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RxQ]OZb�Y�[ÞOZb�Y\_uY\TXlndfe~TV^�Q]Y�lfQ]e�cwb�df�w^mQ]RUa��	)�P�Q]e¹Ûzdnb�OZb
TXe¢¯vº ¹ Ã�o1Q]b�Q/|~akQV_sr~��Y\akQV[�OZYmdfe�p]Ymeu��Q]bqahQ
YmOZQ]b
TVO�Y�dfeUo�Tna�ahdfRiQ]o�P~TXO�NÁTnahOZQ]b £�|�cUO�dtT NÁTf[�OZdfb�dVN1�4ª}N�dfb���Q]bZ��^�TXbZlfQ/RUTXOZb�Y�[�QVa�£p1 Á �f�n�4ª
o�YmOZP�df|wO�[�^�|~ahOZQ]b�Q�_�QWYmlfQWe`�nTX^�|�QVa��ù)�P�QWejQ]Y�lfQ]eu�nTX^m|wQVa�o�Q]bZQS[�^�|~ahOZQ]b�Q�_sr�_`Y��`Y�_`Q�TXe~_®[�dfez{4|�QWb
o�Tna�|�c¡OZd³�f�UO�Y�RxQVaÞNÁTnahO�QWb]�³��P�Q�ahc~Q]QV_`|wc~a�dV��Q]b �! o1Q]b�Qiahd³^�TXbZlfQtYme+OZP�QxO�bZY\_`Y�TXlndfe~TV^
[]TnahQSO�PzTXO�OZP�QSdV��Q]b
TV^m^�c�b�dn��^mQ]Rgr�Yme~[�^�|~_`Y�e�l�bZQV_`|~[�O�Ymdne³O�dxOZb�Y�_`Y\TVlfdfezTX^�N�dfbZR­akc~QV_À|wc³�`�gT
NÁTf[�O�dfb�dXN��`�Æ��dV��Q]b �! N�dfb!1 Á �f�n�`�
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�vQVTVb�^m� |�e�Ym��QWb
a�TV^m^���r]O�P�Q}RUTVO�bZYmy�dVN~Q]YmlnQ]eu��QV[�O�dnb
a~lfQ]e�QWb
TXOZQV_��u��_`Ym�uY\_uQ}TXe~_S[�dfe~{�|�Q]bCah|`N\Å

N�Q]bZQV_�OZP�Q�^mQVTnahO}^md$a�a�dVN�dfbZO�P�dnlfdfezTX^mY�Ok���}��P�Q ahRUTV^m^mQ�ahO�Q]Y�lfQ]ezah�wahO�QWR b�Q�ahY\_u|~TX^�£ ~ ¨ zR�Ì zR zâ ~ ª|~ak|~TX^�^m�U[]TVRxQ�N�b�dfR�O�P�Q�QWYmlfQWe~ah�wahOZQ]R°lnQ]e�Q]bqTXOZQV_x�`�t��Y\akQV[�OZYmdfe�p]Ymeu��Q]bqahQ�YmO�QWb
TXOZYmdne�r`o�Y�O�P®_`Y8Å
�uY\_`Q®TXez_�[�dfe~{�|�Q]bt[�dfRxY�e�l¢TÍ[�^md�akQ³akQV[�dfez_ £�QWy�[�QWc�O dne�O�P�d$ahQjdu[W[]TfakYmdfeza�o�P�Q]bZQjYmeu��Q]bqahQ
YmOZQ]b
TVO�Y�dfexNÁTXY�^mQV_�OZdx[�dfRxc�|wO�Q�dnb�O�Pwdflfdne~TX^C��QV[�O�dnb
a
ª
�

��P�Q/c�^mdnO
a�o�Y�^m^sdVN�O�Q]ei��Q/^�TX�~Q]^mQ�_�o�YmOZP ä¶$�y`ywå o�P�Q]bZQ�äZy�å Y�a�ahdnRxQvdnO�P�QWb�^mQ]OZO�Q]bW����P�QVakQ
TX�w��b�Q]�uY\TVO�Y�dfe~a�b�Q�N�Q]b�O�dUOZP�Qx[�du_`Q�o�PwY\[
P³o�Tfa�|~akQV_³O�dUlfQ]ewQ]b
TVO�QtO�P�QtlfY���Q]e³b�QVak|�^mOqa��Z$E/ ¼
b�Q�N�Q]b
a/O�d¢O�P�QU_uYm�uY\_`QUTVe~_¡[�dfez{4|�QWbt[�du_`Q¢£�´u´Xµ~¶$·z¸uª
r�$}¯sr²Y�a�OZP�QU��Y\akQV[�O�Y�dfe+o�Y�O�P¡Ymeu��Q]bqahQ
YmOZQ]b
TVO�Y�dfeS[�du_`Q/£�´u´Xµ~¶�Þ:ß�TXe~_x´u´Vµ�¶5à"á~ª
r�$ �! Y�a OZP�Q �! [�du_`Q/£�´u´Vµ�¶�"4ð~ª
rWTXe~_Z$  M bZQ�N�Q]bqa OZd
O�PwQ�b�d�dfOkÅ�N�bZQ]Q �� [�du_`Q�o�Y�O�PtYmeu��Q]b
akQ�Y�O�Q]bqTXOZYmdfeU£ÁT/ah^mY�lfPuO�^���Ridu_`Y8�~Q�_�´u´Xµ~¶fð�â/TVe~_�´u´Vµ�¶5à"á~ª
�

M�O Y\a/o�dnb�O�P¡e�dnO�Y�e�l³O�P~TVOtTX^�^�dXN�OZP�QU[�du_uQVaS[�dfeuO
TVYme¡[�b�YmOZQ]b�Y�T�N�dnbjä
akc�^mY�O�OZYme�l$åjRUTXOZb�Y\[�QVa
o�YmOZP³Q]yw[�Q]c�OZYmdfezTX^m^��®ahRUTV^m^�dX�~Åk_uY\TXlndfe~TV^\a��x��P�QVakQx[�b�YmOZQ]b�Y�T�TVb�QSe�dnO/O�P�Qia�TVRxQ�N�dnb _uY8��Q]b�QWe`O
[�du_`Q�a��EÛ�dfb1O�P�Q�cw|�b�c~d�akQ/dXNC[�dnRxc~TXbZY\akdfe�r�YmO1o�Tna�_`QV[�Y\_`QV_SO�PzTXO�Y�O�o1df|�^�_��~QvNÁTXY�b�QVakO�OZdSTV^mO�QWb
ahdnRxQ dVN1O�P�Q«[�du_`QVa�akdxO�PzTXO/O�P�QW�jTV^m^�|~ahQ�_jO�P�Q«a�TXRiQSahcw^mYmOZO�Y�e�lx[�b�YmOZQ]b�Y�T`����dxO�P�Y�avQ]e~_�r�OZP�Q
N�df^�^mdVo�Ymewltahc�^�YmO�OZYme�lt[�dfe~_`Y�O�Y�dfeUo�Tna�|~ahQV_�Â

¨ ahcw^mYmOqa��~Q]Oko�Q]Q]e.Sâ¾�TVe~_ãS#¾ ô T Y8N
� 6 ¾ � � 8 2 7 � � Sâ¾ � Ä � � Sâ¾ ô T � G

��P�Y\a�Y\a�OZP�Q�ahc�^�YmOZO�YmewlS[�dne~_`YmOZYmdne�o�PwY\[
P�opTfa�[�du_`QV_xY�e`OZdU´`´Vµ�¶$·�¸��
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Random Dense matrices, .=EDC, x=EQR, +=EBZ, o.=ERI, *=TRD, o=MM

Û�Y�lf|�bZQZ�`� Ä����fÂ  QW^\TXOZYm��Q�OZYmRxQ�a�dfe³b
TVe~_`dnR6_`Q]ezahQSRUTVO�b�Y�[�QVa}|~ahY�e�lxO�PwQ¿/�$ ¼ ¹ ^mc�P~TSo�YmOZPÛ�dfbZO�b
TVe³¯vº ¹ Ã
��P�Q�bqTXe~_udfR ak�`RxRiQ]O�bZY\[�_uQ]e~ahQ RUTXOZb�Y\[�QVa�lfQ]e�QWb
TXOZQV_�P~T]��Q�O�P�Q/c�bZdfc~Q]bZOh�tO�PzTXO�O�PwQ]Ymb}Q]Y�lfQ]e`Å
�nTX^�|�QVa TVb�QSNÁTXY�b�^m�³QW��Q]e�^m�g_`Y\akO�bZYm��|�OZQV_s�ØÛzdnb Y�e`��Q]bqahQSY�O�Q]bqTXO�Y�dfe¢O�P�Y�a�Y�a�lnd�du_²akYme~[�Qt^mQ�a�a�b�Q�Å
dfbZO�P�dnlfdne~TX^�YRuVTVO�YmdneÍdVN1Q]YmlnQ]e`��Q�[�O�dnb
a�Y\a�b�Q�{4|�Y�b�QV_�� Û�dnb/_`Ym�uY\_uQ TVe~_¢[�dfe~{�|�Q]b�YmO�Y\a��~Tf_³akYme~[�Q
O�PwY\avRxQ�TXe~avOZP~TXO O�P�Q]bZQSo�Ym^�^��~Qt^mYmOZO�^�Q _uQ'(�TXOZYmdneÍo�Y�O�P�Y�e³O�P�QSY�e`OZQ]b�RxQ�_`Y\TVO�Q�c�bZdf��^�Q]RUa�� �� 
TXez_�b�d�dnOhÅ�N�b�Q]Q �! ahQ]QWR°Rxd$ahOZ^m�t|�e~T���QV[�O�QV_x�u�U[�PzTXe�lnQVaÞY�eURUTXOZb�YmySOk�uc~Q��
��P�Q+��Y�ahQV[�O�Ymdneqp]Y�e`��QWb
ahQ¢YmOZQ]b
TVO�Y�dfe-[�dfRt��YmezTXO�Y�dfe-TX^�Rxd�akO³TX^�o�T]�wa��uYmQ]^�_�axO�P�Q¡akRUTX^�^mQVakO

b�Q�ahY\_u|~TX^Á�¤/�Ym�uY\_`QtTVe~_Í[�dfe~{�|�Q]b/Y\a�e�Q�TXb�^��³TV^mo�T]�wa�O�P�QSe�QWy`O�ahR�TX^m^�QVahOW��Ã$dfRxQ]OZYmRxQ�a�_`Ym�uY\_`Q
TXez_+[�dfez{4|�QWb lfQWO
a/T³ahRUTV^m^�Q]bvbZQVahY�_`|~TV^�OZP~TXe¡��Y�ahQV[�O�Ymdneqp]Y�e`��QWb
ahQ�YmOZQ]b
TVO�Ymdne��U��P�Y�a�P~TVc�c~Q]e~a
o�P�Q]e�T lfb�Q�TXO�_uQVTX^�dXN�_`Q'(�TVO�YmdnexO
T���QVa�cw^\Tf[�Qvo�Y�O�P�Y�exO�P�Q�_`Ym�uY\_`Q TXez_x[�dfez{4|�QWb�TX^�lfdnb�YmOZP�R��
N�Q]o1Q]b�[�dfRxcw|�O
TVO�Ymdne~a�RiQVTXe³^�QVa�a/^md�aZa�dVN/Tn[][�|�bqTf[����®��P�QxbZd�dfOkÅ�N�bZQ]Q �! pWYmeu��Q]b
akQSYmOZQ]b
TVO�Ymdne
[�dnR���Y�e~TXOZYmdne�Y�a�NÁTXY�b�^���|�ewc�b�QV_uY\[�OqTX��^�Q���M�exlnQ]e�Q]bqTX^�r �! akQ]Q]RUa�O�dSPzT���Q O�P�Q�lnb�QVTVO�QVakO�b�QVakY\_4Å
|~TV^�dXN1TV^m^�ru��|�O TX^�^sdXN�O�P�Q�[�du_`Q�avTVb�Q�NÁTXY�b�^m�iTf[W[�|�b
TVO�Q/Rxd$ahO�dXNCO�PwQ�OZYmRxQ$�
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Random Dense matrices, norm(AQ-QD)/norm(A), .=EDC, x=EQR, +=EBZ, o=ERI

Û�Y�lf|�bZQ��`� Äw� �uÂ É,æ�çè � çè çé ÉÉ,æ�É dneSb
TXez_`dfRÝ_`QWe~ahQ�RUTVO�bZY\[�QVa�|~akYme�l�OZP�Q�/�$ ¼¡¹ ^mc�P~T�o�YmO�P¿Û�dnb�O�bqTXe
¯vº ¹ Ã
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Random Dense matrices, norm(I-QQ^T), .=EDC, x=EQR, +=EBZ, o=ERI, *=TRD

Û�Y�lf|�bZQz�`� Ä��Æ�`Â ~ zR © zR Ì ¨
~ dfe�bqTXe~_`dnR _`QWe~ahQ®RUTXOZb�Y\[�QVa�|~akYme�l�O�P�Q¹/�$ ¼±¹ ^mc�P~T³o�YmOZPÛ�dfbZO�b
TVe³¯vº ¹ Ã



�â

/vYm�uY\_uQ�TXez_�[�dne~{�|�Q]b�e�QVTXbZ^m�«TX^mopT]��a�P~Tfa�OZP�Q�ahRUTV^m^�QVahO�Q]bZb�dnb�N�dfb�OZP�Q�dfbZO�P�dnlfdne~TX^�YmOk�SO�QVakO5�

YmO�R�TXYmeuO
TVYme~a�dnb�O�Pwdflfdne~TX^wQ]YmlnQ]e`��Q�[�O�dnb
a���Q]b���o�QW^m^�TVO�Q�Tf[
P/ahOZQ]c�r]N�df^m^�dVo�Yme�l�OZP�Q�dfbZO�P�dnlfdne~TX^�YmOk�
Q]bZb�dfb/N�b�dnR6O�P�QxR�TXO�bZYmy®|~ahQV_¢O�djbZQV_`|~[�Q�OZdjO�bZY\_`Y�TXlndfe~TV^�N�dfbZR £ls;á�:³TV�~dX��Qnª�Rxdnb�Qt[�^�d�ahQW^m�
O�PzTXetTXeu� dVN�O�P�Q�dnO�P�Q]bCRxQ]O�Pwdu_�a���¯�dfOZPSdXN�O�PwQ�TX^mlndfbZYmO�PwRUa R�T{�uYme�l�|~akQ�dXN�Ymeu��Q]bqahQ}YmOZQ]b
TVO�Ymdne
lfQWe�Q]b
TV^m^����uYmQW^\_�^�dVo dnb�OZP�dflndfe~TV^mYmOk�³Q]bZb�dnb
a�r���|�O/du[][]TnahYmdne~TX^�^m�®Ymeu��Q]b
akQ�Y�O�Q]bqTXOZYmdfe³o�Y�^m^��`Y�Q]^\_
��QV[�OZdfbqa o�P�Y\[
P¬TXb�Q®e�dfOtdfbZO�P�dnlfdne~TX^Á�´)�PwQ]e²OZP�Y\aSP~TXcwc�QWe~a�r�Y�O�dVN�O�Q]e¡bZ|�Yme~aSO�PwQ�bZQVahY�_`|~TV^
Q]bZb�dfb Tfa�o�Q]^�^�� �! b�Q]^�Y\TV��^m�xlnQ]O
a _`QV[�Q]euO�^��xakRUTX^�^�b�QVakY\_`|zTX^CTXe~_jdnb�O�Pwdflfdne~TX^�YmOk�jQWb�b�dnb
a�r���|wO
YmO�OZQ]e~_�a�OZd��~Q/^mQ�a�a�Tf[W[�|�b
TVO�Q/O�PzTXejOZP�Q/dfOZP�Q]b�[�du_`Q�a��
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Random Dense matrices, .=EDC, x=EQR, +=EBZ, o.=ERI, *=TRD, o=MM

Û�Y�lf|�bZQZ�`� Ä�� Ä�Â  QW^\TXOZYm��Q�OZYmRxQ�a�dfe³b
TVe~_`dnR6_`Q]ezahQSRUTVO�b�Y�[�QVa}|~ahY�e�lxO�PwQ¿/�$ ¼ ¹ ^mc�P~TSo�YmOZP
¯vº ¹ ÃSN�b�dnR±O�PwQS/�YmlfY�O
TV^�Q3t�O�QWe~_`QV_*I³TVO�P¢º~Ym��bqTXb��
��P�Q dnc�O�Y�RxYRuWQV_x¯vº ¹ ÃiRUT{��Q/{�|�Y�O�QSTS��Y�OvdVN1_`Y8��Q]bZQ]e~[�Q$�vÃ�Ymez[�QS_`Y��`Y�_`Q�TXe~_®[�dfez{4|�QWbvY�a

�~TnahQV_jdne+¯vº ¹ Ã4�j£�RUTVO�bZYmy�Å�RUTVO�bZYmySRt|�^mOZYmc�^�YmQWa�ª}TVe~_³��Y\akQV[�O�Y�dfeqpWYmeu��Q]b
akQ/YmO�QWb
TXOZYmdnejY\a��~TfakQV_
dfe�¯vº ¹ Ã~�i£���QV[�OZdfbkÅ���QV[�O�dfb�dfc~Q]bqTXOZYmdfeza�ª
rC_`Ym�uY\_uQSTXez_Í[�dne~{�|�Q]b�lnQ]O
a/T�Rt|~[
Pj��Y�lflfQWb��~d�d�ahO
N�b�dnR6O�P�Qt|~akQxdXNpdfc�OZYmRxY¢u]QV_j¯vº ¹ Ã~� �� r��~Q]Yme�lU�~TnahQV_¢dfe¡akRUTX^�^�bZdfO
TVO�Y�dfe+dnc�QWb
TXOZYmdne~a�r�Y�a
e�dnOvP�QW^mc~QV_UTXO�TV^m^��u�xO�P�Q�Tn_�_`YmOZYmdne�dVN}dfcwO�YmRiYRu]QV_S¯vº ¹ Ã~�

��P�QtQ]b�bZdfb
a TXb�Qte�dnO�Y�e~_`Q]c~Q]ez_`Q]euOvdVN�O�PwQt¯vº ¹ ÃU|~ahQ�_s� ¹ ^�O�P�dn|�lfP¢O�P�QSQWb�b�dnb�c�^�dfO
avN�dnb
b
TVe~_`dnR­_uQ]e~ahQ�RUTXOZb�Y�[�QVa�|zahYmewl*/£t%IÍºgTXb�Q�e�QVTVb�^m�iY\_`Q]euO�Y�[]TX^�O�dtO�P�Q/c�^�dfOqaÞc�bZdu_`|~[�Q�_�o�YmOZPÛ�dfbZO�b
TVe2¯vº ¹ Ã~r}akdfRxQUdXN�O�P�Q®^\TXOZQ]bØ/êt%IÍº c�^mdnO
atTXb�Q®c�b�dVN�df|�ez_`^m� _`Y8��Q]bZQ]e`O N�bZdfR O�PwQ]YmbÛ�dfbZO�b
TVe³[�dn|�euO�Q]bZc~TXbZO
a��
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Random Dense matrices, norm(AQ-QD)/norm(A), .=EDC, x=EQR, +=EBZ, o=ERI
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Random Dense matrices, norm(I-QQ^T), .=EDC, x=EQR, +=EBZ, o=ERI, *=TRD

Û�Ymln|�b�QO�u� Ä�� Ç Â ~ zR © zR�Ì ¨ ~ dnejOZP�QO/�$ ¼2¹ ^mcwP~T o�YmOZPu/£t%IÍºg¯vº ¹ Ã
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Dense(mode 3) matrices, .=EDC, x=EQR, +=EBZ, o.=ERI, *=TRD, o=MM

Û�Y�lf|�bZQ��u� Ä�� 
�Â  Q]^�TXOZYm��Q�O�Y�RxQVa�dneU_`Q]ezahQ�RUTXOZb�Y\[�QVa�o�YmOZPxlfQWdfRxQ]OZb�Y�[]TX^�^m�/_`Y�ahOZb�Ym�w|�O�QV_SQ]Y�lfQ]e`Å
�nTX^�|�QVa�£�´�æuçfµ�ï�´�ý�á~à�:�à�ë`ë�ª�|~ahY�e�ltO�P�QO/�$ ¼2¹ ^�c�P~T o�Y�O�P2Û�dfb�OZb
TVe³¯vº ¹ Ã
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Tridiag(mode 3) matrices, . = EDC, x = EQR, + = EBZ, o = ERI
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Tridiag(mode 3) matrices, norm(AQ-XD)/norm(A),  .=EDC, x=EQR, +=EBZ, o=ERI
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Tridiag(mode 3) matrices, norm(I-QQ^T), .=EDC, x=EQR, +=EBZ, o=ERI
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Tridiag(mode 4) matrices, . = EDC, x = EQR, + = EBZ, o = ERI
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Tridiag(mode 4) matrices, norm(AQ-XD)/norm(A),  .=EDC, x=EQR, +=EBZ, o=ERI
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Tridiag(mode 4) matrices, norm(I-QQ^T), .=EDC, x=EQR, +=EBZ, o=ERI
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Tridiag(mode 5) matrices, . = EDC, x = EQR, + = EBZ, o = ERI
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Dense(mode 5) matrices, norm(AQ-QD)/norm(A), .=EDC, x=EQR, +=EBZ, o=ERI
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Dense(mode 5) matrices, norm(I-QQ^T), .=EDC, x=EQR, +=EBZ, o=ERI, *=TRD
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Tridiag([121]) matrices, . = EDC, x = EQR, + = EBZ, o = ERI
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Tridiag([121]) matrices, norm(AQ-XD)/norm(A),  .=EDC, x=EQR, +=EBZ, o=ERI
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Tridiag([121]) matrices, norm(I-QQ^T), .=EDC, x=EQR, +=EBZ, o=ERI
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Composite Single matrices, . = EDC, x = EQR, + = EBZ, o = ERI
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Composite Single matrices, norm(AQ-QD)/norm(A),  .=EDC, x=EQR, +=EBZ, o=ERI
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Composite Single matrices, norm(I-QQ^T), .=EDC, x=EQR, +=EBZ, o=ERI
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Dense(mode 3) matrices,  x: COMPQ="I", o: COMPQ="V"
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Dense(mode 4) matrices,  x: COMPQ="I", o: COMPQ="V"
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Dense(mode 5) matrices,  x: COMPQ="I", o: COMPQ="V"
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