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Abstract

This paper generalizes to the nonlinear case a standard way to solve general sparse systems of linear
equations. In particular, Duff [1977] has suggested that row and column interchanges be applied to
permute the coefficient matrix of a linear system into block lower triangular form. The linear system
then can be solved by using the associated block Gauss-Seidel or forward block substitution scheme.
This is the approach taken in the Harwell MA28 routine. If more than one matrix with the same
sparsity pattern is to be factored, then the reordering need not be redone. In extending this approach
to nonlinear problems, it is necessary to assume as in the linear case that component equations can be
evaluated separately from equations in other blocks. The algorithm for doing the reordering is very
fast, and if the equations can be put into block lower triangular form with each block size much less
than the dimension of the system, then a large savings is in order because only the diagonal blocks
need to be factored. In the nonlinear variants considered here, there are additional advantages. Not
only are only the diagonal blocks of the Jacobian matrix computed and factored, but the off-diagonal
partial derivatives need not even exist. Numerical tests and analytic results affirm the intuition that
these variants are superior locally to Newton’s method. Current work is concerned with globalizing
these methods and with variants especially suited to parallel implementations.
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1 Introduction
This paper will consider the problem of solving the large-scale nonlinear system of equations
F(z) = 0, (1.1)

where F': R* — R"™ and the Jacobian J(z) is sparse. We will assume we know the structural sparsity
pattern of the Jacobian matrix J(z*). By this we mean that we will assume we have encoded which
components of z affect the value of each component f; of F'. We admit that there may be some incidental
additional sparsity in J(z) at some particular z caused by some of the partial derivatives happening to
be zero at that z, but we do not attempt to exploit incidental sparsity. One way to determine structural
sparsity would be to use finite differences to compute the Jacobian at some point, and assume that any
exact zero in the result is a structural zero. Of course, it is possible to foil this scheme, but it is highly
unlikely to fail in practice.

We will analyze a rather large class of methods. They are decomposition methods, and they share
the congenital advantages and disadvantages of this class. Among them, if a problem can be decomposed
in the requisite way, it will be rather obvious that the correct choice of a method from this class would
be a sensible way to attack the problem. On the other hand, the choice of a particular member of this
class for a particular problem is always going to depend on some properties of the function, but we think
there are many hints here as to how to make this decision. However, there are some basic assumptions
we make in order to be reasonably confident that one should choose one of the methods discussed here
rather than a straightforward Newton’s method, which is in fact one of the methods considered here
when the sparsity is sufficiently random.

The main assumption we make in order to use effectively one of the methods considered here, is
that the components of F' should able to be partitioned into blocks of components that can be evaluated
each at different points in a total time roughly equivalent to the evaluation of F at a single point. This is
a strong assumption which is by no means always correct, but it is true for many large problems, where
it is not at all unusual to have difficulty in applying library versions of Newton’s method because they
usually assume that the user at least will furnish a routine that accepts z and returns F(z). In many
cases, the user assembles and encodes the residual calculations in blocks and never thinks in terms of
computing the entire vector F'(z) at one time. To make things simple, we make our presentation here as
if each component could constitute such a block.

The second assumption is that Tarjan’s algorithm [1972] applied in the usual way Duff [1977] to the
sparsity structure of the Jacobian F'(z) would result in a set of row and column permutations P and
@ that would give PF'(z)@Q a nontrivial block lower triangular structure. This actually goes somewhat
with the first assumption in practice, but when the decomposition gives the entire Jacobian as a single
block, then all the methods given here reduce to Newton’s method with various strategies for when to
reevaluate the Jacobian.

In large engineering systems, these properties are very common. To see this, consider the simula-
tion of a large system of roughly sequential processes like a chemical plant. It is standard in chemical
engineering to have a library of equation models of component processes (distillation columns, catalytic
crackers, etc.) and, for a specific design problem, to pull these off the shelf and connect them by ad-
ditional equations that set the outputs from a certain process to the inputs to its daughter processes.
Of course, there can be feedback loops that complicate the Jacobian structure, but that is dealt with



cheaply by Tarjan’s algorithm, and the resulting block lower triangular decomposition of such structures
generally is found to be very useful in solving for the Newton step.

The last difficulty we mention is again common to decomposition methods. These methods generally
are more difficult to implement in such a way as to ensure convergence from poor initial guesses. For
example, no one has yet published a convincing way to globalize any of the Brown-Brent methods. And
yet, Brown-Brent methods and Gauss-Seidel methods, which include the ones proposed here, regularly
are used in practice. There are at least two reasons for this. The first is that these decomposition methods
seem to be able to converge unmodified from worse initial guesses than methods that make more superficial
use of structure. (See Moré and Cosnard [1979].) The second is that for many applications there are very
good initial guesses available as a matter of course. Still, we are investigating ways to extend the region
of convergence for these methods.

2 Newton’s Method

The standard Newton’s method for (1.1) generates successive estimates ¥ € R™ of a solution z* € R"
of (1.1) as:

Solve J(z")sN = —F(2%) and set ' =24+ k=01, .. . (2.1)

In the case of large sparse nonlinear problems, a single standard method, such as the Newton’s method,
may not handle all the instances of (1.1) efficiently, but rather the algorithm must take into account the
sparsity structure and other special characteristics of the problem. OQur purpose here is to suggest one
way to use existing technology automatically to tailor methods for particular sparsity patterns.

As motivation, we will suppose we decided to use Newton’s method on a general instance of (1.1).
Then we likely would use a graph coloring approach to compute J(z*) efficiently (see Curtis-Powell-Reid
[1974], Coleman-Moré [1983], Dennis-Schnabel [1983]). After that, we might apply the Harwell code
MA28 to solve the linear system (2.1). If we did so, then permutation matrices P and @ would be found
such that

PI)QQTSY) = — PF(ab) (2:2)

is a block lower triangular system. Of course, the system may have only one block, but the search for
the permutations is cheap enough (see Harary [1971], Duff [1977], and Duff, Erisman and Reid [1989])
that nothing significant is lost in trying. On the other hand, if a nontrivial block triangular structure
is revealed, then the Newton step can be found by forward block substitution, which is the same as a
linear block Gauss-Seidel sweep down the permuted Newton system. This would require only that the
diagonal blocks be factored. Of course, the diagonal blocks of PJ(z)Q are nonsingular if and only if J(z)
is nonsingular. For many problems, the structural sparsity of J(z) stays constant across all iterations
and so it is not necessary to reorder at every iteration.

The foregoing is exactly the algorithm we refer to when we compare our suggested methods to
Newton’s method.

In a nutshell, what we propose here is to reorder the equations and variables still only once, but
before rather than after, starting the nonlinear solution process. If Newton’s method is implemented as
outlined above, then reordering information is being computed and used in the inner linear loop, but it
is not used by the nonlinear outer loop. Our purpose is to argue that this is wasteful.



In the next section, we will make precise the comparison between the Newton method defined by (2.2)
and the algorithms we suggest, which are variants of block Gauss-Seidel-Newton, or block Jacobi-Newton
in the terminology introduced in Ortega-Rheinboldt [1970]. In Section 3, we outline some variants, which
we analyze in Section 4. Section 5 contains the results of some numerical experiments that show the
advantage of our approach. Section 6 is devoted to a discussion and summary of these results and where

they seem to point. The proofs of the convergence results are included in the Appendix.

3 Newton-Gauss-Seidel vs Gauss-Seidel-Newton

It will simplify notation greatly if we assume for the remainder of this paper that the permutations have
been absorbed into the problem. Thus, when we write z, we really mean Q72 and when we write F(z),
we really mean PF(QTz), and J(z) is really the block lower triangular matrix PF'(z)Q. Thus, if we

apply Newton’s method to solve this incarnation of (1.1) given by

Fl(.’El)
Fy(zq, x2)
F(z) =
Fm($17 L2y ooy xm)
where
¢ = (x1, T2y ooy Tp) € R™M X R™ x ... X R"™™ = R",
F,:R"xR”?x ...x R — R™, +=1,2,,...m
and
m
=1
then we have to solve
aF (=) N _ k
8$1; Skl N —F1($1k) k
OF, (z?,@5) N OFy(zf, 3) N ko k
5oy 51 T Sar 52 = — (a7, 23)
AFn(zFab..zk) N | 0Fm(zF, =k 2k) N AF (=, 5. zk) N
181’12 51 + 181‘22 2 +ot 181'm2 Sm = _Fm(

and set xf‘H = xf + sf\f fori=1,...,mand k=0,1,2,... .

Ty Tgeeny @

(3.1)

(3.2)

)

We should use forward block substitution, which is the same as the block Gauss-Seidel linear itera-

tion, to compute the Newton step by:

IR (2}) N
i) o

_ k
(?.Il - Fl(x1)7

(3.3)



and for i = 2,...,m, sV comes from the n; x n; linear system

9 F:( 2k k =1l gk k
OB ) N - (ko + 3 Tt (3.4
7=1
But now the key observation is that the right sides of (3.4) are just the first order Taylor approxi-
mations to —E(wlf + S{V, xé“ + 512\7, ey xf_l + 55\11 , xf) Thus, if we can compute values of F; independently,
it must surely be better to do so than to build a Taylor approximation to it at the expense of comput-
ing the strict lower triangular part of the Jacobian. This leads us to suggest the block version of the

Gauss-Seidel-Newton method given by

OF;(zk, ..., x¥
%si = —Fy(a¥ 4 s1, 25 + 59, 2F 8121, 25) (3.5)

where mf""l = aff +s5,2=1,...,mand £k =0,1,2,... .

It is worth noting here that the fact that the lower triangular parts of the Jacobian do not appear
in the algorithm are fundamental in that the local quadratic convergence analysis given below does not
require the lower triangular parts of the Jacobian even to exist. In contrast, for Newton’s method, they
must exist and be smooth so that the Taylor approximation (3.4) is sufficiently accurate not to imped
convergence.

Finally, let us set some more terminology. The methods fit the general framework of page 214 of
Ortega-Rheinboldt [1970]. Our methods are only for the block lower triangular case. But, we were unable
to find a naming scheme to refect that which did not eventually get out of hand when we applied it to the
variants given in the next section. Thus, we will base our notation on Ortega-Rheinboldt [1970], but we
will not use the word ‘block’ in any of the names, since it would have exactly the same obvious meaning
in all the names. Notice that for (3.1), Newton’s method and the Newton-Gauss-Seidel method are both
given by (3.4), and so they are identical. The reason for such attention to names is that things are about
to get complicated in the next section.

4 Variants of Nonlinear Gauss-Seidel

In this section, we will look at some modifications of the Gauss-Seidel-Newton method given by (3.5).
These will consist in using modifications of Newton’s method on each block.

First note that for all these variants, besides the obvious advantages of not needing to compute the
strict lower triangle of the Jacobian, that it would be possible to apply only to the diagonal blocks graph
coloring heuristics to compute the derivatives by finite differences or automatic differentiation. And so,
based again on the assumption that the F; can be evaluated independently and assuming also that the
cost of F'(z) is the same as the sum of the costs of an evaluation of each F;, one could not do worse than
the result of coloring the entire graph. On a parallel machine, there are obvious possibilities for savings
by considering coloring, derivative calculations, and factorizations independently for each diagonal block.

4.1 Nonlinear Gauss-Seidel

Steward [1962] and Erickson [1976] suggest the limiting case of the class of methods we will consider. It
is the block version of what Ortega-Rheinboldt [1970] call the nonlinear Gauss-Seidel method. In this



method, one solves the block systems successively starting from the top left corner and using the newest
values as they are found:

solve Fi(z7, ..., zi_qy, ®;) = 0 for z; , ¢ =1,2, ..., m. (4.1)

This method is defined independently of the particular solution technique applied to the blocks, but
Erickson [1976] used Newton’s method to solve for each z; for his comparisons with Newton’s method
(3.4). He ran experiments on a 66 variable nonlinear block triangular equation, where the sizes of the 2
diagonal blocks are 44 and 22 respectively.

The ratio he reported of the computing time between Newton’s method and the nonlinear Gauss-
Seidel method was 2.7. Since Erickson does not specify whether he takes advantage of the block forward
substitution appoach for solving the linear systems for the Newton step, and since this ratio is very
close to 3, which could be estimated by >-7, n? : (3.7, n;)? for the savings from doing only the block
factorizations rather than the entire matrix, we are not sure how to interpet these results.

4.2 The Gauss-Seidel-Newton Method

The Gauss-Seidel principle is to use new information as soon as it is available in order to achieve fast
convergence, and this should be especially advantageous for block lower triangular systems.
k+1 k kyiNy— ki
z; = of = [Dile)] T Fi(e)
OF;(")
Oz;

where wf’i = (JU]f-H’ ey xfjlla xk)7 Ji(+) =

K3

=1, .., m. (4.2)

Below, we will use xf’i and J; without further definition.

It will not surprise the reader that for all the examples we tried, this method converged in less time
than Newton’s method. There are several reasons for this. First, there is the probability that we will use
fewer iterations because of the Gauss-Seidel principle. But even if we use the same number of iterations,
we do less function work because only diagonal Jacobian blocks are evaluated rather than the whole
matrix. The only savings in linear algebra required for our method compared to Newton’s method is that
Newton’s method has to form the linear combinations of products of blocks in the strict lower triangular
part of the Jacobian with already determined components of the Newton step in order to correct the right
hand side of the linear system to be solved for the next component. Test results are given in Section 5.

4.3 The Gauss-Seidel-Newton Stationary(¢-step) Method

In practice, applying more than one inner iteration to each block can reduce the total number of outer
sweeps and the total computing time. Of course, too many inner iterations and one is doing nonlinear
Gauss-Seidel, which has a slower convergence rate than Newton’s method.

There is another very interesting issue in deciding how many inner iterations to use. Suppose, for

the sake of argument, that 2% = (29, 29) has the property that 2§ # 27, but 2§ = 23. Then, unless one

iterates on the first block until convergence, z1 is not 3. Thus, each inner iteration on the second block
will be taking us further from a3 because it will be trying to converge to a solution to Fy(z{,z3) = 0.
This is an extreme case, but in general one can extend this way of thinking to see that when we begin

iterating on a block, it is probably true that the earlier blocks have improved their variables. Therefore,



we expect that as we iterate on the ¢th block toward a solution to Fi(a’cfj'll,xi) = 0, initially we will
improve our approximation to zf. However, if we keep doing inner iterations, that improvement will end
and we will draw further from 2} as we continue toward the root of Fy(a¥*1 ... a¥! 2)) = 0.

The experimental results of several such cases are in Section 5, including one case in which we diverge
if we take more than 2 inner iterations but not enough so that we are doing nonlinear Gauss-Seidel.

We found it best to implement the inner iterations in the cheapest way; we use a stationary Newton
method in which we do a new block function evaluation at each inner iteration, but only one Jacobian
evaluation and factorization per block per outer sweep. The algorithm for ¢ inner stationary Newton
steps on each block is as follows:

xf(yﬂ) = xf(y) - [Ji(xf’i)]_lﬂ(xf(y)’i) , for v=0,..,g—1,1=1, ...om, k=0,1,2... ,
and xf(y)’i = (ab+1, ...,wffll,xf(y)) with xf(o) =zt xf(q) =gt (4.3)

4.4 The Modified Gauss-Seidel-Newton Stationary(¢-Step) Method

Another variation, which is well suited to parallel computation, is to evaluate and factor the diagonal
blocks concurrently at z*. We will show in next section that this modified method and its variations are
quadratically convergent. The algorithm for ¢ inner stationary Newton steps on each block is as follows:

x, = xf(y) - [Ji(xk)]_lﬂ(wf(y)’i) , for v=0,..,¢—-1,4i=1, ....om, k=0,1,2... . (4.4)

4.5 Gauss-Seidel-quasi-Newton ¢-Step Methods

The more general form for the methods we consider, as well as some others we will consider in future
work, is:

xf(y-H) = xf(]j) — [Bf(y)]_lﬂ(xf(y)’i) , Bf(y) a mnonsingular n; X n; matrix,
and xf(y)’i = (x’f‘H, ...,xffll,xf(y)) with xf(o) =k, xf(q) = xf‘H ,
for v=0,..,¢g—1,1=1, ....om, k=0,1,2... . (4.5)

Notation that will be useful in the analysis is

z; = (1,...,2) ERM X R™?x ..x R" ,i=1,2,,..,m.
Thus, method (4.2) corresponds to (4.5) with
B = gt ekl g = 1 (4:6)
method (4.3) is (4.5) with
BIY = el e (4.7)
and method (4.4) is (4.5) with
BIY) = ek, ah) (4.8)



4.6 Block Jacobi-Newton.
Finally, we include the well-known Jacobi-Newton method for completeness in our test results. It is not
a forward nonlinear substitution or Gauss-Seidel method.

et = ok (ke RGEE, =1, om, k=1, (4.9)

K3 k3

Note that there is no inner iteration; in order to obtain z**! from z*, one solves the m independent

linear blocks. The same argument is used for all the Jacobian blocks and function blocks.

Besides the simple structure for implementation, the Jacobi method also exhibits a high degree
of parallelism. Its main drawback is its slow rate of convergence. We will see this in the analytical
convergence results and the experimental results in following two sections.

5 Convergence results

In this section, we will give some convergence theorems for (4.5). At first, they may seem surprisingly
strong, but this is the power of putting the system in block lower triangular form before starting the
nonlinear solution process.

Let | - | denote an arbitrary norm defined on each R™ as well as its subordinate matrix norm. For
every ¢ and any z; € R™ X ..., xR™ i =1,...,m, we use the norm

z
lzi = > .
i=1

Remember that z = Z,, , ¥ = zF , 2* = z*, . The Jacobian of F; with respect to z; is denoted by

For all our results we will assume: There exist z* € R", ¢; > 0 such that F(z) is well defined for all
x such that || z — 2* [|< €, and

F(z*) = 0. (5.1)
The Jacobian matrix J;(z;) exists for all z; such that || z; — z} ||< ¢ . Moreover, J;(Z;) is continuous at
z7 and J;(z}) is nonsingular for all 7 = 1,...,m . We also assume that for some I'

| Ji(@')_l |<T (5.2)

forall ¢ =1,...,m and || z; — z7 ||< € . There exists L > 0 such that

| Ji(@:) = Ju(@7) [ L || 2 = &7 || (5.3)
forall i =1,...,m and || Z; — ] ||< ¢ . There exists a > 0 such that
| (@1, s Ty ooy @3) — Fi(@1, 0025, 0, 2) [< a | 25 — @) (5.4)
forall j<e¢=1,...,m and || z; — 27 [|[< & .
Lemma 4.1
| Fi(Zio1,2:) = Fi(@_g, 2i) [S a || @ioa — 27y || (5.5)



foralli=1,...m, ||z, -z [|[< e .
Proof: This property can be easily obtained by using (5.4).¢

Remark: Observe that we are not assuming differentiability of F; with respect to variables z;, j # .
This allows us to include under our analysis more general functions than the ones considered in the usual
convergence analysis for Newton methods.

Theorem 4.2 Let r € (0,1). There exist €3 , ¢ > 0 such that, if
2% -2 1< & (5.6)

and

| B — y(ap) |< (5.7)

forall v =0,...,g—1,i=1,..,m,k=0,1,2,..., then the sequence {z*} generated by (4.5) is well
defined, converges to z* and satisfies

k T _ _
i e S at—ar ), v=1,, (5:8)
m
T _ _ .
ot el Sl -], =L, (5:9)
and
u <

Moreover, for all v = 0,1,...,¢g—1,7i=1,...,m and k£ =0,1,2,..., we have
i — e < v BEY — gian) L | 2 et |2l <t | 4T 2l -2 L (D)

K3

Proof: See Appendix.

The following result applies to the Gauss-Seidel-Newton (4.3) and modified Gauss-Seidel-Newton
methods (4.4) with ¢ inner iterations.

Theorem 4.3: Assume that the choice of Bf(y) in (4.5) is given by (4.7) (the Gauss-Seidel-Newton) or
by (4.8) (the modified Gauss-Seidel-Newton). Then, there exists ¢3 > 0 such that, if
2% = 2™ [|I< e,

the sequence generated by (4.5) is well defined and converges to z*. Furthermore, there exists ¢; such
that

| o) —ef|< e | 7 - 27 (5.12)
so that

| et o (< ey || 2 - a7 |0t (5.13)
and

| 2" — 2 || ey | F - 2 |0, (5.14)



where v =0,...,¢,1=1,....m,and £k =0,1,2, ...
Proof: See Appendix.

The rest of this section is dedicated to analysis of the Jacobi-Newton method discussed in Section
3. Recall that an iteration of this method is defined by
e = oF - nEHTRER) (5.15)

K3

for i = 1,...,m. It turns out that in a sense, the method is m-step quadratically convergent.

Theorem 4.4: There exist €4, co > 0 such that, if
| 2% — 2" [|< e, (5.16)

then the sequence generated by the Jacobi-Newton method (5.15) is well defined, converges to * and
satisfies '
| &t et [< e ef —af P ot | 2f T = 2] ) (5.17)

forall:=1,....m,and k>m—1.
Moreover, defining

k ko k+1 k+m—1
T )

Yy = (zy, x5, ,

there exists a constant ¢z > 0 such that

H yk-}—l — z* ”S 3 ” yk — ”2 (5.18)
forall k=0,1,2,....

Proof: See Appendix.

6 Experimental Results

We generated our test problems from the Moré, Garbow and Hillstrom [1981] test set. There are some
that are polynomial and some that are combinations of polynomial and trigonometric functions. Such
simple functions would not favor the methods studied here because they are so cheap to differentiate.
Thus, Newton’s method does not have to pay much of a penalty for the extraneous derivative calculations.

In all cases, the diagonal blocks were fairly large, which again means that Newton’s method does not
have to do as much extraneous differentiation in computing the strict lower triangular part of the Jacobian
as if the diagonal blocks were small. But the diagonal blocks were the same size, which our intuition says
might favor a Gauss-Seidel method because it would maximize the average amount of new information
available to each block iteration. However, all diagonal blocks of the same size would minimize the extra
linear algebra needed by Newton’s method for correcting the right hand sides in computing the Newton
step.

The computer we used is a single processor of Intel 80386 in the Sequent Symmetry system.

We wanted to avoid having to code Tarjan’s algorithm [1972] just to test our ideas, and so we used
systems already in block triangular form with known solutions.

10



The test problems we used were generated in a simple way from some variable-dimension problems in
Moré, Garbow and Hillstrom [1981]. Given any block dimension n and number of blocks m, we generated
some polynomial test functions from two variable-dimension test problems as follows: Let the function
F, : R* — R" be the block of nonlinear equations with n unknowns y = (y1, y2, .-, ¥n)

fily) = wi+> y—(n+1) 1<i<n-1
7=1

faly) = (f[yj)—l-

Let F, : R — R™ be another block of nonlinear equations with n unknows

fi(y) =B =29)yi — yie1 = 2yin + 1, i=1,..,n.
Now generate an n - m X n - m system in the blocks of variables z = (21, %2, ..., .,) by

Fl(.’El) = Fa(l‘l)
Fy(zy, x9) = Fy(z1) + Fi(za)

Fy(w1, o2, ooy 20) = Fa(21) + [152] Fy(225) Falw2;41) + Fy(720)
Foppi(zy, xg, ooy To041) = Fo(z1) + [Hf; Fy(xg)Fo(xoji1)|Fo(wo0) + FolToes1)

Fo(z1, 22, oy Tm)

The second group of functions were generated from F,, F; and the trigonometric system F, with n

unknowns: .
fily)=n— Zcos yi+i(l—cosy;)—siny;, i=1,...,n
7=1

as follows:

Fi(z1) = Fo(a1)

Fy(zy, xg) = Fo(z1) + Fy(z2)

Fs(z1, ©q, ©3) = Fo(z1) + Fy(22) + Fo(23)
Flz) = Fsppr (@1, .oy arq1) = Fo(zr) + [Hf; Fy(xsj_1)Fo(xs;) Fa(asjpr) ] Fo(zar—1) Fo(war) + Fo(Tsi41) 0

Fsppo(21, ..y 3042) = Fo(z1) + Hf:l Fy(xgj_1)Fo(z3j) Fa(z3j41) + Fo(3042)
Fspps(zy, .., x3043) = Fo(z1) + [Hf:l Fy(xsj_1)Fo(ws;) Fa(asjr1) ] Fo(zarse) + Fo(zseys)

Fo(z1, 22, vy @)

11
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Figure 1: One processor times for different methods on a 600 x 600 polynomial system.

Here we report results on a single processor to demonstrate that the methods given here are very
good sequential algorithms. In later work, we will test parallel variants of the Gauss-Seidel-Newton
approach for systems of the form (3.1).

In all cases, to keep things simple the starting value of 2¥ was reasonably close to the solution, and
no globalizing strategy was used. The stopping criterion was to reduce the total function ¢ norm below
10712,

First, we compare the performance of the five methods on a 600 X 600 polynomial block triangular
system with 6 blocks of 100 variables (see Figure 1).

As expected, the Jacobi-Newton method took the most time to converge. The nonlinear Gauss-
Seidel method took 13 iterations for each block, and total computing time was impressively small. The
Gauss-Seidel-Newton method used one iteration less than the Newton’s method, but the computing time
was about 27% less because of less time spent in Jacobian evaluation, we do not compute the strict lower
triangle, and in doing linear algebra, Newton must correct the right hand sides in solving for the Newton
step.

The Gauss-Seidel-Newton method with more than one inner iteration was the most effective one
among all the methods for this problem. The experimental results show that the number of outer
iterations is sharply decreased from 13 to 5 when the number of inner iterations is increased to 2. However,
the number of outer iterations decreases more slowly as the inner number of iterations increases further.
The optimal number of stationary inner iterations is problem dependent. Our experiments show that
when ¢ = 4, then £ = 3 was needed, and this minimized the computing time for this system.

Next we tested a 1600 x 1600 polynomial block triangular problem with 16 blocks of 100 variables
(see Figure 2). Unfortunately, the Jacobi-Newton method could not converge to a solution from the same
2% as the other methods used. We modified the initial value so that it was closer to a solution, and
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T (sec)
3000

17 itns

2500 17 itns N
15 itns ]
2000 -
10 itns

. 8 itns
7 itns

1000 - 5 1tns ]

G-SN() G-SN({4) G-SN(B) GSN(2) N-GS  G-SN(I) Newton

Figure 2: One processor times for different methods on a 1600 x 1600 polynomial system.

we found the solution by the Jacobi-Newton method. This group of experiments also showed that the
nonlinear Gauss-Seidel method and the Gauss-Seidel-Newton with stationary inner iterations converged
faster than the Newton’s method.

We also tested the five methods on the second group of nonlinear block triangular problems with
combined polynomial and trigonometric functions with 8 blocks of 100 variables and 16 blocks of 100
variables respectively (see Figures 3 and 4). Performance was similar to the first tests, but the Jacobi-
Newton method again failed to converge on the larger problem of the second group. Also, the Gauss-
Seidel-Newton method was not as effective as before. The largest number of inner iterations successfully
applied was 2 — except for the nonlinear Gauss-Seidel method which in a sense has infinitely many inner
iterations. When more inner iterations than 2 were applied, the method did not converge to the solution.
(see Figures 3 and 4).

In general, more inner iterations should make the Gauss-Seidel-Newton method more likely to con-
verge. But, as we discussed in Section 3, this is not always true. The experiments presented in Figure 3
and 4 are examples to this point.

The best way to handle this situation is to adaptively choose the number of inner iterations for each
block by some easily imagined strategies, such as reaching a target percentage reduction in the block
function norms. It is not our purpose in this paper to complicate the basic idea with such implementa-
tional details, however important to a production version they might be. But to illustrate the point, we
did some experiments to show how convergence can vary with the choice of ¢;.

For example, the best result we got for the 800 x 800 problem with 8 blocks of 100 variables was to
use in the first and second outer iterations, respectively 1, 2, 3, 2, 2, 2, 3, 3 inner iterations. In the third
outer iteration, 2 inner iterations were applied to the first block, and 3 to the other blocks. We obtained
convergence with five more outer iterations with 3 inner iterations applied to each of the blocks.

13



T (sec)
2500

30 1tns

2000 ~ _
24 itns

1000 i

500 - .

G-S-N(2) N-G-S G-S-N(1) Newton J-N

Figure 3: One processor times for different methods on a 800 x 800 polynomial, trigonometric coupled
variable function

This sums to 8 total outer iterations and 1024 seconds spent, which reduced the computing time
approximately 25% over the solution by the Gauss-Seidel-Newton method with the best uniform number
of inner iterations. Similarly, for the 1600 x 1600 problem with 16 blocks of 100 variables, 10 outer
iterations and 1995 seconds were used with varying numbers of inner iterations, which was approximately
a 30% reduction in computing time over the best performance by applying a fixed number of inner
iterations to each block.

7 Summary and Future Research

We have shown that Gauss-Seidel-Newton algorithms can be much more effective than Newton’s method
applied to nonlinear systems put into block triangular form by standard graph algorithms used to permute
general sparse linear systems to block lower triangular form.

We have introduced the notion of allowing stationary inner iterations in the Gauss-Seidel-Newton
method, and we have seen that the Jacobi-Newton method, which has the highest degree of parallelism
among the methods, has the slowest convergence rate, and seems less effective.

The development of secant approximations to the diagonal blocks of a block triangular Jacobian
is a attractive research topic, since it would allow cheap approximations and allow the factorization of
the Jacobian approximation to be updated efliciently. We have done some analytical studies on quasi-
Newton methods in which the block diagonals are approximated by different updates such as the Broyden
update (see Broyden [1965]). We plan to implement these methods on parallel computers and to test the
performance.

The algorithms we considered here all have various synchronization points in them. For Jacobi

14



T (sec)
6000

30 itns
5000 ~ -

4000 27 itns 28 itns N

3000 - 18 itns N

2000

1000

G—S—N(?) N-G-S G—S—N(l) Newton

Figure 4: One processor times for different methods on a 1600 x 1600 polynomial, trigonometric coupled
variable function

and Gauss-Seidel methods, a potentially attractive alternative is to allow parallel processors to proceed
asynchronously. We will develop synchronous and asynchronous parallel methods based on the sequential
methods we have studied in this paper.
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A Proofs of the convergence results

Lemma Al
Suppose that

{e, i=1,....m, v=0,1,...,q} (A1)
is a set of positive real numbers such that
Z ed <e, (A.2)
i=1
1—1
e/t <T(8 4 Lel)e? + Ta Ze? (A.3)
i=1
fori=1,...,mand v =0,1,...,¢g — 1. By convention E?:l =
Then, there exist continuous functions ¢;,(€,6), e =1,...,m,v =1,..., ¢ such that
¢;,(0,0)=10 (A4)
and _
¢ < Gl 8) 3 €8 (A5)

j=1
forall:=1,...,mand v =1,...,q.
Proof
We proceed by induction on ¢. Let us prove first (A.5) for ¢ = 1 by induction on v. For v = 1, we

have by (A.2) and (A.3) that
e = el <T(6+ Leb)el <T(6+ Le)el .
Therefore, (A.5) holds with
01,1(€6,6) =T'(6 + Le) . (A.6)
Now, let us prove (A.4) and (A.5) for ¢ = 1 and v € {1,...,¢}. The inductive hypothesis is that
@1, is defined and satisfies
qbl,f(ov O) =0
and
6{ S ¢1,€(€76)€(1)
fori=1,...,v—-1.
By (A.3) and the inductive hypothesis, we have that

N
IN

T(6+ Let™1)ev ™t
T (5 ‘|‘ Lobl,u—l(ey 6)6(1)) ¢i,u—1(€7 6)69
< [F (6 + L¢1,u—1(€7 6)6)] ¢1,u—1(€7 6)6(1)

IN
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Thus (A.5) holds for i = 1 defining
¢1,V(€7 6) = F((5 + L¢1,u—1(€7 6)€)¢1,u—1(€7 6)

By the inductive hypothesis, ¢; , is continuous and ¢;,(0,0) = 0. Therefore, (A.5) is proved for ¢ =
l,v=1,...,q.
Assume, by inductive hypothesis, that ¢;, is defined and satisfies

$;0(0,0)=0

and ‘
j
€5 < dja(e,6) )€l
s=1
forall je{l,....,i—1},(=1,....q.
Let us prove (A.4) and (A.5) foragiveni > 1,v =1,...,¢. We proceed by induction on v. If v = 1,
we have, by (A.3) and the inductive hypothesis, that

i—1
el < I'(é6+ Le?)e? + T Z eg
7=1
i—1 J
< T8+ Le)e? + Ta Z Gj.q(€,0) Z e’
7=1 =1
z i—1 i—1
< T(6+ Le) Z ) +Ta Z ¢iq(€,0) (E e?)
7=1 j=1 £=1
i—1 %
< F(5+L€)+Faz¢j7q(€,6) Ze? .
7=1 =1
Thus (A.5) holds with
i—1
¢ia(6,0)=T(0+ Le) + T'ar E Gjq(€,6).
7=1

If v > 1, we have, by (A.3) and the inductive hypothesis that

i—1
e/ < T(64 Le ™ Me™t +Ta E e?
7=1
< T (5 + L _1(e,8) eg?) biv-1(€,6)> €Y
J=1 J=1
i—1 J
+ la Z Giq(€,0) Z e?
j=1 =1
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< D64 Loi—1(€,0)€) ¢ —1(€,0) (ZZ: 69)

+ l'a (Zz_: ¢j7q(676)) (ZZ: 6?)

< [F (6 4+ Loy —1(€,0)e) dip_1(€,6) + Tax (Zz_: ®j.q(€, (5))] XZ: el

i=1 i=1

Thus (A.5) holds defining

1—1
Gi(€,6) =1(6+ Loy p_1(€,0)e); y_1(€,6) + L' Z Giq(€,0).

i=1

By the inductive hypothesis, ¢;, is continuous and ¢;,(0,0) = 0. Therefore, the existence of the
functions ¢;, such that (A.4) and (A.5) hold is proved.®
Proof of Theorem 4.2

By (4.2), |J;(z5)™'| < I'. Therefore, we can define §; > 0 so that [B;!| < I for all B; € R™*™
such that |B; — J;(z7)| < é; for i = 1,...,m.

Let €5, 6 be such that 0 < €3 <€, 0< 6 <6y, and

Gi(ez,6) < — (A7)

foralli=1,...,mand v =1,...,¢q, where the functions ¢;, are given by Lemma Al.
Assume (4.6) and (4.7). Let us prove inductively that

() = 27| < & (A.8)

K3

foralli=1,...,m,v =0,1,...,q and that
O(l/) * r : 0 *
|z; —$i|§52|%—% (A.9)
1=1
forall:=1,....m,v=1,...,q.
We proceed by induction on i. So, let us prove first (A.8) and (A.9)fori¢=1. If i =1 and v = 0,
(A.8) is trivial. If ¢ = 1 and v = 1, we have, by (4.3), (A.1), (A.6), (A.7) and (4.6), that

1290 — 25l = 2 —af — (BYO) T R (2Y)

1
o =t = (O ([ (o1 0068 - a) ) a8 - )

1= (B (a)

|2§ — 23] + T L]a7 — a7 ]?

< T8l — wf] + TLJ2S - a3

< T(6+ Lea)|ay — 27| = 611(6, e2)[a] — a7]
< 1|w?—$1‘|<62.

s o <
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So, (A.8) and (A.9) are proved for i = 1, v = 1.

Assuming that (A.8) and (A.9) are true for ¢ = 1 and v € {1,...,¢ — 1}, let us prove these two
inequalities for ¢ = 1 and replacing v by v + 1.

By (4.3), (A.1), (A.6), (A.7), (4.6), (4.5) and the inductive hypothesis, we have that

3O a3 = 2" —af — (B)) R ()

23 — a5 = (BY)71 (fy Jiat + (2] = a7))dt) (27 = a7)]
11— (B ()| |27 = a]

+ ILjay™) — a2

(1B = (e + Llay™ = w1]) 123 = a7

16 + Llag" = 23)[2") - a7

AN VAN

AN VAN

So, by (A.3), (A.5), (4.6), (A.7)

T
07 — 2] < b1 e, 6)[af - af] < 2} — f.

Therefore, (A.8) and (A.9) are proved fori =1land v =1,...,q.
Let us prove now that (A.8) and (A.9) hold for an arbitrary ¢ € {2,...,m}. Assume, as inductive
hypothesis, that

0w)iy -
I(25) = 21l < e
forall j=1,...,0— 1, v=0,1,...,¢q and that
|x0(y) -7 < sznxo—x*
7 J —mg £ £
=1

forall j=1,...,:1—1,v=1,...,q.
We first prove (A.8) for » = 0. By the inductive hypothesis and (4.6), we have that

0,2 — _ _
a7 = 27 = (@iq, 29) = (@74, 27|

= |7y = 7l + a7 - 2]

i—1

= D la}— a3+ [2f - a7

i=1
i

i—1

r
> L3 (e — 0l 4 e — ]
7=1 =1

i—1 i—1

T
S LS o~ + 1o — 3]
=1

J=1

IN

IN
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i—1 i—1
r
< Dolab —apl Y] — 4 a? - 2]
- m
/=1 7=1
1—1
< Do laf =gl 1?2t = (|7 - 7] < e
/=1

since 1 < m and r < 1.
Now, let us prove (A.8) and (A.9) replacing v by v + 1. The proof of (A.8) and (A.9) for v = 1is
the same as the following proof, with the obvious substitutions.

By (4.3), (A.1), (A.6), (A.7), (4.6), (4.5) and the inductive hypothesis, we have that

) — a7

7

IN
B2
‘o
AN
&
*
I
—~

IA
B
2
N
5]
*

1
(B?(”))”(/ Ji(&i oy wf + 1)) x;))dt)
0
(22 — 2%)| + Taljzl, — z2_, ||
11— (B{")=L (@) |29 - o] (A.10)
+ el — aff? + Talaly o,

P (1B = gi@n)| + 2l - a7} 120 - 1)
+ FaHle—l - f?—1” )
L(6 + Lag™ = a7Dlaf™ = a7 + Ta Y o} - 3]

i=1

IN

IN

IN

So, by (A.3), (A.5), (4.6), (A.7) and the inductive hypothesis,

0(v+1)

|z

— 27| < ¢ipt1(€z, 0 Z|x —x|_ lzmg—x;. (A.11)
i=1

But, by the inductive hypothesis,
o ol
1 * 0 * 0 *
Lt < — E - < — E - A2
|CL‘] 1‘]|_ m£:1|$e zy| < m£:1|$£ Ly ( )

forj=1,...,71—1.
Adding the inequalities (A.11) and (A.12), we obtain

1,1 ’i—lT : *
Z|$}_$|+| ) |§%Z|$?—%‘
; =1 (A.13)

F IS el afl = D - ) < e

i=1
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With (A.11) and (A.13), the inductive proof of (A.8) and (A.9) is complete. Therefore,
1 * T < 0 * r 0 *
L ¥ < — ) _ = 2% —
ot =il € 5 ] = e )

foralle=1,...,m.
So,

et — 2| < rlla® — 27| .

Repeating the argument used for £ = 0 we prove that (4.8)-(4.11) holds for £ = 0,1,2,.... This
completes the proof of the theorem. ©®

Proof of Theorem 4.3

Let €3 and ¢ as given by Theorem 4.2 for r = % Let €3 < €9 be such that
| Ji(zs) = Ji(T7) [< 6

for all z; such that || z; — z} ||< e3. With this choice, the convergence of the sequences generated by the

Gauss-Seidel-Newton method and the Modified Gauss-Seidel-Newton method follows from Theorem 4.2.
Let us prove by induction that there exist constants ¢;, that only depend on I', L,e3 and a such

that

k(v)

| e —af < e || @8 — 27 |7 (A.14)

fori=1,...,m,rv=0,1,2,...,q.

First, we prove (A.14) for the choice (3.7) of Bf(y). We proceed by induction on . For ¢ = 1, we
prove (A.14) by induction on v.

For v =0, (A.14) is trivial with ¢;,, = 1. Let us make the inductive step on v. By (5.11) and (4.6)
we have

|25 —er | < T(] (@) = Si(a]) |

+ Llef® —ar )y i) —an
So, by (5.3),
|25 et < TL(| b —af | 4] 25 —ai ) | )Y — a7 |
< TL(| af — a7 | 4ery || af = a7 P )er, || 2f — 2] |71
< TL(| af -t | 4ery || af = a7 P )er, || 2f — o] |71
< TL(1+en, || af = af [|)er, || 2% — a7 ||

Therefore, the inductive step is complete defining

c1p+1 = LIL(1+ ¢y €5)c1,
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Assume now that | xf(y) -z} [< ey | f;“ -7 |“*1 for all j € {1,...,i—1},v € {0,1,2,...,q}. Let
us prove that (A.14) also holds for :. We proceed by induction on v. For v = 0, (A.14) is trivial with
¢, = 1. Let us make the inductive step. By (5.11) and (4.6) we have

k’ IJ+1 * k,Z —%
e —ef | < T( i) =A@

K3 T K3

+ L2t —ar )28 — et | 4T | 2 — 2, |
So, by (5.3)
kE(v+1 k _
|2FCY _ar | < TL(| Y - Ey ||+ | 2 - a7 |
i—1
+ 2t —er Y — e 4Ta Y] et e
i=1
i—1
< TL(Y [ af o [ 4 | af —af | 4ei | 25 — 27 )
7=1
i—1 i
X ey || @ -z T 4T Y o e
7=1
i—1
< TL(Y ejq |l &5 =25 |0t 4 | of — a7 |
i=1
+ oy | ZF -2 | e, || 2 - 2 |t
i—1
_k _
+ Tad e, | & -z |t
i=1
-1
< TL ejq 1 3E =27 |19 +1 4 ¢ || 25— 37 |)es || 28 — 27 |77

1—1
—k — % —(v —k —x ||V
+ Ta(ZCm)(H e LR N

Therefore, the inductive step is complete defining

i—1
Cippr = TL((Q ¢iq)ed + 1+ civel)eiy
j—l
+ Taf chq —(v41), (A.15)

Let us now prove (A.14) for the case where BF is chosen by (4.8) (the modified Gauss-Seidel-Newton).
We also proceed by induction on ¢. As before, let us prove (A.14) first for ¢ = 1. For ¢ =1 and v = 0,
(A.14) is also trivial. Let us prove the inductive step on v.

k(v * *
|5 et < T i(eh) = (e |
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Llaf™ —e; )| 2t — a7
k k
TL(|| 2% — a5 | +L |2 — a7 ) [ 2§ — a7 |
TL(|| 2% — a7 || +Ler, || 2% — a7 [ )er, || @f — a7 |+

PL(L+ Lerue)erllaf - af]7+2

ININ IN +

So, we must define, in this case:
¢1p+1 = TL(1 + Ley pe5)ci . (A.16)

Now, let us prove (A.14) for the choice (3.8) for a generic ¢ € {1,...,m}, assuming that | xf(]j) -7 |<
¢ || &5 — &3 [T holds for all j € {1,...,1— 1}. For v = 0, (A.14) is again trivial. For v + 1, we have
that

|2t ) < 1() Ji(@h) - iz |
+ L2 —ar )28 —ar | 4Ta || 2 — 2, |
< TL(| &8 — a7 | +L | 2fY — a7 )| «f¥) — a7 | +Ta | 254 — 2, |
< TL(| #% =7 || +Leiy || 2 — 27 |7 )eiy || 25 — 27 |1
1—1
+ Ta(Y ) UM &b —ap |+
i=1
1—1 )
< (PL(L+ Leié)eiy + Ta(> ¢ )6 U0y || 2h — a7 ||+
7=1
So, we must define, in this case:
i—1
Ciurr = PL(1+ Leg e )iy + TS ¢j0)edH (A.17)
7=1

Therefore, the inductive proof is complete and (A.14) holds both for the choice (3.7) as for the choice
(3.8) of BF. Now, defining ¢} = max; ,{c;,}, we have that

| 27w

—af |<d [l af-a7 |t (A.18)
forv=1,....,q,2=1,....m, k=0,1,2,.... So,

R T o LS Al (A.19)
for i = 1,...m. Adding the inequalities (A.19) for ¢ = 1, ..., m, we obtain:

|2+ —a® [|[< mef | 2 = 2™ |7

Hence, (5.12), (5.13) and (5.14) follow defining ¢; = mc}. This completes the proof of the theorem. ©®
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For proving Theorem 4.4 we need an auxiliary lemma.
Lemma A2

Let ef.i = 1,...,m,k = 0,1,2,..., 81,082,835 > 0 be real numbers such that e > 0 for all i =
1,..,mk=0,1,2,..., and

1—1
et < Bi(el)? + (Ba+ Bael) D e (A.20)
i=1
Let € > 0. There exists € € (0, €] such that if
Ze? < (A.21)
=1
we have .
Zef <e (A.22)
i=1
for all £k =0,1,2,... and
Jim e =0 (A.23)
for + = 1,..., m. Moreover, there exists ¢ > 0 such that
et <el(ef)? + o (e (A.24)
for all ¢,k such that k > m —1,:=1,...,m.
Proof
Define .
wk = efti-t (A.25)
fori=1,...,m, k=0,1,2....
k _ k k
w” = (wy, ..., w,) . (A.26)
Let us consider a fixed k. We will prove that
wf-”” < Z qb,\(wf,...,wf), v=1,...m (A.27)
AET (i)
where ¢x(y1, ..., yi) is a monomial of degree at least two whose coefficients are positive and independent

of k, Y(i,v) a set of indices and ¥(¢,r) is the number of monomials that occur in (A.27).
We proceed by induction on i. So, let us prove first (A.27) for ¢ = 1. In fact, by (A.20), we have
that

wity = et < pr(ed)? = By (wh)?. (A.28)

So, (A.27) holds for i = 1 with 9(1,v) = 1 for all v, and ¢,(w]) = BY(wk)?.
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Now, let us assume that wf-w < 2 NeT(w) phiy(wh, .. ,wf) forall j=1,...,0—1,v > 1. Using
this, we are going to prove (A.27). We proceed by induction on v. If v = 1, we have, by (A.20) and the
inductive hypothesis, that

7—

with = €™ < Buef T 4 (Bat Baei T Y et
j=1
< Bulet T+ (B + ﬂaef“‘l)(ie?“‘l)
=
= Bi(wF) 4 (B2 + ﬂswf)(iwf”)
=
= Bu(wf)® + (B2 + Bswf) Z Z or(wh, ..., w ))
J=1XEY(5,5)

The right hand side of the last inequality has the form of the right hand side of (A.27). So, (A.27)
is proved for v = 1. Finally, assume that wf“ < 2NeT(i) or(wh, .. ,wf) forall j=1,...,i—1 and for
j=1t4¢=1,...,v—1. Then, by (A.20),

7—

wk-l—u — ek-}—zx-l—i—l < ﬁl(ef—l—u-}—i—Q)Q n (ﬁQ n ﬁge;ﬂ-}—u-}—i—Z) Zek-}—zx-l—i—Z

% % = 7
i=1

i—1
< ﬁl(wzk-l—y_l)Z + (52 + ﬁ3w21§+1/—1) Zw§+u+]—1
Jj=1

< Bl oa(wh, ., wh)]?
AeY(i,v—1)
1—1
+ (Bt B Y eawh YD Y da(wf, ., wh)
AEY (i,v—1) J=1XET(Gv+5-1)
= Z ¢/\(wi€,,w2k)
AeT (i)

for a suitable definition of Y(¢,v). From the construction, we easily see that the coefficients and
indices involved in the monomials at (A.26) are independent of k.
In particular, for v = 1, we have that

wf"'l < Z qb,\(wf,...,wf) (A.29)
AET(i1)
foralli=1,...,m, k=0,1,2,.... But, since wf < (w? + —I—wf)% <l wk ||z forall i =1,...,m, j =
1,...,7, (A.28) implies that
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witt < (wi 4+ w)P()| 0 2) (A.30)

where P is a polynomial. By (A.30) and (A.20), || w° || can be made as small as desired if || €° || is
small enough. Therefore (A.23) and (A.24) follow from (A.30) and (A.20). ®

Proof of Theorem 4.4

Define

ef =) ak — 27| (A.31)

fori=1,...,m,k=0,1,2,.... Then by (5.5) and (5.3), we have, if || 2* — 2* ||< ¢, that

E+1
€;

IN

IN

IA A

IN

|2t —af =] af - af = e, ef) T E(a, ) |
ok = a7~ J(E) 1) |+ ) || B e - ) |
1
kot = B[ e+ et - (e - e
ta | Ji(@H Tl eE, -2 |
U | J(ah) - Ji(@) || 2f — o7 | 4TL | of — a7 | 4ol | 25, — 27, |
UL &F - af |- af —af [ +1L | of —af [2 +al || 2k, -7, |

1—1
OTL | af — a7 2 H(al +TL | af — a7 )Y | 2h — 27|

i—1
T L(ef)” + (ol + TLef) > eh. (A.32)
71=1

Hence, by (A.31) and (A.32), the inequality (A.20) holds if || 2¥ — 2* || is small enough. Therefore, the
thesis follows by Lemma A2 using a straightforward inductive argument. ©
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