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Site with spin value = 1

I Initial random site of a clusterSite with spin value = -1

Site in a cluster

(a) Initial State

(d) Final state

(b) After selection of an initial random site

(c) After cluster expansion 
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(b) After Wavefront Expansion 

(d) After Sweeping (c) After Path Recovery 

(a) Initial State
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Blocking for Communication

Overlapping Communication with Computation

Local Computation

Blocking for Communication

Overlapping Communication with Computation

Local Computation
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(b) Asynchronous Send/Receive
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RE

e(l, k) = expanded element of distance k in local domain

c(r, k) = candidate of distance k in remote domain

c(l, k) = candadate of distance k in local domain

LE = Local Expansion

RE = Remote Expansion

IC  = Communication
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Receive

Send

Cycle=k-1

Cycle=k+1

Non-Overlapping with Message Coalescing
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Overlapping without Message Coalescing
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¯_È�Ñ�Õ;Ñ\Õ[Ì · Êãæ9Ì�Ë5â½ÜZÙ�ÜZÉ�Ì�âCÌ�Ù Ñ&ÒÆÓ ×�Ññ×YÔgÓ7Ë5É�Ì�Ù[Ì�ËñÜ�ÝU×�Ì�Ù�äNÆ�Ë�ÌXÒÆÌÆÈ;®�Ì"È�â;ÖãÝ�Ì�â;Ì�ÙãÑñÜZÑ�È Ó7ÙOÜZË\Ì±Ö[Ë\Ó�ÕãÈ · È Ñ�ÈS®7Ì¸Ì�Ù[Ó�Ê[É�ÕÑ�Õ�ÜZÑºÜ�ÒÆÑ�È;®�Ì&âCÌX×�×�ÜZÉ�ÌX×L­ · Ü�×�ÌXäµÈ�â;ÖãÝ�Ì�â;Ì�ÙãÑñÜZÑ�È Ó7Ù�×�Ú�¯"ÕãÈ Ò�ÕMâ½ÜJ¼µË�Ì&»7ÊãÈ Ë\Ì±Ü�É�Ë�ÌXÜZÑRÜDâ;Ó�Ê[ÙãÑ9ÓZÔ�×�¼ Ù�Ò\Õ[Ë�Ó�ÙãÈ;ÅXÜZÑ�È Ó7ÙÜZÙ�ä�Õ�ÜZÙ�ä[×�Õ�Ü�¿�È�Ù[É�Ú1Ò�ÜZÙK×�Ñ�È�ÝÁÝ5Ö[Ë�Ó�®�È äãÌMÜ · Ì�Ñ�Ñ\Ì�Ë"Ö�Ì�Ë�Ô+Ó�Ë�â�ÜZÙ�ÒÆÌ�¸

½_Õ[ÌMÖ�Ì�Ë�ÔgÓ�Ë\â½ÜZÙ�ÒÆÌ	ÓDÔ&Ñ�Õ[ÌMÓ�®7Ì�Ë�Ý ÜZÖ[ÖãÈ�Ù[ÉK×�Ò�Õ[Ì�âCÌ�¯_È�Ñ�Õ�â;ÌX×�×\ÜZÉ�Ì�ÒÆÓãÜ�Ý�ÌX×�Ò\È�Ù[É�ÜZÙ�ä�Ê�×ØÈ�Ù[ÉKÜ�×�¼ãÙ�Ò�Õ[Ë�Ó7Ù[Ó�Ê�××�Ì�Ù�äNÆXË\ÌXÒÆÌÆÈS®7ÌVÈ ×;Ù[Ó7Ñ¾Ü7×MÉ�ÓãÓBä¢Ü�×TÑ�Õ[ÌVÙ[Ó7Ùn­+Ó�®7Ì�Ë�Ý ÜZÖ[ÖãÈ�Ù[ÉH×�Ò\Õ[Ì�â;ÌË¯_È�Ñ�Õªâ;ÌX×�×�ÜDÉ�ÌOÒÆÓãÜ�Ý�ÌX×�Ò\È�Ù[ÉHÜZÙ�ä/Ê�×�È Ù[É×�¼ãÙ�Ò�Õ[Ë\Ó�Ù[Ó�Ê�×	×�Ì�Ù�äNÆXË�ÌXÒÆÌÆÈ;®�Ì�¸Ç½_Õ[ÌCÌÆßBÑ�ËÆÜVÓ�®�Ì�Ë�Õ[ÌXÜ�äIÓZÔ°Ü�×L¼ Ù�Ò\Õ[Ë�Ó�Ù[Ó�Ê�×TÒÆÓ�â;âMÊ[ÙãÈ Ò�ÜZÑ�È�Ó�Ù�È ×¸Ù[Ó�ÑTÓZæR×�Ì�Ñ · ¼Ñ�Õ[Ì¸Ó�®�Ì�Ë�Ý ÜZÖ[Ö�ÌXäKÒÆÓ�âCÖ[Ê[ÑñÜZÑ�È�Ó�Ù@¸ éLTÇ[Ó7Ë�Û1Ì�Ì�h�× â½Ü�Å�Ì�Ë�Ó�Ê[Ñ�È�Ù[É�Ü�Ý�É�Ó�Ë�È�Ñ�Õ[âKÚ · Ì�Ñ�Ñ�Ì�Ë	Ì	¾VÒ\È Ì�Ù�Ò	¼�È ×MÜ�Ò�ÕãÈ�Ì"®�ÌXä�Ô+Ó�Ë	Ñ�Õ[Ì ç Â�� Ö[Ë\Ì"­ · Ý Ó[Ò�¿�ÌXä/É�Ë�È äÑ�Õ�ÜZÙ¾È ÙVÑ\Õ[Ì Â ¢ �¬Ö[Ë�Ì"­ · Ý�Ó[Ò�¿�ÌXäCÉ�Ë�È ä<¸:½(ÕãÈ
×@È ×_ÌÆß[Ö�ÌXÒÆÑ�ÌXä1Ú[Ü�×àÝ�Ó�¯_Ì�Ë · Ý�ÓBÒ�¿7È Ù[É¾È âCÖãÝ�È�ÌX× · Ì�Ñ�Ñ�Ì�Ë"ä7ÈÁæ9Ê�×ØÈ�Ó�ÙKÜZÙ�ä
· Ì�Ñ\Ñ�Ì�Ë"Ö�ÜZËñÜ�Ý�Ý�ÌÆÝÁÈ;ÅXÜZÑ�È�Ó�Ù@¸

=?>@��� AB����������A�CDA�CD�$�FE�C,GHA I
Ç[Ó7Ë · Ó�Ñ�Õ/ÜZÖ[ÖãÝÁÈ
Ò�ÜDÑ�È�Ó�Ù�×TÑ�Õ[Ì;Ö�Ì�Ë�ÔgÓ�Ë\â½ÜZÙ�ÒÆÌ½×�Ì�Ù�×�È Ñ�ÈS®7È�Ñ�¼¨Ñ�ÓVÑ�Õ[Ì;Ö�ÜDË�Ñ�È�Ñ�È�Ó�Ù�¯_È äãÑ�Õ/ÜZÙ�ä�Ñ�Õ[Ì · ÌX×�Ñ	Ö�ÜDË�Ñ�È�Ñ�È�Ó�Ù
¯_È äãÑ�Õ�Õ�Ü�×¸ÜVä7ÈÁæ9Ì�Ë�Ì�ÙãÑ · Ì�Õ�ÜJ®�È�Ó�ËµÔ+Ó�Ë¸ä7ÈÁæ>Ì�Ë\Ì�Ù Ñ	ÒÆÓ�âCâ�Ê[ÙãÈ Ò�ÜZÑ�È Ó7Ù�×�Ò\Õ[Ì�â;ÌX×"¸	Ç}Ó�Ë"Ý ÜZË\É�Ì�ËµÝ ÜZÑ�Ñ�È ÒÆÌX×µÑ�Õ[ÌMÖ�Ì�Ë�­Ô+Ó�Ë�â½ÜZÙ�ÒÆÌµÈ ×�â;Ó�Ë�Ì¸×�Ì�Ù�×ØÈ�Ñ�È;®�ÌMÑ�ÓMÑ�Õ[Ì¸Ñ\Õ[Ì�Ò\Õ[ÓZÈ ÒÆÌ	ÓZÔ5Ñ�Õ[Ì¸Ö�ÜZË�Ñ�È Ñ�È Ó7ÙË¯_È äãÑ�Õ@¸

JK���$LM��AN����OP�H�Q�RLS�$C,�T��A�CU�H�WV.����������AX��G
¶¨ÌIâ;ÌXÜ�×�Ê[Ë�ÌXä Ñ�Õ[Ì�ÜJ®�Ì�ËÆÜZÉ�Ì�Ù Ê[â · Ì�Ë�ÓZÔ;á�ÀÁ¹\À�Û Ü�ÒÆÑ�È;®�ÌIâ;ÌX×�×�ÜZÉ7ÌX×;ÜZÑ;ÌXÜ�Ò\Õ Ò	¼[Ò\Ý�Ì¨ÜZÙ�ä¢Ñ�Õ[Ì�ÜJ®�Ì�ËñÜZÉ�ÌÙãÊ[â · Ì�Ë¸ÓZÔ±Ò	¼[Ò\Ý ÌX×�Ô+Ó�ËµÑ�Õ[Ì	Ó�®�Ì�Ë�Ý
ÜDÖ[ÖãÈ Ù[ÉK×\Ò�Õ[Ì�â;Ì¦¯_È�Ñ�Õ[Ó7Ê[Ñ°â;ÌX×\×�ÜZÉ�ÌMÒÆÓ Ü�Ý�ÌX×�Ò\È�Ù[ÉÇ¯_È�Ñ�Õ�Ñ�Õ[Ì · ÌX×�Ñ¸Ö�ÜDË�Ñ�È�Ñ�È�Ó�Ù
¯_È äãÑ�ÕzêÈ¸RÇYÈ�É�Ê[Ë\ÌX× è Â¸ÜZÙ�ä è�r ×�Õ[Ó�¯/Ñ�Õ[Ì"Ü&®7Ì�ËñÜZÉ�Ì~Ù Ê[â · Ì�Ë5ÓDÔ>Ü�ÒÆÑ�È;®�Ì_â;ÌX×\×�ÜZÉ�ÌX×5×�Ì�ÙãÑ · ¼	ÌXÜ�Ò\ÕMÙ[ÓBäãÌ"ÜZÑ5ÌXÜ�Ò\ÕÒ	¼[Ò\Ý Ì	ÜDÙ�ä�Ñ�Õ[Ì°Ñ\Ó�ÑñÜ�Ý1Ù Ê[â · Ì�Ë_ÓZÔ5Ò	¼BÒ\Ý�ÌX×(È Ù · Ó�Ñ�ÕVÜ�Ý�É�Ó�Ë�È�Ñ�Õ[â�×"¸:½_Õ[Ìµâ½Ü�ßãÈ�â�Ê[âëÜZâCÓ�Ù[É;Ü�ÝÁÝ>Ñ\Õ[Ì°Ö[Ë�Ó[ÒÆÌX×�×�Ó7Ëñ×È ×"Ò\Õ[Ó ×�Ì�ÙKÜ�×~ÌXÜ�Ò\ÕVÙ[ÓBäãÌ	×�Ì�Ù�ä[×"ä7ÈÁæ>Ì�Ë\Ì�Ù Ñ"ÙãÊ[â · Ì�Ë"ÓDÔàÜ�ÒÆÑ�È;®�Ìµâ;ÌX×�×�ÜDÉ�ÌX×"¸~ÐZÈ�Ù�ÒÆÌ	Ñ�Õ[Ì · ÌX×�Ñ"Ö�ÜZË�Ñ�È Ñ�È Ó7ÙË¯_È äãÑ�Õ9Ú
êTÚ�ÔgÓ�Ë5Ó7Ñ�Õ[Ì�Ë&×�Ò\Õ[Ì�â;ÌX×YÈ ×5Ù[Ó�Ñ&×�â�Ü�ÝÁÝ Ì�Ë_ÜZÙ�äTÑ�Õ[Ì"ÜZâ;Ó�Ê[ÙãÑ5ÓZÔUÒÆÓ�âCâ�Ê[ÙãÈ Ò�ÜZÑ�È Ó7Ù½äãÌXÒÆË�ÌXÜ�×�ÌX×~Ü�×ºÖ�ÜZË�Ñ�È Ñ�È Ó7Ù ¯(È
äãÑ\ÕÈ�Ù�ÒÆË�ÌXÜ�×�ÌX×oÚ�Ñ�Õ[Ì\®ZÜ�Ý�Ê[ÌX×_È�Ù�ÇYÈ É7Ê[Ë�ÌX× è Â�ÜDÙ�ä è�r Ë�Ì�Ö[Ë�ÌX×�Ì�Ù Ñ°ÜDÙKÊ[Ö[Ö�Ì�Ë · Ó7Ê[Ù�äVÓ�ÙKÒÆÓ�âCâ�Ê[ÙãÈ Ò�ÜZÑ�È Ó7Ù@¸

½_Õ[Ì;ÜJ®�Ì�ËñÜZÉ7Ì	ÙãÊ[â · Ì�Ë¸ÓZÔ±Ü�ÒÆÑ�È;®�ÌMâ;ÌX×\×�ÜZÉ�ÌX× ± ×�Ì�ÙãÑ¸Ñ�Ó�Ñ�Õ[ÌTÝ ÌÆÔ+Ñ¸Ó�ËµË�È�É�ÕãÑ¸Ù[ÌÆÈ É7Õ · Ó�Ë¸Ö[Ë�Ó[ÒÆÌX×�×�Ó�Ë"µ°ÜDÑ°ÌXÜ�Ò\ÕÒ	¼[Ò\Ý ÌMÊ�×ØÈ�Ù[É�Ñ�Õ[Ì · ÌX×�ÑµÖ�ÜZË�Ñ�È�Ñ�È�Ó�ÙÁ¯_È äãÑ�ÕVÈ ×(Ý ÌX×\×"Ñ�Õ�ÜDÙ r È�ÙKÑ\Õ[Ì�¶¨ÓZÝÁæ�Ò\Ý�Ê�×�Ñ�Ì�Ë¸Ü�Ý�É�Ó�Ë�È�Ñ�Õ[â ÜZÙ�äOÈ
×(Ý�ÌX×�×�Ñ�Õ�ÜZÙ
ç È�Ù/Ñ�Õ[Ì½Û1Ì�Ì�h�×¸â½Ü�Å�Ì"­+Ë\Ó�Ê[Ñ�È�Ù[É¨Ü�Ý�É�Ó�Ë�È�Ñ�Õ[â ± ÇYÈ�É�Ê[Ë�ÌX× è ÂVÜZÙ�ä è�r µ�¸�åØÙ¨Ñ�Õ[Ì�¶�ÓZÝÁæ Ò\Ý Ê�×�Ñ�Ì�Ë;Ü�Ý�É�Ó�Ë�È�Ñ�Õ[â Ñ�¯_ÓÌÆß[Ñ�ËñÜ�â;ÌX×\×�ÜZÉ�ÌX×;ÜDË�ÌKË�Ì&»7ÊãÈ�Ë�ÌXä È�Ù�ÌXÜ�Ò\Õ ä7È�Ë�ÌXÒÆÑ�È�Ó�ÙªÔ+Ó�Ë;Ñ�Õ[Ì�Ý�ÓBÒ�Ü�Ý	×�¼ãÙ�Ò�Õ[Ë\ÙãÈSÅXÜDÑ�È�Ó�Ù ×�Ò�Õ[Ì�âCÌ�Ú"ÜZÙ�ä/È�Ù®Ñ�Õ[ÌÛ1Ì�Ì�h�×µâ�Ü�Å�Ì"­+Ë�Ó�Ê[Ñ�È�Ù[ÉKÜ�Ý�É�Ó7Ë�È�Ñ�Õ[â Ó�Ê�×�Ñ°Ó�Ù[ÌMÌÆß[Ñ�ËñÜCâ;ÌX×�×�ÜDÉ�ÌTÈ
×µË\Ì&»�ÊãÈ�Ë�ÌXäIÈ�Ù�ÌXÜ�Ò\Õ¨ä7È Ë\ÌXÒÆÑ�È�Ó�Ù�Ô+Ó�Ë°Ñ\Õ[Ì�ÉDÝ Ó · Ü�Ý×�¼ãÙ�Ò�Õ[Ë\ÙãÈSÅXÜDÑ�È�Ó�Ù¨×�Ò�Õ[Ì�âCÌ�¸�½_ÕãÊ�×_Ñ�Õ[ÌMÜJ®�Ì�ËñÜZÉ�Ì¸ÜZâ;Ó7Ê[Ù Ñ_ÓZÔ±ÒÆÓ�âCâ�Ê[ÙãÈ Ò�ÜZÑ�È Ó7Ù�ÜZÑ_ÌXÜ�Ò\Õ�Ò	¼[Ò\Ý�Ì�Ú�ÌÆß�Ò\Ý�Ê�ä7È Ù[ÉIÑ�Õ[ÌÌÆß[Ñ�ËñÜCâ;ÌX×�×�ÜZÉ7ÌX×~ÔgÓ7ËWÒÆÓãÓ�Ëñä7È�Ù�ÜZÑ�È�Ó�Ù9Ú9äãÓãÌX×µÙ[Ó�ÑµÌÆß}ÒÆÌ�ÌXä/Í r ¯_Ó�Ëñä[× ± Ó�Ë º�×ØÈ�Ñ�ÌX×	µ"ÜZÙ�ä�Í ç ¯_Ó�ËÆä[× ± Ó7Ë r ×�È Ñ\ÌX×	µÈ�ÙKÌXÜ�Ò\ÕKä7È�Ë�ÌXÒÆÑ�È�Ó�ÙIÈ�Ù · Ó�Ñ�ÕKÜ�Ý�É�Ó�Ë�È Ñ\Õ[â½×�Ú[Ë�ÌX×�Ö�ÌXÒÆÑ�È;®�ÌÆÝ;¼�¸
~"Y �.�5�C���3���4�������[���Y�4�����������3�C���C���4¦:�8�[Z£���<�3���4�&�Y���|�u�Y���C�*\S)t�x�#�L�¢�Y�����
 L�3���8�<��¡��^]u�8�_'4¦:�8�3�C�"'4 u���"'­ ��#��Z����"'(���8�C�t�G���3�$�#�8�û �8�C��¦:�8�3�£�(���5�3�C�g�I���3�$�Y�����C�#�Y���Y�C�¥� �8�C��¦5���3�L���(�8�����#�$� � ��ñ&�É���G�
�3�$�Y�8�������*�Y�3�������3���#�G�(�8�C��¦:�8�3�C������ C�3�<�����3�3�����3�L���O���]u�3�3�G ��#��Z����4�;:��s�3�L���G���3�$�#�8�s�Y�C�j�3�C���,�3�$�Y�C�4�(���W�3�C�t�u�Y�$�Ò�3�s�3�C�t�C���4¦5���[ZÒ���<�3���4�­�#���[ u�Y�_Z8���W�<¡6 u�Y�_Z8�����a`��8�
�4�*�Y C O���C�
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ÇYÈ É7Ê[Ë�Ì ç º}Ïàå(ÌÆÝ
ÜDÑ�È;®�Ì�ÒÆÓ�âCÖ�ÜZË�È ×�Ó�ÙIÓZÔRÔ+Ó�Ê[Ë"ÒÆÓ�â;âMÊ[ÙãÈ Ò�ÜZÑ�È�Ó�Ù�×�Ò\Õ[Ì�â;ÌX×
kl�$� ��mdn��o� pTL�pqVamD��rH��m�s�tu����I$���H��CDv&��A�CD�$�
å¤Ù Ñ�Õ[Ì¨Ó�®�Ì�Ë�Ý ÜZÖ[ÖãÈ�Ù[É ×\Ò�Õ[Ì�â;Ì ¯_È�Ñ�Õ[Ó�Ê[ÑVâ;ÌX×�×\ÜZÉ�Ì¨ÒÆÓ Ü�Ý�ÌX×�Ò\È�Ù[É�Ú\¯_Ì¨ÒÆÓ�â;Ö�ÜDË�ÌXä®Ñ�Õ[Ì�Ö�Ì�Ë�ÔgÓ�Ë\â½ÜZÙ�ÒÆÌ¨ÓZÔMÑ�Õ[ÌÝ�ÓBÒ�Ü�Ý@×�¼ãÙ�Ò\Õ[Ë�Ó�ÙãÈ;ÅXÜZÑ�È�Ó�Ù�×\Ò�Õ[Ì�â;ÌÈ¯_È�Ñ�Õ�Ñ�Õ�ÜZÑ"ÓDÔ&Ñ�Õ[ÌMÉZÝ�Ó · Ü�Ý&×�¼ Ù�Ò\Õ[Ë�Ó�ÙãÈ;ÅXÜZÑ�È Ó7Ù�×\Ò�Õ[Ì�â;Ì È�Ù · Ó�Ñ\Õ�Ü�Ý�É�Ó�Ë�È Ñ\Õ[â½×
± ÇYÈ�É�Ê[Ë�ÌX× è)k ÜZÙ�ä è º.µ�¸xåØÙKÑ�Õ[Ì\¶¨ÓDÝ�æ�Ò\Ý�Ê�×�Ñ�Ì�ËµÜ�Ý�É�Ó�Ë�È�Ñ�Õ[âëÑ\Õ[ÌµÝ Ó[Ò�Ü�Ý&×�¼ãÙ�Ò�Õ[Ë�Ó7ÙãÈSÅXÜDÑ�È�Ó�Ù�×�Ò\Õ[Ì�â;Ì¸É ÜJ®�Ì · Ì�Ñ\Ñ�Ì�ËÖ�Ì�Ë�ÔgÓ�Ë\â½ÜZÙ�ÒÆÌX×�Ú · Ê[Ñ;Ñ�Õ[ÌVÉZÝ�Ó · Ü�ÝW×�¼ãÙ�Ò�Õ[Ë�Ó7ÙãÈSÅXÜDÑ�È�Ó�Ù ×�Ò\Õ[Ì�â;ÌÁ¯±Ó7Ë�¿�ÌXä · Ì�Ñ�Ñ�Ì�Ë¾È ÙªÑ�Õ[ÌKÛ1Ì�Ì�h�×Câ½Ü�Å�Ì"­+Ë\Ó�Ê[Ñ�È�Ù[ÉÜ�Ý�É�Ó�Ë�È Ñ\Õ[âÇ¸ ½(Õ[Ì;Ý�Ó[Ò�Ü�Ý°×�¼ Ù�Ò\Õ[Ë�Ó�ÙãÈ;ÅXÜZÑ�È Ó7Ù�×�Ò�Õ[Ì�âCÌ;È�Ù¢Ñ�Õ[ÌVÛ1Ì�Ì�h�×Tâ½Ü�Å�Ì"­+Ë\Ó�Ê[Ñ�È�Ù[É¨Ü�Ý�É�Ó�Ë�È�Ñ�Õ[â Ë�Ì&»7ÊãÈ�Ë�ÌX×TÙ[Ó�ÑÓ�ÙãÝ;¼®Ñ�Ó�×�Ì�Ù�ä®Ñ�¯_Ó/ÌÆßBÑ�ËÆÜ/â;ÌX×�×�ÜZÉ7ÌX×�Ú · Ê[Ñ�Ü�Ý ×�Ó¢Ñ�Ó¢â�ÜZÙ�ÜZÉ�Ì�âMÊãÝ�Ñ�È�ÖãÝ Ì · Êãæ9Ì�Ëñ×�Ó7Ù¬Ü/Ë�ÌXÒÆÌÆÈ;®�Ì�Ë&¸ ½_Õ[ÌX×�ÌÓ�®�Ì�Ë�Õ[ÌXÜ�ä[×�ÜZË�Ì¸Ù[Ó�Ñ_ÓZæR×�Ì�Ñ · ¼�Ñ�Õ[Ì¸Ö�Ó�Ñ\Ì�Ù Ñ�È Ü�Ý5äãÌXÒÆË�ÌXÜ�×�Ì È Ù�È ä7Ý ÌMÑ�È�â;Ì�¸

w xzy Þ�{Gá<å6ä�Û y ÞÌä
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