except for edge or face overlap, where Q2 and
QN consist of the elements outside 2 that are adjacent to I'? and 'V, respectively,
and Q¢ denotes the elements outside £ but not adjacent to 99 (i.e., the “corner”
elements)

Let Vh X Wh denote the lowest order Raviart-Thomas space defined on Qh,
such that for any v € Vh, v - v, = 0, where v}, is the outer unit normal to (9Qh
Let Vh denote the subset of V}, for which v - v|e = 0 on any edge or face e strictly
outside Q U Qg; that is, th has possibly nonzero nodal degrees of freedom only on
the edges or faces of 2 and the corner elements of Q. Further, let VAV,fV '“ denote

the subset of Wh for which w = 0 on QhD.
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On an element E with area or volume |E|, let

f ifxe ECQ,
(6.3.1) x) =< = Joparn 9V ds ifx € ECQY,
0 otherwise.

The nonsymmetric method is to find uy € th, uy € Vh, and pp € W, such
that

(6.3.2a) (V- up,wa, = (fr,w)a,, we WNe,
(632b) (ﬁh7V)TM,Qh = (Ph, V- V)Qw vV € ‘A/ha
(6.3.2¢) (wp, V)rmo, = (K, V)rg,, v eV,

where we must further define pp on QhD. For E; C QhD such that Ey C Q shares its
edge or face e on 092, let h; = |E;|/|e|, © = 1,2, and then define by extrapolation

PrlE, — PrlE, _ |1?|fe9Dd3 —Ph|E2‘
3(h1+ ha) 3l ’
that is,
hi+h h
(632d) ph|E1 = ! 2 /gD dS — _lph|E2-
h2|€| e by

For an element £ C QF let e = E N1, and set w equal to the characteristic
function of E. Then (6.3.2a) implies that

/gNdS:—/ uh-l/aEdSZUh-l/aQ|e|—/ uh-l/aEdS;
e o aEﬁaﬂf

thus, uy, - v 1s set properly on Neumann edges or faces that do not touch the corners.
Indeed, for an edge or face ¢ C I'"V that does touch a corner point or line, uy, - v
may not be the average of ¢”; rather, only the net flux into the corner element is
correct (by (6.3.2a)).

If we repeat the relatively hard experiments of the previous subsection, we
recover the full O(h?*) superconvergence of the velocity with this nonsymmetric
method in the asymptotic regime. The rates of convergence are presented in Table 5.
The error seems to be concentrated near the corners of the domain, as seen in Fig. 4.

Table 5. Convergence rates for the relatively hard problem
using the nonsymmetric method:

lp = prllm < Cp h% and [[u—upflem < Cu .

BC Levels C, ayp C. Ay
Dirichlet 1-5 1.971 2.091 0.831 1.741
Dirichlet 4-5 1.386 1.998 1.887 1.957

Neumann 1-5 0.825 1.727 0.839 1.963
Neumann 4-5 2.153 1.979 0.938 1.992
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A. Neumann problem B. Dirichlet

Fig. 4. Magnitude of the velocity error in the relatively hard problem

with a large tangential flux using the nonsymmetric method (h = 1/20).

—
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